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Preface 


In spectral theory, the inverse problem is the usual name for any 
problem in which it is required to ascertain the spectral data that 
will determine a differential operator uniquely and a method of con- 
structing this oparator from the data. 

A problem of this kind was first formulated and investigated by 
V. A. Ambartsumian in 1929. Since 1946, various forms of the inverse 
problem have been considered by numerous foreign authors (G. Borg, 
V. Bargmann, N. Levinson, etc.) and Soviet authors (V. A. Marchenko, 
M. G. Krein, I. M. Gelfand, B. M. Levitan, etc.), and there now 
exists an extensive literature on the question. 

No attempt is made in this monograph to review the work done on 
the inverse problem. Instead, merely one of its variants will be treated 
and solved, namely, the problem arising in connection with the quan- 
tum theory of scattering and which is apparently the most interesting 
from the standpoint of application. The mathematical techniques 
developed in the solution of the problem may also be applied to 
related questions. 
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Translator’s preface 


The basic question treated in this book, a translation of the mono- 
graph entitled Obratnaya zudacha teorti rasseyaniya, is encountered 
in many fields. Besides the quantum theoretical problem, there is, 
for example, the electromagnetic inverse scattering problem, i.e., 
the problem of determining information about a medium from which 
an electromagnetic wave is reflected, given a knowledge of the ref- 
lection coefficient. The authors Agranovich and Marchenko have 
presented a comprehensive lucid solution of another such problem 
arising in the theory of the deuteron. It is based mainly on the consi- 
derable amount of work they have done in this and related areas. 
Moreover, the functional analytic and algebraic methods used should 
also be of great interet to pure and applied mathematicians. 

The content of the translation remains the same as in the Russian 
original except for some stylistic changes and minor additions for 
purposes of clarity. However, an attempt was made to find and eli- 
minate all typographical errors. Also, a subject index and notation 
index were added, the latter covering thesymbols used most frequently 
throughout the book. 


B. D. Seckler 
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Introduction 


The inverse problem of scattering theory’ originates in theoretical 
physics. 

It is well known in quantum mechanics that the scattering of par- 
ticles by a potential field is completely determined by the asymptotic 
form of the wave functions at infinity. In accordance with Heisen- 
berg’s ideas (1943-1946), it is precisely the asymptotic behavior 
of the wave functions that has physical meaning. 

The question therefore naturally arises as to whether it is pos- 
sible to reconstruct the potential from a knowledge of the asymp- 
totic form of the wave functions at infinity, and if this is possible, 
to give a method for carrying out the construction. Such is the 
inverse problem of scattering theory. Of even more interest than 
the actual construction of the potential are the various relationships 
that can be established between it and the asymptotic form of the 
wave functions. 

Aside from these remarks, we shall make no further mention 
of the physical aspects of the problem. We shall be interested only 
in the mathematical side of the question which can be formulated 
as follows. 

Consider the boundary-value problem described by the system of 
differential equations 


n 
yj + Ay; = 2 nn O<r<e(j= 1, 2,...”), (1) 
1-For a survey and short history of the problem, see L.D. Faddeyev [15]. 


(Numbers in brackets refer to the bibliography at the end of the book). 
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with a Hermitian coefficient matrix (potential matrix) 
V(x) =|| (x) || t, 
and boundary condition 
y;(0)=0 (j=l, 2,...%). (2) 


Knowing the asymptotic behavior at infinity of the normalized 
eigenfunctions of the boundary-value problem (1), (2), we are re- 
quired to determine the potential matrix V(z). 

In the case most interesting from the physical standpoint, V(z) 
has singularities of the order 2~? in the vicinity of zero and infinity. 
The boundary-value problem with these particular singularities will 
be considered in the second part of the book (Chapters VII and 
V1). However, in the first part (Chapters I—V), we shall treat the 
mathematically simpler case in which the condition 

falrg(z)|dz<0 (j,&=1, 2,...2) (3) 
0 
is satisfied. The results obtained there not only are of independent 
interest, but also serve as a basis for the investigation of the singular 
boundary-value problem. 

In Chapters I and IV it is shown that when condition (3) is satis- 
fied, the boundary-value problem (1), (2) has a finite number 
of negative eigenvalues Az, with Im A, < 0, and a continuous spect- 
rum coinciding with the entire positive axis. The normalized eigen- 
functions of the problem are the columns of matrices U(z,A) (A > 0; 
A=/,, k=1,2..... ~) for which Parseval’s equality holds in 
a form equivalent to the following expansion of the 6-function: 


sey = 3 Ute, WU y, bts | U (a, NU*(y, 4) da (4) 


0 
(here I is the identity matrix). Moreover, as 7 — co 
U(a, A) = eI —e~**8( —A) +0 (1) (A > 0), 
U (az, Ay) = e—|4el*[M, +0 (1)] (k = 1, 2,...9), 
where S(A) is a unitary matrix for —oo < 4 < co with the property 
that S(—A) = S*(A), and M, is a non-negative Hermitian matrix 


of rank equal to the multiplicity of the eigenvalue /?. S(A) is called 
the scattering matriz, M, are the normalization matrices, and the ag- 


(5) 
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gregate of quantities S(A), Ag, and M, (k=1,2..... p) constitutes 
the scattering data of the boundary-value problem (1), (2). 

Thus, for the case in question, the inverse scattering problem 
becomes the following: 

1. Determine a method of constructing the potential V(x) from 
the scattering data of the boundary-value problem (1), (2). 

2. Find necessary and sufficient conditions for a given unitary 
matrix S(A), negative numbers 2?, and Hermitian matrices M, 
(k = 1,2,....,p) to be the scattering data of some problem (1), 
(2), in which the Hermitian matrix V(x) satisfies condition (8). 

The first of these problems was considered in a paper of Newton 
and Jost [1]. Imposing stricter conditions on the potential than (3), 
these authors reduced the problem to that of determining the spect- 
ral matrix from the scattering data from which the potential could 
then be obtained by the method of Gelfand and Levitan [2]. Some 
special cases of this problem were treated by others using the me- 
thods of Krein [3,4]. 

The method to be used in this book? permits the construction of 
the potential directly from the scattering data and yields the com- 
plete solution to the above second problem of determining the cha- 
racteristic properties of the scattering data. 

The starting point is the following theorem,? which will be proved 
in § 3, Chapter I. 

If the condition (3) holds, then a solution E(z, A) of the matrix 
differential equation 


Y’+A°¥ = V(zx)Y, O<2< © (6) 


exists which can be represented as 


E(a, A) = e~ I+ f K(x, the-™ dt (ImA=0), (7) 
x 


2 The idea behind this method is presented forasingle equation (m = 1) 
in the article [5]. The basic results obtained by this method for a system of 
equations appear in [6]. 

3 This theorem for the scalar equation y’’+ J?y = v(z )y was first proved 
‘by Levin [7] under the assumption that 


Jf +2) | o(@) |de < oo. 
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the matrix K(z,t) and potential V(z) being related by 
Via) = 25 K(e,2) (w= 0). (8) 


The procedure set forth for constructing the potential is based 
on the fact that K(x, t) satisfies a linear integral equation (the fun- 
damental equation) 


Fety)+K(a,y)+ f Kw, )Ft+y)dt=0 (<2=y), (9) 


in which F(t) is determined by the scattering data according to the 
formula 


FQ) = SE Mien iit | [I—S(a)]e™ da. (10) 


The derivation and investigation of (9) is carried out in Chapter II. 

It is clear that the fundamental equation (9) and the formula (8) 
together yield the solution to the first of the above problems, i.e., 
they enable V(z) to be constructed from the scattering data, and 
moreover, in a very simple way. 

The analysis carried out in Chapters I—IV shows that the scat- 
tering data for the boundary-value problem (1), (2) [in which the 
Hermitian potential V(z) satisfies the condition (3)] has the five 
following properties: 

I,. The matrix [—S(A) is the Fourier transform of a Hermitian 
matrix F,(é); each element of the matrix 


on | [I—S(A)]e™ da (11) 


_— oo 


is summable over the interval (0, co) and can be expressed in the 
interval (— oo, 0) as the sum of two functions, one of which is sum- 
mable and the other square summable and bounded. 

II,. The derivative F;(t) exists for all ¢ > 0 and 4 


F,(t) = 


f t| P(e) |dt < @. 
0 


4 We shall define the absolute value of a matrix A = || aj, || by the 
formula [|A|= max > | aj, |- 
J k 
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III,. The equation 


0 


—a(t)+ f a(@)F¢+é)d—E=0, “—-o<t<0 


has no non-trivial vector solutions with components that are square 
summable over the interval (— co, 0). 
IV. The. equation 


a(t) + f @Fe+8) Ga0> O2eSe 
0 


has no non-trivial vector solutions with components summable over 
the interval (0, oo). 
V. The number of linearly independent solutions of 


x(t)+ f 2(é)F,(t+&) dé = 0, 0O<t<o 
0 


with components summable over the interval (0, 00), is equal to 
the sum of the ranks of the normalization matrices M,, M,,..., M, 

In Chapter V, it is shown that these five conditions are not only 
necessary but also sufficient for a given unitary matirx S(A), nega- 
tive numbers Az, and Hermitian matrices M, (k = 1,2,..., p) to 
be the scattering data for some boundary-value problem (1), (2) 
with a Hermitian potential V(x) satisfying condition (3). At that 
time, the role of each of the above five properties will be clarified. 

The results of Chapter I already show that if the unitary mat- 
rix S(A) satisfies merely condition I, and M, and Aj <0 are 
prescribed arbitrarily (4 = 1,2,..., p), then the fundamental 
equation (9) [with F(t) defined in terms of the above data by means 
of (10)] has a unique solution K(z, y) for each positive value of x. 
Once K(x, y) is known, it is possible to obtain E(x, y) from formula 
(7) and then the matrices 


O(a, Ay) = E(a, Ay) M;, (k= 1, 2,... >), 
(Chapter IV, § 2), which clearly satisfy the asymptotic relations 
(5) and yield Parseval’s equality (4). 


If the matrix S(j) has the properties J, and IJ,, then the matrices 
U(x, A) defined by (12) are solutions of equation (6) with a Hermi- 


(12) 
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tian potential V(x) = —2 dK(z,x)/dx satisfying the condition 
J 2|V(x)| daz < © 


for any positive «. If, in addition, the given data possesses property 
IV, V(x) will also satisfy this inequality with e = 0, i.e., it will sa- 
tisfy condition (3). [We note that if the condition JV does not hold, 
then V(x) will not satisfy (3)]. 

In general, the conditions I,, II,, and IV are not sufficient for 
U(x, 4) and U(z, 4,) to satisfy the boundary condition (2). The ful- 
fillment of the boundary condition on the discrete spectrum, i.e., 
the equality 


U(0, A,) = 0 (4 = 1, 2,...p), 


is assured if the given data has the properties J,, IV. and V; if, 
moreover, property III, holds, then the boundary condition is also 
fulfilled on the continuous spectrum, i.e., 


U(0, A) = 0 (0< A <o). 


In § 6, Chapter V, it is further shown that J,, IJ, and III, are 
necessary and sufficient for a unitary matrix S(A) to be the scatter- 
ing matrix for some boundary-value problem (1), (2) with a Hermi- 
tian potential satisfying condition (3). In other words, if S(A) is 
@ given unitary matrix having the three stated properties, then it 
is always possible to find negative numbers j, 3, ..., 42 and Her- 
mitian matrices M,, M,,..., M, which together with S(A) have 
the properties I,, [1,, III,, IV and V. 

A more detailed analysis in § 6, Chapter V shows also that if S(A) 
has the properties J,, II,, and IJI,, then the matrix f(t) deter- 
mined by (11) is in fact summable over the entire real line and 
S(A) is therefore uniformly continuous. 

Concerning the actual solution of the fundamental equation (9), 
we note the following: If the elements of S(A) are rational functions, 
then the kernel of the fundamental equation F(t+-y) is degenerate, 
and the equation can be solved by elementary means. It is also 
obvious that the fundamental equation can always be solved for 
large x by the method of successive approximations. It is further 
shown (Theorem 3.4.2) that if no discrete spectrum exists, ie., 
M, = 0 for all &, then the fundamental equation can be solved by 
the method of successive approximations for any positive value of z. 
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In the second part of the book, a method ofinvestigating bound- 
ary problems with singularities is developed (i.e., systems of equa- 
tions of the form (1) in which the coefficients have singularities of 
the order «~? in the neighborhood of zero and infinity). 

The procedure consists in applying transformations of a special 
type which convert the boundary-value problem in question into 
one without singularities (such as is investigated in the first part of 
the book) while enabling one to observe how the spectrum and asymp- 
‘totic form of the normalized eigenfunctions change as the singular 
problem is transformed. General information concerning these 
transformations is contained in Chapter VI. 

In the following chapters, the above method is applied toa 
boundary-value problem consisting of a system of two equations 
which in matrix form is 


Y’+A°Y = [V(x)+6a2-2P]Y, 0O<24< a, (13) 
Here V(x) = || v;,(x) ||7 is a Hermitian matrix satisfying the con- 
dition 
f at+° | (2) | da < © (—e < <8), (14) 
0 


for some value of ¢ with 0 < ¢ < 1 and 


p-(°2) 


It is well known [8,9] that the Schrioedinger equation for a deuteron 
(in its ground state) leads to such a system if tensor interaction 
forces are taken into account. 

Chapters VII and VIII will be concerned with obtaining a few 
concrete results pertinent to the system (13) ° and primarily with 
a demonstration of how the above method works. This method may 
also be applied to other analogous boundary-value problems with 
singularities. 

In Chapter VI, the spectral analysis of the boundary-value prob- 
lem consisting of the system [13] and boundary condition 


Y(0)=0 (15) 
is carried out by this method, and the following is established. 


5 These results were published without proof in [10]. 
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The boundary-value problem (13), (15) [in which V(x) satisfies 
the condition (14)] has a continuous spectrum coinciding with the 
entire positive real axis (A? > 0) and, possibly, a finite number 
of non-positive eigenvalues A? < 42 <...< 42 =< 0. With A? in the 
the spectrum, there exist matrix solutions U(x, A) of equation (13) 
which vanish for « = 0, for which Parseval’s equality (4) holds, 
and which satisfy the relations 


U(a, a) = e™*I—e—*8(— 4) +0(1) (A? > 0), 

Uz, Ay) = e—!*15[My +0 (1)]. (a2 < 0) 
If A, = 0, then 

Ua, Ap) = U(z, 0) = 2-[M,+o(1)] (Mp = mP, m= 0). 


Here, S(A) is a unitary matrix for —co < 4 < oo with the property 
that S(—A) = S*(A), and MU, is a non-negative Hermitian matrix 
of rank equal to the multiplicity of the eigenvalue A? - S(A) is the 
scattering matrix, M, are the normalization matrices, and the ag- 
gregate of quantities S(A), AZ, and M, (k = 1,2, ..., p) comprises the 
scattering data for the problem (13), (15). 

Along with the spectral analysis of the boundary-value problem 
(13), (15), a study is made of the properties of its scattering data, 
and it is shown that these properties split up into three different 
possible cases. These results are formulated in sub-section 2 of 
§ 7, Chapter VIL. 

In the last chapter, the inverse problem for (13), (15) is solved. 
It is shown there that the conditions obtained in the preceding chap- 
ter not only are necessary but also sufficient for a given unitary 
matrix S(A), non-positive numbers 4?, and Hermitian matrices UM, 
(& = 1,2,..., p) to be the scattering data for some boundary-value 
problem (13), (15) [with a Hermitian matrix V(x) satisfying con- 
dition (14)]. At the same time, an alogrithm is presented for deter- 
mining V(z) from prescribed scattering data. 

We note that the scattering data is not always uniquely deter- 
mined. In certain cases, there exists a one-parameter family of 
Hermitian matrices V(z) satisfying the condition (14) such that 
the corresponding boundary-value problems yield identical scatter- 
ing data. 

There are two appendices to the book. The first is devoted to 
a modification of the set of characteristic properties of the scatter- 
ing data of the problem without singularities. In this connection, 


(a —» 00), 
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several results are also obtained on the factorization of a unitary 
matrix. In the second appendix, some important inequalities, used 
in the first part of the book to investigate the problem without 
singularities, are sharpened. 

To simplify the presentation, we shall assume that the potential 
V(z) is continuous in the interval 0 < z < oo. It is clear that this 
restriction may easily be removed. 


PART ONE 


The Boundary-Value Problem 


without Singularities 


CHAPTER I 


Particular Solutions of the System without Singularities 


§ 1. Preliminary Remarks and Notation 


Consider the system of differential equations 
nr 
yj + Ay; = PAL Gj=1,2,...m), (1.1.1) 


where the matrix of functions 
V(x) = || ojn(2) IIT 


is defined and continuous ! in the interval 0 < 2 < ov, and jis an 
arbitrary parameter. In the following, we shall call V(x) the potential 
matrix or, simply, the potential. 

Every set of n solutions of the system can be represented as 
@ square matrix of n-th order Y(z, A) satisfying the equation 


Y¥"+A72Y = V(2)¥, 0O<2z< =~, (1.1.2) 


Conversely, the columns of every matrix solution of equation (1.1.2) 
are clearly solutions of the system (1.1.1). 
Thus we can study the matrix differential equation (1.1.2) in- 
stead of the system (1.1.1), and this proves to be more convenient. 
The absolute value of the matrix A = || a,, || (which, generally 
speaking, is rectangular) will be defined as the non-negative number 


max > | a5, | 
j R 


1 A matrix is said to be continuous if all its elements are continuous 
functions. In the same sense, we shall refer to a matrix as being summable, 
differentiable, regular, etc. 
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which we shall denote by | A|. The determinant of A will be deno- 
ted by det A. 
It is easy to show that 
|A+B]s|A|+ |B 
|A-B| s|A|-|B| 
(provided, of course, the expressions A+ Band A-B are meaning- 


ful), and that if the matrix A(z) is summable over the interval (a, b), 
then 


b b 
| f A(z) dx | = f | A(x) | da. 


In the investigation of the equation (1.1.2), we shall make sys- 
tematic use of the notation 


o(z)=f|Ve)|d; oz) = felv@|a. (1.1.8) 


Of other notation to be used below, we mention the following: 
I is the identity matrix, A* is the complex conjugate transpose of 
the matrix A, and W{Y, Z} is the Wronskian of the differentiable 
matrices Y(x) and Z(z), i.e., 


W{Y, Z} = Y¥(a)Z'(x)—Y"(x)Z(z). (1.1.4) 


The inequality f~ | f(t) | dt < co will mean that /(t) is summable 
over the interval (a, co), and fy | f(é) | dt < co that it is summable 
over the interval (0, a) for any positive value of a. 

We shall use the symbol o{p(z)} in matrix equations to denote 
the fact that all the elements of a matrix are o{p(z)}. 


§ 2. A Fundamental System of Solutions with a Prescribed 
Behavior in the Vicinity of Zero 


THEOREM 1.2.1: If for some e = 0 (€ < 1) ? 
f at-€| V(2) | dz < , (1.2.1) 
0 
then the equation (1.1.2) has a fundamental system of solutions G(x, A) 


2 The theorem is true for 0 < ¢ < 2 but'we shall not need this fact later 
on. 
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and H(ax, A) for each (fixed) value of A, satisfying the asymptotic 
relations 
G(z, a) = a[I+o(z*)], G(x, A) = I+o(x*); 


(x + 0) 
H(x, a) = I+o0(2*), H’ (a, 4) = o(a—***). 


For each fixed value of x = 0, G(x, A) is an entire function of A. 
Proof: Consider the integral equation 


G(x, a) = =e T+ | mae V(t)@(t, a) dt, (1.2.2) 


0 


which is easily seen to be equivalent to the differential equation 
(1.1.2) with the initial conditions 


G(0, 2) = 0, @’(0, A) = I. 
We first consider the case Im 4 = 0, and we let 
G(x, A) = we®*Z(z, A). - 
Equation (1.2.2) then yields 


Zz, a) = ue on ikey 4 


n { sin Ae) e-iM=—OV (t)Z(t, A) dt. (1.2.3) 
0 


We now seek a solution of this equation in series form 
Z(z,a) = 2 2,2, A), (1.2.4) 
kR=0 


using the method of successive approximations. Here, by definition, 


? 


2,(z, A) = | an meno e—iMx—M V (t)Z,_1(t, A) dt. 


0 
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Since for Im 4 = 0 and 0 st = 2, we have 


sinAr 
———— e—idx <=] 


x 7 
Zz 
0 


—iMx—t) 


sin A(z—t) ; = i ie 


it follows that the series (1.2.4) is majorized by the series 


SF tye), 
k=0 


where 
{(2)=(Z}=1, &(@) = felv@|aid.  (k=1,2,...) 
0 


This last series converges and, moreover, uniformly in every finite 
interval 0 = z = a since 


iTt h 
O<¢;,(z) =A [#170 at] . 


0 

Hence, the series (1.2.4) converges uniformly for 0=2z =a, 
Im A = 0 and its sum Z(z,A) is a solution of (1.2.3). It is also evident 
that Z(x, A) satisfies the inequality 


f t| V(t) | dt 
| Z(z, A) | =e° 
But this means that G(2,4) = xe” Z(z,A) is a solution of (1.2.2) 
and satisfies the inequality 


‘i t| V(t) | dt 

| e—*Gi(a, A) | =axe? (c=0, ImA=0). (1.2.5) 
From the uniform convergence of the series (1.2.4), it further 
follows that its sum Z(z, A) (and therefore G(x, A) as well) is regu- 
lar in the half-plane Im 4 = 0 for each fixed value of z = 0 and is 
continuous there up to the real axis, since every term of the series 

has these properties. 
In an analogous way, it can be shown that a solution to (1.2.2) 
exists for Im 4 = 0, and that its solution G(a2, A) for each fixed value 
of « = 0 is regular in the half-plane Im 4 = 0 and is continuous 
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there up to the real axis. Hence, G(z,A) is an entire function of 4 for 
each fixed value of z = 0. 


The required asymptotic behavior of G(z, 4) as «-+0O is an 
immediate consequence of (1.2.2), the equation 


G’ (a, 4) = cos Avl+ f cos aA(a—t)V(t)G(t, A) det, 
0 


the condition (1.2.1), and the inequality (1.2.5). 


The matrix H(z,A) is defined as the solution of the integral equa- 
tion 


x 
H(ax, 4) = cos Axl —cos Ar | =e V(OA(E, A) dt— 
0 


h 
a ae | cos AtV (t)H(t, 4) dt, (1.2.6) 


x 


any solution of which is also a solution of (1.1.2). Let us show that 
it is possible to solve (1.2.6) by the method of successive approxi- 


mations for sufficiently small values of z lying in some interval 
0 = z = h whenever 


h 
eri Al ft) V(t)|dt = <1. 
0 


In fact, if we define 
H(z, a4) = cos Azl, 


x 
H,(z, 4) = cos iz | =* V(t)Hy—s(t, A) dt— 


0 
sin 


h 
= al | cos AtV (t)H,_,(t, A) de (k = 1, 2, ...), 
x 


we find that for 0x z=h 
| Ho(x, A) | = | cos Aad | = eX !4l = ePlAl, 


x h 
| Hy(x, a) |< et IAI f tetlAl| V(t) [etl *l dt-taerl Ml f etlAl| V(t) [etl dt = 
0 x 


h 
< earl Al f t| V(t) | det = ehlalg, 
0 
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By mathematical induction, we then obtain 
| Hala, A) |< etlAlgt = (b= 0, 1, 2,...). 
The above estimates imply that the series 


> Ayla, A) 
k=0 


converges for fixed 4 uniformly in the interval 0 = z = h, and its 
sum H(z, A) is therefore a solution of (1.2.6) and hence of the equa- 
tion (1.1.2). If is further obvious that for fixed A, H(z, A) is bounded 
in the interval 0= z= h. 

Now consider the behavior of H(z, A) in the neighborhood of 
x = 0. From (1.2.6), we have 


x 
| H(z, 4)—1 |=] cos Awn—1| +e*!*! f tetl*1 17 (2) || H(t, a) | de+ 
0 
h 
+axe*l*! f etlAl|V(z) || H(t, A) |dt = 
x 


x 
< |cos Az—1| +ate=l*! f e-eeti¥l |W (@) || He, 2) | dt+ 
0 


Vx 
+ xfer l*| J fi—Eet | 41] V(t) || A(é, A) | dét+ 


teh 
+2 f g1—€et| 41 | V(t) || H(t, A) jae}. 
Vx 


Hence, by (1.2.1), it follows that for e < 1 
H(a, A) = I+0(2*) (a — 0). 


In a similar way, we deduce from the relation 
; x 
H’(z, 4) = —Asindel+sin dx f sin atV(t)H(t, A) dt— 
0 


h 
—cos Az f cos AtV(t)H(t, a) dt 


that 
HA’ (2, 4) = o(a—1té). (a —» 0). 


This completes the proof of the theorem. 
The following lemma will also be needed later. 
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Lemma 1.2.1: For all « = 0 and Imj=0Q, 


x 
f tlv@la 
| Ae***G'(x, A) | =e° ' (1.2.7) 
Furthermore, for each fixed value of x = 0, 
| Ae—?**G(a, A)—sin Ax eI | + 0 (1.2.8) 


as |i |—+ co, uniformly in the region Im 4 = 0. 
Proof: The integral equation (1.2.2) can be expressed as 


Ae-U=G(ax, A) = sin Ax eI + 
+ f sindA(a—te*=—- V(t) [e-iMG(t, A)] dt, (1.2.9) 
0 


and hence, by virtue of (1.2.5) and the inequality 


| sinAz - e~*| =<] (Im 4=0), 
we obtain 
f 
x s|V(s)| ds 
| Ae-M*G(a, A)| = |] + ft] Ve) |e dt = 
0 
x x 
f s|V(s)| ds felv@| ae 
= 1+e9 —l1 =e? 


i.e., the inequality (1.2.7). 

The relation (1.2.8) is trivially true for = 0. However, if z > 0, 
then taking Im 4 = 0, |/ | 4| > 1/z and making use of the estimates 
(1.2.5) and (1.2.7), we find from (1.2.9) that 


| Ae~**G(a, A)—sin Are] | =< 
1 


|A| 
_1 
VIAT 


1. 
x ?-—_— 
| Vial = 


Vial 
< | | V(t) || e-*™E(e, a)|ae+4— | | V(z) || Ae~*#@(E, A) | dt = 
0 


I 
<= e9 t| V(t) | d+——— t| V(é) | dé 
|| 7 ld [e170 
0 _i_ 
Viay 
As |A|— oo, the right-hand side of this inequality clearly tend 
to zero uniformly in the half-plane Im / = 0. 
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§ 3. The Special Solution and Transformation Operator 


THEOREM 1.3.1: If 
o,(x) = fi t|V(t)|dt < « (2 > 0), (1.3.1) 
x 

then the equation (1.1.2) has a solution E(x, A) given by 

E(a, A) = e~*4* I+ f ke, t)e—i™ de (Im4 = 0), (1.3.2) 
x 
where the matrix K(x, t) satisfies the inequality 

| K(x, t)| = > enieo( (see 1.1.3). (1.3.3) 


For each positive value of x (and for x = 0, as well, in the event that 
0,(0) < co), E(x, A) ts regular in the half-plane Im A < 0 and conti- 
nuous there wp to and including the real axis. 

Proof: Consider the integral equation 


E(a, 4) = e-*I4 | ane V(t)E(t, a) dt, Ima =0, (1.3.4) 


which is equivalent to the differential equation (1.1.2) with the 
boundary condition 


lim e*E(xz, A) = I. 

x—> 02 
We formally seek a solution of (1.3.4) in the form (1.3.2). Substitu- 
tion of the expression (1.3.2) for H(z, A) in (1.3.4) yields 


| K(a, te dt = | ent) V(s)e—*4s ds 
x x 


+ | V(s) ds | ant ei K(s, w) du = J,+d,. (1.3.5) 


x § 


We now transform the integrals on the right-hand side of (1.3.5) 
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first making use of the formulas 


sin A(s—2) e-ids — = eit de 


sin A(s— 2) e—iAu — i e—iat dt, 
A 2 
Uutx—s 


and then interchanging the orders of integration. 
This yields 
2s—x 


J, = a | V(s) ds | e— iM dt = Gale | V(s) as dt; 


x+t 
eo uts—x 2 


ds ! | V(s) ds | K(s, u) du et di = 


s ute—s 
xtt 


oo 2 i+s—x 
— | eit E | V(s) ds | K(s, u) du+ 


x x t+x—s 
oo its—x 


+5 | V(s) ds | K(s, u) iu | dt. 
xt+t s 

2 

The change of the order of integration in the integral J, is easily 

justified using the condition (1.3.1); as to Jy, we perform the inter- 

change formally at this point and justify the operation below. 
Substituting the expressions found for J, and J, into (1.3.5) and 

making use of the uniqueness of the Fourier integral representation, 

we arrive at the following integral equation for the matrix K(z, t): 


x+t 
1 oo 1 “or t+s—x 
K(z,t) = > | V(s) ds+—- | V(s) ds | K(s, u) dut 
ett x t+x—s 
2 
oo t+s—x - 
+S | V(s) ds | K(s, u) du (Q<x2<#). (1.3.6) 
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Applying the method of successive approximations, we now show 
that a solution to this equation exists. To this. end, we define 


. 
x 


1 oo 
K (x, t) = > V(s) ds, 
+t 
2 


+ 
l “2 i+s—x 
K,,(2,t) = = | V(s) ds | Ky—1(s, u) dwt 
x (+x—s 
l oo t+s—<x 
+ > | V(s) ds | Km—1(s, u) du, 
att - 


2 


and we obtain the following estimates (since z =< ?): 


lf 1 /e+t 
Ke ola a | IM s) |de = 3 F): 

xt 
“2 

x+t 

=a t+s—x l 

| K, (a =z | \V(s) | ds ate ) aus 
t+x—s 
1 oo t+s—x l 
stu 
x+e s 


_l att 1 at+t 
= oH) fan side = FoF 9 Jove 


By mathematical induction, we then conclude that 


1 ()ee (m = 0,1, 2,...)- 


| Km(ar, t) | = o( — "28 
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From this estimate, if follows that the series 

2 E,np(z, t) 

m=0 


converges uniformly in the interval 0 < a =< x =<¢ for any a > 0, 
and that the inequality (1.3.3) holds for its sum K(z, t). It is easy 
to see that the matrix K(z, t) obtained in this way satisfies the in- 
tegral equation (1.3.6). 

Finally, A 


fou) du = f au f ive) t) | dt = jive dt f du = 


x 


= f «- x) |V(t)| dt = o,(z). 
x 
and applying (1.3.3), we find that 


7 1 att 

<— ——_ ef,(x) ——— = 
| Keoleaze [ o( 5) a 
x x 


= e7(*) a o(u) du = eg, (zx) (1.3.7) 


We can now justify the interchange of the order of integration 
in the integral J, (see (1.3.5)). In fact, it is permissible to apply 
Fubini’s Theorem here because by (1.3.7) 


i 8 |V(s) | ds i | K(s, u) | du se%@o2(z) < 


for any value of x > 0 (and for z = 0, as well, in the-event that 
03(0) < 00). | 

This completes the proof that the expression (1.3.2), with a kernel 

K(a, t) satisfying (1.3.6), is a solution of (1.1.2). From the represen- 
tation (1.3.2) and the inequality (1.3.7), it obviously follows that 
E(az, A) is regular in the half-plane Im 4 < 0 for each fixed value 
of x (and for z = 0, as well, in the event that o,(0) < oo) and is 
continuous there up to and including the real axis. 

Remark. Equation (1.3.6) implies that K(z,t) has continuous 
partial derivatives with respect to each of its arguments where, in 
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particular, 
x+et 


2 
1 t 
E,(2, t) = 4, Wea les | V(s)K(s, t+a—s) ds— 


bo] 


| V(s)K(s, t+s—2) ds (O<2 =< ?). (1.3.8) 


An analogous expression holds for K,(z, t). By means of the estimate 


(1.3.3), it follows from (1.3.8) that 
et 


] c+t 1 r+t 
a a (FF) peor ) | | V( (s) | ds+ 
om fnaie "Jon to) 


+5 ental =F lat (1.3.9) 


K,(z, t) 


2 


If V(x) is differentiable, K(z, t) then has second partial derivati- 
ves, and from (1.3.6) it is possible to derive the following equation 
for K(z, t): 


0? oO 
Ox? K(x, t)— V(a)K(z, it) = nye) - K(z, t). (1.3.10) 
Also immediately following from (1.3.6) is the relation 
K(z, 2) = = | V(t) dt, (1.3.11) 
x 


which will be important in the later development. 
Conversely, it is easy to show, that if K(z,t) satisfies equation 
(1.3.10), the relation (1.3.11), and the conditions 


lim K,(z,t)= lim K,(z,t) = 0, (1.3.12) 


x+t—> x+t—> 


then it is a solution of equation (1.3.6). Thus the matrix E(z, A) 
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which, K(x, t) determines by means of formula (1.3.2)] is a solution 
of equation (1.1.2) with V(x) = —2 dK(a, x)/da. 
Lemma 1.3.1: If o,(0) < o, then 


lim zk’(z, A) = 0 (Im 2 = 0) 


x>+0 
and 
lim wH’(x, 4) = 0 (Im 2 < 0), 


x—>+0 


the dot denoting differentiation with respect to A. 
Proof: The successive differentiation of (1.3.2) with respect to 
az and A yields 


E’(a, 24) = —the~™*I — K(a, ze“ + 
+ | Kx(x, te-™ de (Im 4 = 0), (1.3.13) 


x 


E’(x, A) = —te-™* 1 — Jae + iK (a, 2)e—P* 
—i f K,(z, t)te-™ de (Im < 0). (1.3.14) 
x 


The validity of these two expressions is proved in the same way, and 
we shall give the reasoning only for the latter one. 
Let 


I 
c = —e%(0), 
5) é 


By means of the inequality (1.3.9) and with z and 4 such that 
0<24 = 2, Im A = —Uy < 9, 


we have 


| f tK (x, thei dt | =< J t| K,(2, t)|e—#t dt = 
N N 


ere, dt + co(a) | (FP mae = 


<= e—HoN | u | V(u) | du+co( ede 3 2) [« te—Pel dt. 
N 


1 
aN 
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This estimate shows that the integral on the right-hand side of 
(1.3.14) is uniformly convergent for 2 and {4 in the above region 
for any positive quantities z, and uy. This implies the validity of 
(1.3.14) for « > 0 and Im4 < 0. 

Now, using the inequalities (1.3.3) and (1.3.9), we obtain the 
following three estimates: 


| K(x, x) | =co(z); 
for Im 2 = 0, 


| | K,(2, erat <= = | [v(=5*) [ae cot j o( =") ae = 


=+ | | V(u) | du + 2co(a) | o(u) du = | a +2 ©| o(z); 


for Im A= —yp <0, 


| | tK.(2, t)e—** dt 
x 


-2frtai 


+ co(z) | o( =e dt =< fun (u) | du+co(z ) | (> Jetta = 


x x x 


<= 6, (0)+ 2cu-1e, (0) o(z), 


since 


(s) = ‘| |V(s) |ds = 2 | s|V(s)|ds = 20(+) = 20, (0). 
t t 


2 
From these estimates and (1.3.13) and (1.3.14), it is apparent 
that to complete the proof of the lemma it suffices to show that 


lim xo(x) = 0. 


x—> +0 
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But for 0 <2 <1, we have 


Ve. « = 
wo(x) = x f |V(s)|de = a[ f |V(s)|dst+ seal < 


x 


[= am 
= f s|V(s)|ds+Vx f s|V(s)|ds, 
x Vx 


and the right-hand side of this inequality tends to zero as z + 0 
_ Lemma 1.3.2: Let the potential V(x) in equation (1.1.2) be Hermitian 
and satisfy condition (1.3.1). Then for all positive values of x 


W{B*(z, 2), Bz, a)} = —2iAI for ImjA = 0 
0 for ReA=0, ImA< QO, 
W{E*(az, A), H(z, —A)} = 0 for Im 4 = 0. 
Proof: If V(x) is Hermitian and Y(2) and Z(z) are any two solu- 


tions of the equation (1.1.2), then when Im 4? = 0, 
we have 


Y*"(c)+#Y*(2) = ¥*(2)V (2), 
B(x) + A?Z(xz) = V(x)Z(a). 
Hence, 
Y¥*(2)Z’" (~)—Y*’’(a)Z(x) = 0 
which implies that 
W{Y*(x)Z(x)} = Y*(a)Z’ (a)—Y* (a) Z(x) 
is independent of z. By means of this and the fact that 
eUrH (a, A) +I, eH’ (a, A) > —idl 


aS z— oo, the relations of the lemma result upon letting 7 — oo 
in their respective left-hand members. 


§ 4. A Fundamental System of Solutions with a Prescribed 
Behavior at Infinity for the Case A440 
THEOREM 1.4.1: If for some 6= 0 
f att? | V(x) | da<oo, (1.4.1) 


then for any non-zero value of 2 in the halfplane Im 2 = 0, the equation 
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(1.1.2) has a fundamental system of solutions E(x, A) and EOYa, A) 
with the following asymptotic behavior: 


E(a, a) = e~**[I+o(a-!)], E(w, A) = —the-*[I + 0(a-1—2)], 
Core 
Ee, 4) = e[I+o(a-1-)], EO"(a, 4) = the*[I + o(2-1-)]. 


For Im A = 0, these solutions can be represented in the form 


E(a, A) = e~** kee | V(t) dt+ A(z, | ; 


oo 


E’(x, 4) = —the-i |! +an | V(t) dt+ Bla, a)| 


x 


EO(z, 2) = ei | -aa | V(t) dt+ Aa, |, 


EQ)'(a, 4) = tae k = | V(t) dt+ Ba, | , 
x 


where the matrices A(x, A), B(a, A), A®(a, A), and BO(a, A) 
satisfy conditions analogous to (1.4.1). 

Proof: According to Theorem 1.3.1, the condition (1.4.1) assures 
the existence of the special solution H(z, 4) of equation (1.1.2) 
determined by the integral equation (1.3.4) and given by (1.3.2). 
Differentiating (1.3.4) with respect to z, we obtain 


E'(z, A) = —tde-**I— fi cos A(t—x)V(t)E(t, A) dt. (1.4.2) 


x 


By means of (1.3.4), (1.4.2), the condition (1.4.1), and the bounded- 
ness of e“* E(x, A), we can show rather easily that H(z, 2) and 
E’(z, A) have the asymptotic behavior at infinity stated in the 
theorem. 
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If we use (1.3.2) and (1.3.4), we further obtain 
E A) = idx Pel amaze A) an? iY (tt) E(t A) dt |= 
(a, )= é Qt, € ’ iA € > — 
x x 


7 mal bar | Vit\dt+ Aa, a], 


x 


where 


A(z, A) = afr V(t) dt fe (t, s)le™6—-) dg — 
x 


erika PO r 
yTi e—2iAt V(t) |#+ | K(t, s)e—*Ms—9 | dt. 
x t 


In a similar way, it follows from equations (1.3.2) and (1.4.2) 
that 


E’(z, 4) = —tAe-** [t+ 5 J V(t)}dt+ Bla, | ; 


where 


B(az, A) = : za | Vit) a | K(t, sje*s—9 ds + 


x 


eis - 
Poe | e—2iMV (1) |r | K(t, s)e-iMs—0 as | dt. 
x t 


Now, let Im A = —y < 0. Then (see (1.3.3)) 


| J Vieydt f K(s, tee ds | = 
x t 


Pas e7(x) | | V(t) | a(t) dt | e—Hs—) ds ms 7 g2(x). 
2 2 
t 
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Moreover, by (1.4.1) and the fact that f-o(x) dz < 0,(a) < o, 
a . 
f at¥o%(x)dx=< f o(x) dx f 8+? |V(t)|dt<© (a>0). 
a a x 
Also, for b > a > 0, 


| gitde2ux dar | e—2Ht | V(t) | dt = wits | e—2ut | V(t) | dt - | ~ 


x 


db om 
Sa | E + d)arerur | e— ut | V(t) | dt—al+2 | V(a) | | dz = 
a x 


oo 


pEeres (goa Vit) | d I 1431 V(z) | d 
a [- Maro, |» IV(2) | dx = 
b a 


b 


1 i 1431 V(#)|d 1+2——2Hb Vit) | dé 1 1+31V (x) id 
=3,|' | V(e) | | (#) | +3, | | V(x) | dx. 
b 2b a 


This result together with (1.4.1) yields the inequality 


i) gitde2nx dy f e—2#t |V(t) | dt < oo (a > 0). 


a 


From these estimates it is easily seen that 
J +2) A(z, a)|dze<o, f at+®| Bia, 2)|de<o (a>). 
a a 


We now proceed to construct the matrix H0)(x, A), and for 
Im A = 0, we define 


Ea, 4) = H(z, -2) (ma=0, 4 # 0). 


E(x, —A) is a solution of (1.1.2) and has the required asymptotic 
behavior at infinity. 


If Ima= —u <0, we define Ha, 4) for sufficiently large 
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values of z > 0 as the solution of the integral equation 


ids r 

EO(az, 2) = eI sa | et V(t) HOE, A) dt— 

x 

x 
2 f mr (yEn(e, a) dt (1.4.3) 
ay] é ) ° =. 

After the substitution 

EO(z, A) =e™*F(a, A) 
this equation becomes 


F(a, 4) = I-s V(t)F(t, 4) dt—— oa 


x h 


—) - x 
| eiMY(t) F(t, A) dt. 


It is easy to show by the method of successive approximations 
that a solution to this equation exists in the interval h = 7 < oo 
provided hf is positive and is such that 


1 ow 
2a | |V(t) | dé=q<1. 
h 


In this connection, it is found that 


] 
| F(z, A)| = 19 (z=h), 


and this implies that for 7 = 2h 


| F(z, 4)— tag | \V(t)k | F(t, A)| t+ 


ents 
ze { emt |V(t) || F(t, A) | dt = const | |V(é) | dt+ 
h: 


[He , 


x 


2 
tee | | V(t) | a | = const (+) te] : (1.4.4) 
h 
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From this and (1.4.1), we thus conclude that 
EA(e, A) = e®* F(a, 2) = *[It+o(a-)] (w@ + &). 
Now, differentiating (1.4.3) with respect to 2, we obtain 


ino i 
EO'(a, A) = the] a | eV (t)HOEt, A) dt+ 


+ 


x 
| etV(t)EO(t, 2) dt, (1.4.5) 
h 
and just as in the above, we find that 
EO'(a, A) = the®*[I + 0(2—1-8)] (a —> 00). 
From (1.4.3) and (1.4.5), if further follows that 


EQa, A) = ei | ?-3a | V(t) dt+ A@(a, a)| P 
x 


BO'(x, 2) = sae | 3a | V(t) dt+ BOa, |, 


x 
where 
1 
(1)( X, _ 2iat 
AQYa, 4) = sig | VOL t, A)—I] dt i) V(t) F(t, A) dt, 
x h 
BOY, 4) = sal V(t) (F(t, 4) —Idt+ 
x 
x 
toms 2atY (t) F(t, A) dt 
h 


Applying the inequality (1.4.4), we have 


| | V(t) (F(t, A)-— a = const | | V(é) | lo(z) + a] dt = 
= const l(=) + aad o(2), 
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and the refore 


fare f V(t)[F(t, A) —I] dt | da = 
h x 


<= const | EGS. tee] dz | g1+2 | V(t) | dt < oo. 
h x 


Now, for b>h 
b x x 
- eux b 
{ gitde—2ux ac | e2et | V(t) | dt = wit? | erut) V(t) | dt om | + 
= h 
h h h 


b ‘ ye 
+5 | E + 8)abe~20 | ert |V(t) | dt+a+®|V (2) 1 ae 
7) 
rd h 


b 


Zz 
< a | E + Syterse | ert [V(t) | dt+a1+3|V (a) | da, 
OR K 

and for 6 = 2h 


b b x 
J x®e— 2 dx f erut | V(t)|dt = const+ f ae dx f et | V(t)|dt = 
ah h 2h k 


[8 


b b x 
= const+ f ated f |V(t)|dt+ f ada f |V(t)| de, 
2h h 2h 


x 


2 
so that by (1.4.1), 


oo x 


f gltie—2ux da f erut |V(t) |\dt < a. 
h h 


’ A straightforward computation using the above results shows 
that 


f w+?) AM, A)|dr<o, f 21+?) B02, 2) |dz<o. 
and. this completes the proof of the theorem. 
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§ 5. A fundamental System of Solutions with a Prescribed. 
Behavior at Infinity for A=0 


THEOREM 1.5.1: If the condition (1.4.1) is satisfied, then the equation 
(1.1.2) with A= 0, 1.e., 

Y’”=V(2z)Y (1.5.1) 
has a fundamental system of solutions ne, 0) and E(x) with the 
following asymptotic behavior: 

E(a, 0) = I+o(2~), E’(z, 0) = ofa), 
EQ\2) = a[I+o(a-*)], H£O'(2) = I+o(a2-). 
Proof: The required special solution E(z,0) of (1.5.1) satisfies 
the integral equation (see (1.3.4)) 


(x — oo) 


E(z,0) = I+ f (t—z)V(t)E(t, 0) de, 
x 
which upon differentiation with respect to z yields 
E’(z,0) = — :) V(t)E(t, 0) dt. 


From these two equations and the condition (1.4.1), it immediately 
follows that E(a,0) has the asymptotic behavior at infinity stated 
in the theorem. 

E(x) is defined as the solution of an integral equation whose 
form depends on what the value of the exponent 6 is in the ine- 
quality (1.4.1). Namely, if 0 = 6 < 1, then we choose 


oD x 
EQ(x) = 2l—x f V()BOt) dt— f eV(t)EOXL) dt, (1.5.2) 
x h . 
for h = x < oo, where h is a positive quantity such that 
f t1V@ | d<1; 
a 
if 6 = 1, then 


EQ(2) = 2+ f (t—2)V()EO(t) dt, O< 4 < om. (1.5.3) 
=z 


It is not difficult to show by means of the method of successive 
approximations, that (1.5.2) and (1.5.3) have solutions in the speci- 
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fied intervals, and that the matrix (x) obtained in this way 
satisfies equation (1.5.1). The differentiation of (1.5.2) and (1.5.3) 
with respect to x then yields the following identical result: 


E@®"(2) = I- f V(t) E@(t) de. (1.5.4) 


Let 0 = 6 < 1. From (1.5.2), it follows that the matrix 2~1 H)(z) 
is bounded in the interval h = x < oo, and by virtue of this and 
(1.4.1), we find from (1.5.4) that 


EO'(z) = I+ 0(a-?) (x —> 00), 
To find the asymptotic behavior of H(z), we start from the 
following relation which results from integration by parts: 
x o x ) 
f ev Boe dt = — f sV(s)dsBOe) + J f sV(s) ds\BOr(e) de. 
h t h ¢ 


By (1.4.1) and the boundedness of the matrices 27-1H#)(x) and 
E’(z), we have 


_ fev dsE)(t) | = o(a1—) (a2 —> 00); 
Sf sV( (s) ds] BO)" (t) de | s const f dt f {P(e )|ds= 
= const | f s |V(s) | ds f dt+ f s |V(s) | ds fa] < 
h h x h 


x ) 
= const [ f s*|V(s)|ds+a f s|V(s) | ds] = 
h x 
3 Ve °° 
< const lz 2 f st+2|V(s){ds+ f s1+2|V(s) | ds] = 

h x 

=o) (w@ +0). 
These estimates applied to (1.5.2) show that 

EQ(z) = a[I + o(a—)] (2 — oo). 
By making use of (1.5.3) and (1.5.4), we can easily satisfy our- 


selves that H® (x) and H”(2) have the same asymptotic Behsyior 
for 6 = 1 as they have for O= 6 <1. 
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Lemma 1.5.1: If the potential V(x) in equation (1.5.1) ts Hermitian 
and satisfies both (1.2.1) and (1.4.1), then the solution G(x, 0) of this 
equation (see Theorem 1.2.1) has the following asymptotic behavior: 


G(x, 0) = xE*(0)+ A+o(z1—*), G’(x, 0) = E*(0)+0(a—-*) (x + ~), 
where E(0) = H(0,0) and A is a constant matric. 
Proof: By Theorem 1.5.1, we have 
G(x, 0) = E(x, 0)A+ EQ (x) B, 
G’(z, 0) = E’(x, 0) A+ HO" (x) B, (1.5.5) 


in which A and B are constant matrices, and therefore it is clear 
that we merely have to show that B= EH*(0). 


Let Y(z) and Z(x) be arbitrary solutions of equation (1.5.1). 
Then since V(x) is Hermitian, it follows that the Wronskian 


W{Y* (x), Z(x)} = ¥*(x)Z'(x) —Y*(x)Z(z), 
is independent of x. In particular, 
W{E*(x, 0), E(x, 0)}= lim W{E*(z, 0), E(x, 0)}=0, 


W{E*(z, 0), EQ(z)}= lim W{E*(x, 0), EQ(x)}=I. 


Therefore, if we premultiply the first equation of (1.5.5) by H*¥’(z, 0) 
and the second by #*(z,0) and then subtract the second from 
the first, we obtain 

E*(x, 0) G’(x, 0) — E*’(x, 0) G(x, 0) = B. 


We now let x approach zero. Since G(x, 0) ~ aI and G’(z, 0) ~ I 
as x—0, it follows from Lemma 1.3.1 that B= H*(0), q.e.d. 


CHAPTER II 


The Spectrum and Scattering Matrix for the 
Boundary-Value Problem without Singularities 


§ 1. The Point Spectrum 


In what follows, we shall consider the boundary-value problem: 


nr 
yj tay; = 2D p(z)y, O< rx o | 


k=1 (2.1.1) 
y;(0)=0 (j=1, 2, eee n) | 
under the assumption that the potential V(x) = ||v,,||{ is a Hermi- 
tian matrix such that 
f 2|V(x) |da<oo (2.1.2) 


0 


We shall agree to call it the non-singular problem, and we begin 
by studying its point spectrum. 
Consider the special solution H(z, A) of 


Y"°+22°Y = V(z)¥, O<2< 2 (2.1.3) 
(see Theorem 1.3.1), and let 
E(A)=H(0, A). * (2. 1.4) 


The matrix F(A) is regular in the half-plane Im 4 < 0 and is conti- 
nous there up to and including the real axis. 

Suppose that for some 4 = Ag, with Im 4, < 0, det EH(Ay) = 0. 
This implies the existence of a non-zero vector a such that 


E(A,)a=0. 


But then the vector function E(z, Ag)a is a solution of the system 
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(1.1.1) vanishing at « = 0 and decreasing exponentially as 2 > ~. 
Thus, 43 is an eigenvalue of the boundary-value problem (2.1.1). 
Since this problem is self-adjoint, its eigenvalues are all real, and 
Ay is therefore of the form —ipy, with pig > 0. 

Thus, if det H(A) is a regular function of A in the lower half-plane, 
then it can have zeros there only on the imaginary axis, and the 
Squares of these zeros will be eigenvalues for the boundary-value 
problem (2.1.1). 

It is easy to show that the problem (2.1.1) has no eigenvalues 
other than the squares of the zeros of det H(A). In fact, by Theo- 
rems 1.4.1] and 1.5.1, every solution of (1.1.1) can be represented 
in the form 


y(x, 4) = Ela, Aja+ BO)(a, A)b, 


in which a and b are constant vectors. The components of y(z, A) 
are square summable over the interval (0, oo) if and only ifIm 4 + 0, 
where 6 = 0 in the particular case Im 4 < 0, ie., 


y(z, A) = E(2, A)a (Im A<0). 


In order for 4%, with Im A, < 0, to be an eigenvalue of the problem 
(2.1.1) it is necessary for a non-zero vector a to exist such that 


E(0, Ayja= E(A,)a=0, 


and this is equivalent to det H(A,) = 0. 

Now, according to formulas (2.1.4) and (1.3.2), H(A) +I when 
|A| - co (Im 4 = 0),! 80 that the zeros of det H(A) form a bounded 
set with at most one limit point possible, namely 4 = 0. There- 
fore if det H(0) + 0, then the number of zeros of det H(A) is finite, 
which means that the boundary-value problem (2.1.1) has a finite 
number of eigenvalues. . 

It turns out that the set of eigenvalues is finite even if det H(0) = 
= 0, i.e., the following theorem holds. 


1 When Im 4 < 0, this statement is an immediate consequence of the 
expression 


E(ad) =I+ J K(0, t)e—*™ de. 


On the other hand, if Im 4 = 0, the Riemann—Lebesgue Theorem is then 
applicable since by (1.3.3) and (2.1.2), K(0,¢) is summable over the entire 
interval (0,00). 
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THEOREM 2.1.1: The non-singular boundary-value problem (2.1.1) 
has a finite number of eigenvalues (which are negative). 
Proof:? Let L%,)(«, 8) denote the Hilbert space of vector func- 
tions f(z) = {f,(z), ..., fn(z)} with components square summable over 
the interval (x, 8), and with a scalar product defined by 


Bon 
(f, 9)<a, p>= f 2 frl%)gn(x) de. 


a@k=1 


Let 
Ty] = —y’+V(x)y, 


where y is a column vector with the components y,(z), .y,(x), .-.. 
y,(x), and let us consider the self-adjoint operator LZ defined in 
Li,)(0, co) by I[y] and the boundary condition (0) = 0. The domain 
of the operator L, which we denote by D,, is to consist of all func- 
tions y(z) € Li,)(0, 0) satisfying the following conditions: 

(1) y'(z) exists and is absolutely continuous in each finite inter- 
val (0, a); 

(2) Hy] € Li,(0, 09); 

(3) y(0)=0. 
For all y(z) €D,, we have by definition 


Ly=I{y}. 
The boundary-value problem (2.1.1) is clearly equivalent to the 
operator equation 
Ly=i*y, 


and our problem becomes that of showing that LD has a finite number 
of eigenvalues. 


?'The basis of the proof is the method of decomposition of operators 
due to Glazman [11]. If in addition to (2.1.2), the condition 


J 2 1V(e) | de < o (1) 


is satisfied, the proof of the theorem becomes considerably simpler and the 
ideas of operator theory need not be resorted to. In fact, the theorem 
being proved is a simple consequence of the formula 

E-(4) = 4-4N+0(A-?) (A+ 0, Ima = 0), 


which can be derived by elementary means when the conditions (2.1.2) 
and (!) hold. - 
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To this end, we choose some number « >0, and we introduce two 
additional self-adjoint operators L, and L, as follows: 
L, is the operator which is defined in L{,)(0, «) by J[y] and the bound- 
ary conditions y(0) = y(a) = 0; and 
LT, is the operator which is defined in Liny (x, oo) by I[y] and the 
boundary condition y(«) = 0. 

The respective domains of these operators, Dy; and D,,, are form- 
ed analogously to D,, and for all y(z) €D,,, we have by defi- 
nition 


Ly =l[y] (¢=1,2). 


Let us show that L, has no eigenvalues when « is a sufficiently 
large positive quantity. By means of the same reasoning used at 
the beginning of this section, we find first that all of the eigenvalues 
of L, are the squares of the zeros of det E(a, A) , which, if they exist, 
are of the form 4 = —ityu, uw > 0. Now according to (1.3.2), 


E(w, —iu) = e-“*#1+ f{ K(a, tet dt. 
Moreover, 


| f ke t)e—Ht | dt ce f | K(, t) | dt=e-#*0 (1) 


as a — oo, for by applying the inequality (1.3.3), we obtain - 


| | K(«, t)|dt=c | o( =") dt = 2c | o(u) du =2co,(a), 


where ¢ = €7(9)/2, 

Hence, it follows that the function det E(a,—iu), w= 0, will 
have no zeros if « is sufficiently large. 

Choose and fix a positive value of a so that this condition has 
been satisfied; then the operator LZ, will have no point spectrum. 
Furthermore, since the continuous spectrum of L, is situated on the 
positive axis when (2.1.1) holds, Z, is a non-negative operator, i.e., 
for every function y(z) belonging to D,, 


(Ly, y) = ([y], Y)<a, o> = 0. 


Let us now examine the operator L,, and let us show that it has 
a finite number of negative eigenvalues. 
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. In fact, it can easily be seen that the eigenvalues of this operator 
are the squares of the zeros of det G(a, A) (see Theorem 1.2.1), and 
because these eigenvalues are real, the negative ones are of the form 
—p*, where yu is a positive quantity such that 

det G(a, —itu) = 0. 
Now, the substitution of A = —ip and z = @ in (1.2.8) yields 
| we—#*G(a, —tu)— sinh ua e—#*I | +0 
as 4 —+ co. But the function det G(x, A) is even in A, and the last 
result shows that its zeros, which lie on the imaginary axis, form a 
bounded set in the A-plane; since det G(«, A) is an entire function, 
the number of zeros must be finite. 

Let m be the sum of the dimensions of the subspaces corres- 
ponding to each of the negative eigenvalues of the operator L,, and 
let p be the number of eigenvalues of L. It then follows that 

ps m+n. (2.1.5) 


Let us assume the contrary, i.e., p > m+n. Hence, there exist 
at least m+n+1 linearly independent eigenvectors of the operator 
L corresponding to these eigenvalues: 

yV(x), yz), ..., yortnt (a). 
From these eigenvectors, it is obviously possible to form m+1 
linearly independent linear combinations 
2Q(z), 2(a),..., 2mt)(z), 
which vanish at z =a. The vectors 2(z) (¢ = 1,2,...,m+1) thus 
satisfy the conditions 
20(0) = 2a) =0 (= 1, 2,...,m+]) 
and therefore belong to both D;, and Dy,,. 


It is now possible to form a non-trivia] linear combination of the 
2(x), 


m+1 
u(x) = 2 vie (a), 
i= 


which is orthogonal in the metric of L?,)(0, «) te all of the eigen sub- 
spaces of the operator L, corresponding to its negative eigenvalues. 
’ For the vector u(x), we have the two relations 
(Lu, u) = (Z[u], U)<o, a> =0, 
(L,u, u)=(l[u], u)<e, o> =O 
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(the second one being @ consequence of the non-negativeness of 
the operator L,). 

However, since u(x) is by definition a linear combination of the 
eigenvectors of the operator L, and since L has only negative eigen- 
values, it follows that 


(Lu, u)=(Ifu], u)<o, o> <0. 
Finally, noting that 


([u], u)<o, o> = (lu), u)<o, a> 1 (lu), U)<a, o>, 
we arrive at a contradiction because the left-hand side of this equa- . 
tion is negative whereas the right-hand side is non-negative. 


Remark. Define 
Viz ’ 0O<a2< 
Oe ' (x) B 

0, r= B 
and consider the boundary-value problem (2.1.1) with V(x) replaced 
by V,(x). The proof of the theorem clearly shows that when 
8 = a the number of eigenvalues of the new problem having V(x) 
as its potential will satisfy the same inequality (2.1.5). In other 
words, the number of eigenvalues of the boundary-value problem 


in which V(z) is replaced by V,(z), is uniformly bounded for all 
sufficiently large values of B = a. 


§ 2. Properties of the Matrix E-1(A) 


From the results of the preceding section, it follows that the mat- 
rix function #-1(A) is regular in the half-plane Im A < 0, with the 
possible exception of a finite number of points on the imaginary 
axis where det H(A) = 0, and, hence, where #—1(A) has poles. 

In order to investigate the character of the singular points of 
E-1(A), we shall need the following lemma. 

Lemma 2.2.1: Let A(z) be a square matrix, which is regular in 
the circle \2z| < 1, such that det A(0) =O and det A(z) 4 0 for 
0 < |z| < 1. 

Then the inverse matrix A-1(z) has a simple pole at z= 0 tf and 
only if the relations 

A(0)a=0, 
A (0) b+ A’ (0) = 0, (2.2.1) 
where a and b are constant vectors, imply that a = 0. 
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Proof:* It is clear that A-1(z) is regular everywhere inside the 
circle |z| < 1 except at z = 0 where it has a pole of some order m. 
We may therefore write 


A-iX(z) => 2—™N_mte-™+IN is + eee 
A(z) = Ajt+zA,..., 


where Ay = A(0), A, = A’(0), ete. 
The matrices NV, obviously satisfy the following equations: 


r ro 
2 AN 233n ag 2 Nug¢1-mA;= 6.1 (2.2.2) 
s= s= 


(r=0, 1, 2,...), 
with 
1, if r=m 
o-m= : 
0, if rA~m. 
Suppose that m = 1, i.e., A-1(z) has a simple pole at z = 0. Then 
from (2.2.2) there results 
A,N_,=N_,A,=0, (2.2.3) 
in which the matrix N_, # 0. 


Postmultiplying the second equation of (2.2.3) by the vector a 
and making use of the first equation of (2.2.1), we obtain 


a=N_,A,a. 
By the second equation of (2.2.1), we find that 


and this is equal to zero as a consequence of (2.2.3). 

The necessity is thus proved. 

Suppose now that from the relations (2.2.1), it follows that a = 0. 
Using this fact, we find successively from (2.2.2) that N_,, = 0, 
N_m41 = 9, ete., until we arrive at the equations (2.2.3). Thus, 


A~1(z) has only a simple pole at z = 0. This completes the proof 
of the sufficiency of the criterion. 


3 The proof of this lemma and that of Theorem 2.2.1,which follows have . 
been taken from the article of Newton and Jost {1}. 
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THEOREM 2.2.1: All the singularities of the matrix function E-1(A) 
in the half-plane Im 4 < 0 are simple poles. 
Proof: We begin by considering the differential equation 


E" (x, 2) + 22H (x, A) = V(«)E(a, a). (2.2.4) 


Differentiating it with respect to A and then taking the complex 
conjugate transpose of both sides of the resulting equation, we ob- 
tain 4 


E*" (x, 2) + A2E* (2, 2) +22E*(ax, A) = E*(x, A)V(z). 


Assuming that Re A=0 and Im4 <0, we postmultiply this 
equation by E(x, A) and subtract the result from (2.2.4) after first 
premultiplying it by E*(x, A). Hence, 


E*(a, A)E’’ (a, A) a E*’ (2, A) E(x, A) = —21E* (x, A)E(z, A) 


(Re A = 0 and Im 4 < 0). If we integrate both sides of this equa- 
tion from z tocc taking into consideration that E(x, 4), E’(, A), 


and E'(a, A) tend to zero as x— co when ImA < 0, we obtain 
E*(x, a)E’(x, A) — E*’(x, A)E(a, A) = 24 f E*(t, a)E(t, 2) dt (2.2.5) 


(Re A=0, ImA<0). 


Let Ay = —i fp, With uy positive, be a pole of E-1(A). This im- 
plies that det E(A,) = 0, and hence that there exists a non-zero 
vector a such that 


E(A,)a=0 (2.2.6) 


(vectors are to be regarded as column matrices). 
Thus the solution E(x, A9)a of the system (2.2.4) vanishes at « = 0 
when A = Ay. Hence, by Theorem. 1.2.1, it follows that 


E(x, Ayja=G(a, Ag)a,, 
where a, is some vector, and therefore, 
lim E"(x, Ay)a= E’(Ay)a 
x—>0 
exists (the right-hand side merely denotes the limit). 


4 The dot denotes differentiation with respect to 4. 
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Making use of this and Lemma 1.3.1, we then have ° 
lim {a*B* (x, A)E(z, 4o)a}=lim {[2za*E*(z, Ap)] [2-1 (a, Ag)a]} = 
x—>0 x->0 


= lim {[xa*E*’(x, Ao)] [E’ (Oz, Ap)a]} =0. 
x—>0 


Upon setting 2 = dy in (2.2.5), multiplying this equation on the 
left by a* and on the right by a and then letting x tend to zero, 
we obtain 


a*B*(Ao)E’(Ap)a= 2g f we Ap)a]*[E(t, Ap)a] dt4O. (2.2.7) 
0 


Let us now assume that the vector a satisfies not only the condi- 
tion (2.2.6) but also the equation 


E(A,)b-+E(Ap)a = 0. (2.2.8) 
where 6 is some other vector. 

Taking the complex conjugate transpose of both sides of the mat- 
rix equation (2.2.8) and then postmultiplying the result by E’(A»)a, 
we obtain 

DF E* (Ag) H’(Ap)a + a* E* (Ag) E’(Ag)a = 0. 
But by Lemma 1.3.2 and equation (2.2.6), 
b* B* (Ao) E’ (Aga = OF E*’ (Ay) E(Ap)a = 0. 
and therefore 
a* E*¥(1,)E’(A,)a=9. 


This is a contradiction to (2.2.7). 

This shows that no non-zero vector @ exists satisfying conditions 
(2.2.6) and (2.2.8) simultaneously. But then by Lemma 2.2.1, E-1(A) 
has a simple pole at A, and the theorem is thus proved. 

We shall now prove one further lemma which can be used to des- 
cribe the behavior of E—4(A) on the real axis. 

Lemma 2.2.2: For any value of x = 0, the matrix E(x, A) is non- 
singular when ij ts real and non-zero. 


S If a complex matrix A(t) = || ajx(t)+-2b;,(¢) || is differentiable, then 
A(t-+h)—A(t) = hi || ajx(t+-Ojnh) +abjn(t-+ OFnh) [I 


where 0 < 03,< 1,0< Bin <1. For brevity, the right-hand side of this 
equation will be denoted by hA’(t+6h). 
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Proof: By Lemma 1.3.2, the relation 
E* (x, A)E’ (2, A) — B*' (a, A)E(z, A) = —2idI 
holds for Im 4 = 0. 

Multiplying this equation on the right by a vector a and on the 

left by a* yields 
a*[E* (2, A)E’ (x, A) —E* (2, A)E(a, Aja = —2tha*a. 

From this, we immediately conclude that if H(z, A)a=0O and 
A # 0, then a*a = 0 and hence a = 0, q.e.d. 

Since H(A) is continuous in the half-plane Im 4 = 0, Lemma 2.2.2 
implies that H#-1(A) is bounded and continuous for all real values 
of A with the possible exception of 2 = 0. The behavior of #~1(A) 
in the neighborhood of A = 0 will be investigated in §4. 


§ 3. The Scattering Matrix 


Throughout this section, 2 will be assumed to be real and non- 


zero. Consider the solution G(z, A) of (2.1.3) satisfying the initial 
conditions 


G(0, 4)=0, G0, A)=I 
(see Theorem 1.2.1). 
Applying Theorem 1.4.1 and recalling that #)(x, J) = E(x, —A) 


when A is real and non-zero (see the proof of Theorem 1.4.1), we 
can write 


G(z, 4) = E(x, A)A+ E(x, —4)B, 
G'(a, A) = E'(z, ANA+E (a, —A)B, 


where A and B are matrices not depending on x. Premultiplying 
the first of these by H#*’(z, A) and the second by #*(z, A) and then 
subtracting the results, we have as a consequence of Lemma 1.3.2 


1 
A= 54 Et A)G(z, A) — EX(2, A)G'’ (zx, A), 


in which x may be any positive quantity. In a similar way, we find 
that 


B= <o(B*(z, -2)6'(e, E(w, — 2), a} 
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Since G(z, 4) ~ «I as x0, Lemma 1.3.1 gives 
lim H#*’ (x, A) G(x, A) = lim E*¥’ (xz, —A)G(az, A) = 0. 
x>0 


x—>0 


Therefore, letting x tend to zero in the expressions for A and B, 
we arrive at 


] 1 


As a consequence, 


G(x, 2) = 55 [Ble, -A)B*(—2)—B te, 2)E*a)) 


and upon setting = 0 in this, we obtain the important result 
E(—A)E*(—A) = E(A)E*(A). (2.3.1) 


On the basis of Lemma 2.2.2, the expression for G(az, A) can be 
written in ‘the form 


G(z, A) = 5 Ble, —A)—E(a, A)S(—A)]E*(—A), = (2.3.2) 


where- 
S(A) = B*(—A) [E*(a)y->. 
By (2.3.1), this may also be expressed as 
S(a) = H*(—A) [E*(a))71 = EO -A)E(A), (2.3.3) 
from which it easily follows that S(A) is a unitary matriz, i.e., 
S(A)S*(A) = S8*(A)S(A) =I, 
and, moreover, that 
| S(—A) = S*(A). (2.3.4) 
The matrix S(A) is called the scattering matrix. In Chapter IV, 
we shall explain how S(A) determines the asymptotic form at infi- 
nity of the normalized eigenfunctions corresponding to the conti- 
nuous spectrum of the problem (2.1.1). 


THEOREM 2.3.1: The matrix I—S(A) is the Fourier transform of 
a Hermitian matriz F,(t), i.e., 


I—S(a) = f F,(t)e—*¢ de, (2.3.5) 


—co 
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where 
F(t) = FPO)+ FE), 


|FP(t)| € L(—oe, 0), |FP(é)| € L*(—oo, co), and both functions are 
bounded for all real values of t. ® 


Proof: Let us denote by L the linear manifold of functions 7), 
each of which is the Fourier transform of a function in L(—, ov), 
i.e., which can be represented as 


Ha) = f fede, (0) € L(— &, @). 


The product of any two functions in T is also known to belong to i: 
Now consider the elements of the matrix J—S(A), namely, the 
functions 


figlA) = 84 —84(A), 

where : 
| Os (IT = 2, |] sig(A) [IT = SCA) = BOX —A)H(A) (2.3.6) 
{see (2.3.3)). For Im 4 = 0, (1.3.2) gives 

E(A) = || 8 +8(4) (8, E(—A) = || 8 +%(—A) |I2, (2-3-7) 
in which 

eA) (R= f KO, te-* dt. 
0 


Since 


| | K(0, t)| d= e71(0) | (=) dt =e") . g,(0)< 
0 0 


by (1.3.3), each of the functions %,,(4) and &,,(—A) belongs to L. 
* The right-hand side of (2.3.5) is equal to 
f FY ye ae f FO (tye—i*t dt, 


the first integral converging absolutely and the second converging in the 
mean. 

The fact that the absolute value of a matrix belongs to L(—oo, ) 
or L?(—co, oo) is equivalent to each of its elements belonging to 
L(—o, 0) or L?(—o, oo). : 
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From (2.3.7), it further follows that 
det E(—A) = 1+ p(A), (2.3.8) 


where p(A) is a sum of products of the ki(—A), and therefore 
p(A)€ L. In exactly the same way, it is found that the cofactors of the 
elements of det H(— A), which we denote by ¢,;(— A), are expressible as 
€i(—A) = 44+ pig(A), (2.3.9) 
where p;,(A) € L (i,j = 1, 2,..., 7). 
Thus, equations (2.3.6) through (2.3.9) imply that 
1 n ~ 
8;;(A) = “det E(—A) Pa Eyi( — A) [dyj+ kyj(A)] = 


v=1 


= Trp Z (dit pall [85+ Blah 
which clearly can be written in the form 
siyj(A) = (1+ pla) *[64 + 94(A)], (2.3.10) 
where 9,,(4) € L (i,j = 1, 2,..., n). 
Suppose now that det H(0) ~ 0, so that det H(—A) = 1+ p(d) ~ 0 


on the entire closed real axis (see Lemma 2.2.2). Then by a well- 
known theorem of Wiener [12], 


[l+p(a)}J* =1+q(a), (A EL. 
Therefore, from (2.3.10), we have 
7i(A) = 83 —8y(4) = 8y—(1+ e(A)] [55 +94(4)] = 
= — @ij(A) —9(A) b;; — GA) pig(A)- 


Hence, we conclude that Fal) EL (Q,j7=1, 2,..., 2). In 
other words, in case det £(0) ~ 0, the relation (2.3.5) holds and 
lF(O/€ L(—<9, oo). 

Now let det H(0) = 0. Since as [A] — oo 


det E(—4) = 1+. p(4) > 1 


(see (1.3.2)), it follows that p(A) — 0 when |A| — oo. Therefore, a 
positive number 7 can be found such that 


|p(A)|<1 for |Al=l. 
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Consider the function h(A) defined by 


1, if jal[<l 
h(a) =4 —-|al+i+l1, if Is jal sJ+1 
0, if Jal >JI+1 


and set 


p(a) (1—A(a)] = 1(A). 


Since p(A) and h(A) both belong to L, r(A) also belongs to L. Moreover, 


r(A) = p(A) for |A| >7+1 
and 
|r(A)| < 1, —wo< J < o, 


Now set S™(A) = || s;(A) |[T where 
siP(a) = [14+ 7(A) 7185 + 94(A)] (4, 7 =I, 2,...,m). (2.3.11) 
Since 1+-r(A) ¥ 0 on the entire closed real axis, applying Wiener’s 
Theorem, we find that 
s(A) = by+yy(A), pila) € ZL, (2.3.12) 
(4, j=1, 2,..., n). 
Hence, it follows in particular, that s{?(4) is bounded on the entire 
real axis, and from (2.3.10) and (2.3.11) we have 
S%(4) = S(A) for |A| >7+4+1. 
Noting further that 
| (A) | =1 (Im 4=0, 10) 
because S(A) is a unitary matrix, we conclude that the matrix 
Sa) = S(A) —S®(A) (2.3.13) 
vanishes for |A| > 7-+1 and that its elements s{(j) are bounded for 
all real values of A ~ 0. Therefore, the quantities s{?(4) are the 
Fourier transforms of bounded functions in Z?(— 00, oo). 


Thus, for the case where det, #(0) = 0, (2.3.12) and (2.3.13) show 
that | 


fil) = 6 —84(A) = —yislA) —s9(2) 
with yis(A)EL and s{?(A) the Fourier transform of a bounded func- 
tion in L?(— co, oo), 
It still remains to prove that F,(é) is Hermitian. This follows 
easily, for by the property (2.3.4) of S(A) and the fact that Im 4 = 0, 
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(2.3.5) yields 


f FE te dt = ( f Famer dt)* = I—S*(—A) = I—S(A) 


= f F.(te-™ de. 

As a consequence of the uniqueness of the Fourier transform, we 
conclude that F*(t) = F(t). 

Remark. If det H(0) = 0, then the system (1.1.1) with 4 = 0 has 
a non-trivial bounded solution which vanishes at x = 0 (see Theo- 
rem 1.5.1). In this event, we shall say that the boundary-value 
problem (2.1.1) has a virtual level. Theorem 1.5.1 also implies that 
the problem (2.1.1) has no virtual level if det E(0) = 0. 

As we have just seen, if no virtual level exists, then the elements 
of the matrix F(t) belong to L(—oco, oo). 

In Chapter V (Theorem 5.6.2), we shall prove that even if 
det H(0) = 0, the elements of F(t) still belong to L(—co, co), 

The proof of this considerably more refined theorem must: be 
postponed to the very end of our investigation of the non-singular 
boundary-value problem. 


§ 4. Behavior of the Matrix #-3(4) in the Neighborhood of A=0 


To supplement the results of §2, we shall next study the beha- 
vior of £-1(A4) in the neighborhood of A = 0. It is clear that this 
question only arises when there exists a virtual level (det H(0) = 0) 
since if det H(0) # 0, H-1(A) is continuous everywhere on the real 
axis including the point 4 = 0. 

LemMa 2.4.1: The matrix AE-1(A) is bounded in the neighborhood 
of A= 0. 

Proof: * Let 

ryan {70 O<e<p 
0, if wef 


7If in addition to (2.1.2), the condition 


{21 Vie) |de < = (!) 


is satisfied, then the lemma being proved is trivial (see footnote 2 on p. 39) 
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and denote by E,(z, A) and G,(z, A) those solutions of 
Y”+A2Y = V,(x)¥ 


which are analogous to the respective solutions H(z, 4) and G(z, A) 
of (2.1.3). 


From the equation 


sin Ax 


G(z, 4) = 7 


x 
I+ | Seam) vat 4) dt (2.4.1) 
Q 
and the analogous integral equation for G,(z, 4), it follows that 
G,(z,4)=G(z, a) for O=«<f. (2.4.2) 


’ Furthermore, by definition, we have 
Eg(x, 2) = e**I1+ f Kola, t)e—™ de, (2.4.3) 
x 


where K,(z, t) satisfies the integral equation obtained by replacing 
V(a) in (1.3.6) by V,(x). Making use of this equation and (1.3.6) 
one can easily show that 


lim f | K(x, t)—K,(z, t)|dt = 0 
fo x 
uniformly for « = 0. This result and (1.3.2) and (2.4.3) then imply 
that 
lim £,(z, A)— E(z, 4) (2.4.4) 
poco 


uniformly for x = 0 and 4 in the half-plane Im 4 = 0. 

From the equation defining K,(z,¢), it is also evident that 
K ,(z, t) = 0 when (x+#)/2 > B, and therefore for each fixed value of 
a = 0, the integral on the right-hand side of (2.4.3) is over a finite 
interval. Hence, for each value of x = 0, H(z, A) is an entire func- 
tion of A. 

By Theorems 2.1.1 and 2.2.1 and the remark of Theorem 2.1.1, 
E4*(A) = E;1(0, A) is regular everywhere in the half-plane Im 4 < 0, 
except for a finite number of points on the imaginary axis where it 
has simple poles, and for all sufficiently large values of 6, the num- 
ber of poles is uniformly bounded, say, by N. In what follows, 6 
will be considered to be such a sufficiently large quantity and no 
particular mention of this will be made each time. On the basis of 
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Lemma 2.2.2 (which obviously holds for E,(z, A) as well), Eg*(A) 
is also regular for all real values of A = 0. 

Now let 2) be an any non-negative quantity and suppose that 
B > Zp. Consider the relation analogous to (2.3.2) which, by virtue 
of (2.4.2), can be expressed in the form 

2iAG (aq, A)[ Lp" —A)]* = Eo(xo,' —A)— EB g(xo, A)Sp( —A) 
(Im A=0, 240), 
or 
2iAEg'(A)G* (xo, —A) = EG(aq, A) —So(—A)EG(t0, — A) 
(Im A=0, 140). 

Since S,(—A) is a unitary matrix and E (2p, A) is uniformly bound- 
ed for all positive values of 6 and —oo < 4 < 00,8 it follows that 

| 2ABG*(A\G*(xo, —A)| = | L5(%q, 4) —Sp(—A) EG (ao, —A)| < 


for all real values of A ~ 0. Here, & is a constant not depending 
on B or A. Now, recalling that £,(A) and G(x», —A) are entire func- 
tions of A, we see that the function 


O,(A) = 2AHG(A)G*(xo, —A) 
is meromorphic in the whole plane and cannot have a pole (in 
other words, is regular) atA = 0. As a result, 

| @,(A) | =k (—co<A<o). (2.4.5) 
Upon letting B — oo and noting that 
Poa O,(A) = D(A) = 2AE-MA)E]* (xy, — A) 
exists for all real values of A # 0 because of (2.4.4) and Lemma 
2.2.2, we obtain 
| G(A) | = | WAL-WA)S*(aq, —A)] =k (ImA4=0,1 40). (2.4.6) 
It is then possible to find a positive number r such that H—1(A) will 
have no singularities on the semicircle 
|A| =r, ImA<0O, (2.4.7) 


8 This follows immediately from (2.4.3) since the estimate 
| Kg(z, t) | = co (=) , c= 5 7) 
holds for any positive value of 8 [cf. (1.3.3)]. 
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and in the domain D interior to the semicircle. The function ®(A) 
is bounded on this semicircle, i.e.,- 


| D(A) | = | 2aE-YAS*(x,, —A)| <k (Al =7, ImA <0), (2.4.8) 


where the constant & may obviously be assumed to be the same 
as the one in the inequality (2.4.6). Since H,7(4) ~ E-1(A) at points 
on the above semicircle when $8 — oo, it follows that for oll suffi- 
ciently large values of B = By, ®,(A) will also have no singularities 
on this semicircle and will satisfy the inequality 


| Ba(A) | <k (|A| =r, Imd4~<0). (2.4.9) 


Now let E3*(A) have N p Simple poles in D (N, = N). Let us 
denote these poles by 


AP (§=1, 2,..., Ng), 


and let us define 
Np 
pod) = I] (AAP). 


Then the function p,(4)®,(A) is regular everywhere in D and on 


its boundary. 
Without restricting the generality of our argument, we may take 
r =1/,, and we have 


Np = 
|pe(A)| = [] |\A-AP | = (2r)Ne = 1 (A € D). 
i=1 ‘ 
But then on the basis of (2.4.5), (2.4.9), and the maximum-modulus 
principle, 


; | pe(A)Pp(A) | =k (Ae D), 
i.e., 


|Dp(4)| sk] pp(4)[-* (AED). 


Now letting B-» oo and taking into account that a —0 and 
®,(2) + D(A) everywhere in D, we obtain® 


| D(A) | =k aj-* (A€ D). (2.4.10) 


° We take the largest possible power of | 4| in the denominator of the 
Tighthand side of (2. 4. 10) because in the domain D 


1 
[Al<raa. 
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Next, applying the Phragmén-Lindeléf Theorem?® in connection 
with (2.4.6), (2.4.8), and (2.4.10), we find that 

| BA) | = | 2taEB-(A)@* (2, —2)| sh (AED). (2.4.11) 

Finally, from (2.4.1), it follows that (see the proof of Theorem 1.2.1) 


G*¥(2, —A) = xe*Z*(x, —A), 


where 


lim Z*(z, —A) = I 


x—>0 


uniformly for 1€D. Therefore a positive number 2 can be found 
such that |det Z*(z», —A)| > 1/, and, as a consequence, 


| det G*(z,, —A)| > =a 


for all AC D. Thus, [G*(2x, —4)]-2 exists for all 4€ D and 
[[G*(zq, —A)-*|}<k (A € D), 


where iy is some constant. 
This, together with (2.4.11), shows that 


|B) | = +18) | [1G*(%, Dts +h, AED), 


and the lemma is proved. 


10 We first map the domain D onto the upper half-plane in such a way 
that the point 4 = 0 goes into the point at infinity. 


CHAPTER III 


The Fundamental Equation 


§ 1. Derivation of the Fundamental Equation 


1, Assuming, as we did in Chapter II, that the potential V(x) 
is Hermitian and satisfies the condition (2.1.2), we shall examine 
the matrix K(z, y) which occurs in the expression (1.3.2) for the 
special solution H(z, A) of equation (2.1.3). In this section, it will 
be shown that K(z, y) satisfies a linear integral equation whose ker- 
nel can be written explicitly in terms of the scattering matrix S(A), 
the eigenvalues Az of the boundary-value problem (2.1.1), and the 
matrices M, that determine the multiplicity of these eigenvalues 
and the normalization of the corresponding eigenfunctions. 

To derive this equation, we begin with (2.3.2) rewritten in the 
form 
2iAG(2, A) [E*(—A)}-2 = E(x, —A)—E(a, a)S(—A) (mA =0,4# 0), 
and we replace E(z, A) in this by its expression (1.3.2). As a result 

QiAG(a, A) [B*(—A)-} = eI —e-*8(—A) + 


+ J K(a, t) [eI —e-*t§( — 4)] dt = 2ésin Arl + e—* [I —S(—A)] + 
4 J K(x, t) {eI —e—it] + e—iM[T — 8( — A)]} dt, 


or 
2AG(a, 2) — A)}-4—1} + 26[AG(x, 4)—sin del] = 


= eT — S(—A)] + J K(a, t)e dt— f K(a, t)e-* dt + 


+ f K(e, t)e—i*t def — S(—A)]. (3.1.1) 
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By Theorem 2.3.1, J—S(A) is the Fourier transform of a Hermi- 
tian matrix F(t) whose elements can each be represented as the 
sum of two functions, one which is summable, and the other bound- 
ed and square summable over the entire real axis. As to K(z, t), 
its elements are summable over the interval (x, oo) for any fixed 
non-negative value of x in consequence of (1.3.3) and (2.1.2). 

Using these facts, we can apply known theorems on the convo- 
lution! and conclude that the right member of (3.1.1) (and, hence, 
the left member, as well) is the Fourier transform of 


F(e—t)4+K(x, —t)—K(z,'t)+ f Kee, u)F,(u—t)du. (3.1.2) 


We now multiply the left-hand side of (3.1.1) by e~*4” and assum- 
ing that x < y, we integrate the resulting expression with respect 
to 4 from —oco to co. This integral exists as a principal-valued in- 
tegral and can be evaluated using contour integration. In fact, the 
first term in the integrand, namely, 

QiG(a, A) {LE*(—A)}-1—De-#v 

is regular everywhere in the lower half of the A-plane except for 
a finite number of points A, = —iu, corresponding to the simple 
poles of #-1(A); moreover, it is continuous for all real values of 
A # 0 and bounded in the neighborhood of 4 = 0, Im4 = 0 (see 
Chapter II, § 2 and 4).? Since by Lemma 1.2.1, Ae~** G(x, 4) is 
bounded in the region Im 4 = 0 for each fixed value of 2 = 0, and 
since by (1.3.2), 


nae {[E*(—4)P2—I} = 0 


uniformly for Im ie = 0, Jordan’s Lemma may be applied. This 
yields for « < y 


l 
lim f 2i4G(z, 2) {(E*(—A)}-1-—Dev da = 


t>oo —l 


Pp 
= —2ni D Res = —4a Dd A,G(2, Ap) Nge— 
k=1 


Here, N, is the residue of the matrix H—1(A) at the pole A,. 


1See, for example, Titchmarsh, Introduction to the Theory of Fourier 
Integrals, Oxford 1948, Theorems 4] and 65. 

* It is easy to see that the matrix [Z*(— 4))-? is regular in the halfplane 
Im A < 0,i.e., where H-1(A) is regular, ca has simple poles at the points 
Ar: Furthermore, if Nz is the residue of H-*(A) at the pole A,, then the 
residue of [H*(—/)]-} at this point is —Ny. 
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The second term of the integrand, 
2t[AG(x, A) —sin Axl], 


is an entire function of 4 and on account of the relation (1.2.8), 
Jordan’s Lemma may also be applied to it, so that we have 


U 
lim f 2s(AG(z, 4)—~sin ArIe—¥4 dA = 0. 
I> co at 
Thus, we have shown that when 0 =z < y 
l = 
lim f {2sA@(a, A) [(B*( —A))-? 1] + 26[AG(a, A)— 
>o —!l 


Dp 
—sin AzI]}e—4 dA = —4a D> A,G(x, Ap) Nfe“¥*¥. (3.1.8) 

k=1 
But as noted above, the expression within the braces in the inte- 
grand of (3.1.3) is the Fourier transform of (3.1.2) (for fixed z), and 
therefore the integral in (3.1.3), with —y = ¢, is equal to the matrix 


(3.1.2) multiplied by 2x. Noting further that K(z, t) = 0 when z > ¢, 
we obtain the following result: 


F,(z+y)+K(z, y)+ f K(x, t)F(t+y) dt = 
x 
==? D4 AnG(x, Ap) Ngee . (0sa2<y) (3.1.4) 
k=1 


2. We now convert the right-hand side of (3.1.4) into another 
form. To this end, we start from (2.2.5) with 1 = 4,:3 
E*(z, A,)E"(x, x) — E* (x, Ay)E(@, Ay) = 24, [ E*(t, A_)E(t, ay) at, 
x 


(3.1.5) 
and the relations 


E(A,)N,=N,E (Ax) = 0, 
Bla) NG + H(A), = NPEAy) +N, (Ay) = 1, (3.1.6) 
which can be obtained directly from the following expansions: 
E(A) = Bay) +(A—Ag)B(Ay) + - «3 EOMA) = (AA) IN, + NP +... 


3 The dot denotes differentiation with respect to A. 
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Let P, be a Hermitian matrix which is a projection onto the null 
space* of the matrix E(A,),so that H(A,)P, = 0. By the use of (3.1.6), 
it is easy to show that the set of vectors of the form N,a, where a is 
an arbitrary vector, coincides with the null space of E(A,). Hence, 
it follows that the matrices NV, and P, have the same rank and that 

P,N,= Nj. (3.1.7) 


We next multiply (3.1.5) on the left by Nx and on the right by 
P,, and we then let z — 0 in the result. As a consequence, we obtain 
[see the proof of Theorem 2.2.1 and derivation of (2.2.7)] 


N#E*(A,)E’(O, Ay)Pp=2A,NEApP» 
where 


A,= J E*(t, Ay)E(t, Ay) dt 
0 


and 
E’(0, A,)P,= lim E’ (2, A;,)P,- 
x2—>0 


One can easily see that A, is a positive definite? Hermitian matrix. 

Making use of the second equation in (3.1.6), and then Lemma 
1.3.2, we find that 

NER*(A,)E'(0, Ay)Pp = E’(0, Ay)Pp»—NP*E*(A,)E’(0, An)Pp = 

= E’(0, A,)P, — NO*E*’ (0, Ay) E(Ay)P, = E’(0, Ap)Pp- 
Therefore, 
E’(0, Ay)P_p=2A, NGAP - (3.1.8) 
Now, 
E(x, Ay)P,=G(z, Ay) L’(0, Ay)P, 


since each side of this equation is a solution of (2.1.3) when 4 = A, 
and satisfies the same initial conditions at z= 0. By means of 
(3.1.8) and (3.1.7), this relation can be put into the form 


E(x, Ap)Pp = 2A,G(x, Ay)NEA,Py = 2A,G(z, Ap) NEPrAnPpt 
+(I—P,)] = 2a,G(x, Ay)NEB,, (3.1.9) 


, * The null space or kernel of a matrix A is the set of vectors a such that 
a=0 


5 That is, with a corresponding positive definite quadratic form. 
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where 
B, = P,ApP,t+(L—Pr) 


can easily shown to be a positive definite Hermitian matrix. 
From the obvious equality, 


P,B;,= B,P;, 
it also follows that 
P, By) = By P;, =P, By'Pr- 
This yields 
1 ed. — 
P,B, *> = By *P,=P,By *P,, 


B;,‘'* being a positive definite Hermitian matrix whose square is 
B,}. Hence, we conclude that 


ee 
p. (2 2 
M,=P,B,“ =B, °P, 
is a non-negative Hermitian matrix whose null space coincides 


- with the null space of P, (therefore, these matrices have the same 
rank). Furthermore, 


. MR=P,, By P, =P, By’. 


M,, Mz, ..., and M,, will henceforth be referred to as the normaliza- 
tion matrices.® 
Postmultiplying (3.1.9) by B;‘/: and then by B,1, we obtain the 
respective results 
1 


Ble, Ay) My=2AgG(a, A) NEB , (3.1.10) 
E(z, Ay) M2 = 2,4 (a, Ay) NE. (3.1.11) 


¢ The term is justified by the fact that the columns of the matrices 

E(x,4n) Mx yield a complete set of normalized eigenfunctions of the prob- 

lem (2. 1. 1) corresponding to the eigenvalues A¥. 
In fact, 

1 1 


My, f E*(a, Ax) E(a, Ap) daMy, = MpApMy = PpBr P,Ap,P, Br . Pr= 
0 


1 1 


= PrBr ” [Pp AnPn-+(I—Px)]Br * Pr =Pr- 
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Substituting (3.1.11) in (3.1.4) and then using the expression for 
Ez, A,) given by (1.3.2), we finally have (0 = x < y) 


F(iz+y)+K(a, y)+ f K(x, )F(tt+y)dt=0. (3.1.12) 


Here,’ 
p 
FQ) = 3 Mie M4 FA) = 
p a. oa | 
= DD Mie—*t+ — | u—seaer*aa, (3.1.13) 
=I 2m 


The equation (3.1.12) plays a basic role in the investigation of the 
problem (2.1.1), and it will be referred to as the fundamental equation. 
The aggregate of quantities 


S(A); AR, MG (k=1, 2,...,9), 


from which the kernel [i.e., the matrix F(t)]of the fundamental 
equation is constructed, will be called simply the scattering data 
of the problem (2.1.1). 

From (3.1.13), it is immediately evident that F(¢) is a Hermitian 
matrix. Its further properties will be examined in the next section. 


§ 2. Properties of the Kernel 


To begin our study of the properties of the kernel of the funda- 
mental equation, i.e., the matrix F(t) for ¢ > 0, we note that (3.1.13) 
and Theorem 2.3.1 enable us to write 


F(t) = Ft) + P%(), (3.2.1) 


where F(t) issummable and F@¢) is square summable (and bound- 
ed) over the interval (0, co). 


7 The integral on the right-hand side of (3. 1. 13) is merely a tentative 
formal expression for the matrix F,(¢) in terms of its Fourier transform 
I—S(A). However, in the next section, it will be proved that F(t). is diffe- 
rentiable for all ¢ > 0, and from this it follows that the integral exists as 
@ principal-valued integral: 

l 
Fie) = time | U—s(ayye™aa (¢ > 0). 
Ico 22 ‘ 
1 
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With the help of the fundamental equation, we shall now describe 
the properties of F(t) in more detail. 

Let us first show that F(t) is continuous for all positive values of 
t. In fact, from (3.1.12), we have 


F(a+y+Ay)—F(a+y) = —[K(z, y+d4y)—K(z, y)}— 
— f K(x, t)[Fit+y+Ay)—F(tt+y)] dt. 


Since K(x, y) is continuous for 0 < x < y (see the remark of Theo- 
rem 1.3.1), it suffices to prove that when 0 < z < y 


lim f K(x,t)[(F(t+y+4y)—F(t+y)]dt = 0. (8.2.2) 


4y>0 x 
Taking into account (3.2.1) and making use of the estimate 
| K(x, 2) | seo(*5*) c= > e71(0) (3.2.3) 


(see (1.3.3)), we find that 


| [ Kw, t) [FO(t+y+ Ay)—FAtty)|dt} = 


= co(x) f | FO¢+y+ dy)— POt+y) | dt 
x 
and & 


| fi K(a, t)(F@(t+y+ Ay) — FOt+y)] dt? = 


= f | K(@, apd. f | POG+y+4y)—FPOety) Pat 
x x 
(0 < x < y). It is clear that the right-hand side of each of these 
two inequalities tends to zero as Ay — 0. 


8 We are applying the Schwarz inequality. This is permissible since for 
0 


ct> 


x x es 


= 2c*o(x)o,(z) “< 0, 


64 THE BOUNDARY-VALUE PROBLEM WITHOUT SINGULARITIES 


This proves the validity of (3.2.2), and hence, the continuity of 
F(t) for all positive values of ¢. 

It is now not difficult to show that the fundamental equation, 
which was derived on the assumption that 0 = x < y, also holds 
for y = z > 0 by continuity. ia 

For the further investigation of the properties of F(t), we shall 
need the following lemma. 

Lemma 3.2.1: Let f(z) and g(x) be non-negative functions in the 
interval a = x = b = 00, and suppose that g(x) and f(x) g(x) are sum- 
mable in this interval. If 


b . 
f(z) se+ ff f(t)gi(t) dt, (a<x=b), 


where c is a positive constant, then 


b 
f ob at ; 
f(x) sce* (a=2=5b). 
Proof: From the given inequality, it follows that 
fo) cs ge (a =t =D). 


ot J f(t)g(t) de 
ft 
Hence, integrating this from z to b with a = x = b, we arrive at 


b b 
log [e+ f f()g(t)dt]—loge = f g(t) dt, 


or 


f g(t) dt 
fiz) < c+ J f(t)g(t) dt = ce* 


q.e.d. 
Starting again with the fundamental equation, we obtain the 
following inequality: ° 


| Fie+y)| =| K(a, y)| + J | F(y+t) | | K(x, t)|dt = 


t 
= co = os) +f | Fy +2) | (=F jae dt 
° The existence of the integral on the right-hand side of this inequality 


is easily proved using the representation (3.2.1) for F(t) (see the proof 
of equation (3.2.2)). 
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{see (3.2.3)). Suppose first that o(u) ~ 0 for all positive finite values 
of -u. Then multiplying the preceding inequality by o—1{(z+y)/2}, 


we have (z = y) 
z) < ot eom( 54) [I Ft+y) lo( =F") a= 
‘x 


<coww [inom] CP){8)) 


x 


| F(z+y)| o(® 


Now, for each fixed value of y > 0, the functions 


ult) = co“ Xy)o (Se (=) 
[ F(t+y)|o7} (5) Gy(t) = coy) | F(t+y) |o (=) 


are easily seen to be summable over the interval (z, oo) for x > 0. 
Lemma 3.2.) is therefore applicable to the last inequality, and this 
yields 


and 


= ce™ =c 


f gy(t) dt ~1(yyo (42) fo (£) at 
Pet yo (*5#) y (ee )s o(-=) 


Hence, for y= x > 0, it follows that 


c ie (5) dt 


| F(2z) |o~(x) =ce * =. 


Here, c, is a constant since 


oo oo rc ) 2s 
e(a)at= [a [ivi idem [i violas [ aes 
x t x x 


cy a 


He, 9 


<2 [01 Y(0)|de=20, (5) = 26, (0). 


a 
2 
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Thus, it has been shown that if o(u) ~ 0 for all finite positive 
values of u, then 


| F(t) | <e,0 (=) (t>0). (3.2.4) 


It is easy to see that this estimate holds even if o(u) vanishes. 
For, suppose that o(u) = 0 when u=«a«-> 0 and o(u) >0 when 
2< u < a (this means that V(x) = 0 forz = a). In that case, (3.2.3) 
shows that K(z, y) = 0 for z+y = 2, and from the fundamental 
equation, we then conclude that F(t)=—0O for ¢ = 2x. Formula 
(3.2.4) is thus true for ¢ = 2x. In order to show that it holds for 
0 < t < 2a, we again resort to the fundamental equation assuming 
the values of z and y to be such that z = y and 0 < a+y < 2. 
Since F(t) = 0 for t = 2x, the fundamental equation yields for the 


case in question 
2a—y 


| F(zt+y)|=|K(z, y)|+ f | Fe+y)||K(z, t)| de. 


x 


Hence, using Lemma 3.2.1, we find as in the above argument that 


2a—y oo 
J ot) at Jf ot) at 
Ret wle-s(*54) = x <= ce* 


for 0 < x+y < 2a, and this clearly leads to (3.2.4) for t < 2e. 
Finally, if o(u) = 0, then obviously F(t) =0 for positive values 
of ¢, so that (3.2.4) is also valid in this case. 
Let us next show that F(¢) has a continuous derivative F’(t) for all 
positive ¢, and that it may be obtained by differentiating the fun- 
damental equation with respect to x, i.e., forO<z=y 


F(aty) = —&K,{z, y)+K(z, x) F(x@+y)— 
= f Kele, t)F(t-+-y) dt. (3.2.5) 


It clearly suffices to show that the integra] in this converges uni- 
formly for z in the range 0 < «=<, e« being any given positive 
number. 

By (1.3.9), 


1 et+t 
| K,(z, ¢)| = z| (5) 
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Using this inequality and (3.2.4), we find that for Oxear=y 
and any N > 


cc t)| | Fety)| dt= 2 al (Fs) o( “5 ) ae 
N N 
vane) Pa flr) 5) 
N 
+006 oF ) fo : )a =< Sea) morots) “(| ; 


since 
p(t! att t. 
N N+x 
2 
= 2° Mt?) . of & 
= 5} vl 3 
and 


| (x) dt =2 | o(s) ds= 204(F) ‘ 
N el 


The above estimate shows that the integra] on the right-hand 
side of (3.2.5) is uniformly convergent, and so the derivative F’(t), 
which satisfies this equation, exists. From (3.2.5), it immediately 
follows that F’(é) is continuous for ¢ > 0. 

Setting y = 2 in (3.2.5) and noting that 


K,.(z, y) 


x=yYy 


(cf. (1.3.8), we obtain 


1 el 
= -Z7e-z | (Vt) K(t, t) dt 


F’ (2x2) = 2 Via)t > ! V(e)K(t, t)dt+ K(2, x) F(22) — 


pan f K,(a, t)F(x-+t) dt 


68 THE BOUNDARY-VALUE PROBLEM WITHOUT SINGULARITIES 


On the basis of this equality, it is now possible to prove that 


F’ (22) ~> V(a)| = ¢,07(2), (3.2.7) 


where c, is some constant. For, by (3.2.3), (3.2.4), and (3.2.6), we 
have 


oo 


<e[- (t) | V(t) | dt= = o%(2); 

| K(x, x)F(2x) | <cc,07(z) ; 
c p: xr+t xc+t 
=2) iG) 


ava [ovina 


| | V(t) K(t, t) dt 


dt+ 


| | K,.(a, t) F(a +t) dt 


+ c¢,0(2) | #(* 


+ 2cc,07(x) [- o(s)ds = ve “1 G2) + 2cc,07(x)o,(z) = 


< | P+ 2010 | o%(2). 
We next note that 
zo(x) =a fi V(s) | ds = ie | V(s) | ds=o,(z) 
and therefore ; 
i; xo*(x) dx = f 0,(x)o(x) dx so, (0) f ota) dx =o% (0). 

By ie and sis it follows from re that 
f t| F’(t) | dt<oo. (3.2.8) 
0. 

We summarize the above results in the following theorem. 


THEOREM 3.2.1: The matrix F(t) determined by the scattering data 
of the non-singular boundary-value problem by means of (3.1.13) has 
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the following properties; 
i : 
(2) | F(t) | =«0( 5] (t>0), 


where ¢, is a constant ; 
(2) The derivative F’(t) exists and is continuous for all positive 
t, and 


P21) > V(t) | = c,0°(t), 


where C, ts a constant. As a consequence of this, 
ft] FW |dt<a. 
0 
CoroLLary: The following inequalities hold: 


f | F@|dt<@ (3.2.9) 


0 


and 

f t| FO Pdt<a, (3.2.10) 
0 

In fact, 


| F(t)| = f | F's) |ds, 
t 


t| F(t)| st fire lde< f | F(s)| ds. 
t t 


The inequality (3.2.8) in conjunction with these estimates then 
leads to 


firojas fa fl reja=fireia faq 
0 ) t v 0 
= fe | F’(s) | ds<co, 
0 


ft|F@ Pde sf |P@|de f s[F(s)|ds= f |F(t) | def s|F'(s)|ds<o. 
0 0 t 0 0 
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Remark. It is apparent from (3.1.13) that F;(¢) also exists and 
satisfies a condition analogous to (3.2.8). This means that estimates 
similar to (3.2.9) and (3.2.10) will also hold for F;(). 


§ 3. Lemmas on Integral Equations with Kernels Dependent 
on a Sum 


Let us denote by L{,)(e, eo), p = 1, 2, or oo, the normed linear 
spaces of vector functions z(t) = {z,(), . . ., 2,,(é)} in which the norms 
are defined by?® 


c a 
jaiv=}[ Zieorak? — @=r2), 


|| |[@= max vrai max|2,(t)| (p=). 
ixix=n e<t<oo 
If vectors are regarded as row matrices (which we shall do below), 
then by the definition of the absolute value of a matrix, we can 
evidently write 


ale= f a) | de. 


Also, for fixed t, z(t) is a vector in n-dimensional vector space 
where a scalar product can be introduced in the usual way: 


(2(t), y(t) = 2 2,(é)9.(t). 


By the use of this, it is possible to write || 2 ||{ in the form 
1 


I] = ||? = ‘i (x(?), aya. 


Consider a square matrix A(t) of n-th order whose rows. (and 
hence, columns) are elements of Lt,)(é, 00), with «= 0. By the 
theorem on the convolution of two summable functions, the matrix 
A(t) generates a linear operator A in Lj,)(e, 00) defined by 

A[z] = [ 2(&)A(t+&) dé, a(t) € Lie, 0). (3.3.1) 
€ 


10 The vrai maximum or “true”? maximum of | x;(t)| is the smallest 
value of M for which | 2;(t)| < M almost everywhere for ¢ <t < o. 
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Let us find an estimate for the norm of the operator A. We have 
{| Afz] | = J | Az] | dt = J a f | x(E)| | Ale+é) | dé = 


= fia )| dé J | A(s) | ds =|] 2 ||? J) Acjas 
and wie 
All = J | A(s) | ds. 
€ 


Lemma 3.3.1: A is a completely continuous operator. 
Proof: Let || x ||? = 1 be the unit sphere in the space Li, (¢, 00), 
and denote by R the set of vectors of the form 


y(t) =Al[z], [| ||P =1. 
From this definition, we immediately have 


(«) IlylIP=IAll-IellP= All, y(t)eR. 
Using (3.3.1), we further have that 


f ly@+h)—y(t)|dt< f dt f ja(é)| | AC+h+8- At+8) |dé= 


= f |a(é)|dé J | Ale+h) — Ale) |de-= ||] - [ | A(s+h)— A(s)| ds. 
e e+ € 

Hence, for any 6 > 0, 
(B) f ly(t+h)—y(t) | dt < 6, y(t) ER 


for all values of / sufficiently small. 
By applying (3.3.1) again, we finally have 


fismiaes fae J jae) | Ait+é) | dé = 


@ oe 


=f a(é)iaé J 1A () |ds-= Heh? f | Ate) | ds 


N+€ 


and hence for any 6 > 0, 


(y) J ly@){dt<6, —-y(t)ER, 
N 


for N sufficiently large. 
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From («), (8), and (y), it follows that the set R is compact in 
Iq)(€, 02),12 and with this the complete continuity of A is proved. 
CoroLLary: The equation 


a(t) + Ax(t)+A[z] = 0, 


where a(t)€ Lin(€, 00), has a unique solution x(t) if the only solution 
of the homogeneous equation 


Az(t) + A[z] = 0 


in Lin(e, co) ts the trivial solution. 

Below, we shall also deal with functions which do not belong 
to the spaces introduced above, but are instead expressible as the 
sum of two functions, one belonging to L,)(e, oo), and the other 
to both L7,)(e, co) and L%(e, 00). The space of all such functions 
will be denoted by Lay(é, oo). 

Lemma 3.3.2: If the rows of a matrix B(t) belong to Liny(€s oo),é = 0, 
hen any solution of 


ft)+ | AE)BE+s) dé = 0 


im Ley le, oo) is an element of Layle, co) and hence an element of 
Lene; oo). 
Proof: Let f(t) be any solution of the equation, and suppose that 


Ht) = f+ /O, Bit) = BPG) + BO), 


where /(¢) and the rows of B'(t) belong to L1,(e, 00), and /(t) 
and the rows of B®(t) belong to both LZ,)(e,00) and L7@)(e, ov). 
Then 


pre) f PE) BC+E) dE = -\ro+ J PPE) B +4) dé + 


ie f f?(E) BO (#+ E) dE + f fO(E)BO (E+ é) as| . 


We can now obviously find a matrix B® (t) with rows in L7,)(e, ~) 
such that the matrix 


C(t) = BY(t) — B® (t) 


11 See, for example, V.I. Smirnov, Course of Higher Mathematics Vol. 5, 
Chap. V., § 91 (in Russian). 
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satisfies the inequality 


i | C(t) | dt<1. (3.3.2) 


€ 


Hence, 
fP(t)+ i fX(E)O(t+ 4) dE = g(t), (3.3.3) 
where 


g(t) = —f2(t)— f f?(£) B2 (t+ &) dé — f fP(E)BU(t-+ €) dE — 


= { f(E) BO (t+ &) dé — J f0(E) BO (t+ €) dé. 


It is easy to see that g(t) belongs to L()(e, 0). 

Because of (3.3.2), the method of successive approximations may 
be used to show that (3.3.3) has a unique solution, the approximations 
converging to /(f) in the metric of L()(e, 00). Therefore, //,)(t) 
€LG@y(e, co), and since by assumption, /(¢) is in Li,)(e, o0), it fol- 
lows that f(t) ()€ Lele, oo), But then f(t) = f?(t)+/(#) belongs to 
both L@y(e, cc) and Lz,y(e, 00). 

CoroLiary. ‘If the rows of A(t) belong to Li,)(e, 00), then any solu- 
tion of 


a(t) + fue A(t +&) dé = 0 (3.3.4) 


in Liny(e, 00) belongs to both Linylé, 22) and Lin le, oo). 

REMARK. In a similar way, it may be shown that if the rows of 

A(t) belong to L{,)(e,00), ¢ = 0, then any solution of (3.3.4) in 
Liny(€, 02) belongs to both Lt,(e, 0c) and L7,y(e, 09). 

Lemma 3.3.3: Let the rows of a matrix D(t) belong to Loy (—oo, co) 
and suppose that its Fourier transform 


D(A) = f D(t)e— dt 


—oo 


is continuous over the entire real axis and vanishes when | 2| > oo. 
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Then for any € > —co, the operator 
@[z] = f x(E)Oe+£) dé 

is completely continuous in Liny(e, 0). 

Proof: The operator ® is defined everywhere in L?,)(e, 00) as a 
consequence of known theorems on the convolution.!? 

Because of the properties of ®(A), it is possible to construct a 
sequence of bounded and continuously differentiable matrix func- 
tions @,(4) such that 


max |@,(4)—@(d)| < - (4 = 1, 2,...). (3.3.5) 


—osAs 


If ®,(¢) is the matrix having @,(A) as its Fourier transform, then! 


J | Dz (t) |? dt<-, f 2) Oe |? dt<co, 
and therefore 
I J | Px +8) )eaiae = | dt fim) |?ds = 


s—e 


= J ioyerras j dt = if (s—2e) | B,(s) |? ds < -. 
2e 


Hence, the operators 


®,[z]= f x(£)O,(t+6)d—E  (k=1, 2,...) 
are completely continuous in Li,)(e, 0°). 
Now, since 


®,[z] = | ao(E)®,(¢+ €) dé = = | 2—ab aye dA, 


oo os 


@[z] = | a(E)D(t + €) dé = 5— | E(—A)B(A)ye™ da, 


ve 
€ —o 


12 Titchmarsh, Introduction to the Theory of Fourier Integrals, 1948, p. 90, 
Theorems 64 and 65. 
13 Tbid, p. 92, Theorem 68. 
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where 
H(a)= | a(t)e- de, 
this yields 


{|| D,[2]-Pfx] ||P}? = | ((O,—H) [x], (®,—®) [x]) dt = 


7 (3.3.6) 
=5. | ((—A) [B,(a) — H(A], H—A) [G,(A) — G(a)]) da. 


But for any vector a = (q,...,@,) and matrix A = || «,, ||, 
(aA, aA) =n®| A (a, a). 
Therefore, from (3.3.5) and (3.3.6), we conclude that 
n® 7 a a 
(IPL) Oe) Ie = ge | (AA, HA) aa = 


== | (x(t), a(¢)) de= {F IE eh 


€ 


and hence 


| ®,—G || = —. 


This shows that ®, converges uniformly to ® when k — oo and 


this implies that the operator ® is also completely continuous in 
Tiny le, oo). 


44 In fact, denoting aA = b = (b,,...,bn), we have 


n n n 
| by |? = | 2 ajaj, |? = 2, | a; |? « 2 | win |® = (a, a)-n| Al? 
I= = I= 
and therefore, 


Th 


(b, j= 2 | bp |? = n? | A [2 (a, a). 
=) 
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CornoLLary: If ¢ = 0 and the rows of the matrix D(t) belong to 
Lingle, 00), then the operator 


Dlx] = J a(E)Oe+ &) dé 
is completely continuous in Line, 0). 

For, only the values of ®(¢) for t = 2e enter into the expression 
for @[z]. Thus, without changing the definition of the operator 
®, we may assume that (¢) = 0 for t < «, and then, it is easy to 
see that the conditions of Lemma 3.3.3 are fulfilled. 


§ 4. Existence of Solutions 


Let F,(¢) be a square matrix of n-th order satisfying the follow- 
ing conditions: 


1°. its rows belong to Lay(—o, co); 
2°. its Fourier transform is 


| P,(e-™ dt = I—S(A), 


where S(A) is a unitary matrix such that 

S(—A) = S*(A). 
It is easy to see that this property of S(A) is equivalent to F,(¢) 
heing a Hermitian matrix. 

We recall that if S(A) is the scattering matrix of the non-singular 
boundary-value problem (2.1.1), then J—S(A) is the Fourier trans- 
form of a matrix F,(t) having the properties 1° and 2° (see § 3, 
Chapter IZ). 


5 In fact, if S(—A) = S*(A), then 
r Fe (t)e—™* d= CS Pe(tye™ dt}* =[I—S(—A)]* =—I—S( A= f e(tye—*ae 


and this implies that FS (t) = F;,(¢). 
Conversely, if F* (t) = F,(t), then 


I—S*(d) = f Ftwe™ ae = f F,(t)e'™ dt = I—S(— A) 


and hence S(—A) = S*(A). 
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Let the vector 2(t) belong to LZ,)(—0o, co), and let (A) be its 
Fourier transform: 


B(A)= f x(t)e de. 


—c 


From theorems on the convolution,!® it follows that 


y(t) = f a()F, (t+) dé 


exists for almost all ¢ and belongs to L%,)(—°9, oo); moreover, its 
Fourier transform is %(—A)[I—S(A)]. Therefore 


y(t) = | 20, (t+) d& = a(t) — | 2(—A)S(A)e™ da. 


—eao —o 


(3.4.1) 


Now choose some ¢ = 0 and consider the linear operator 
F,[z] = fe (E)F, (t+) dé 


defined in LZ,)(e, co). Supposing that a(t) = 0 for t<e, we find 
from (3.4.1) that 


| Fill, Fledat =z, | (%—asiay, H—asa) aa 


for any x(t)€ L{,)(e, oo) [which, of course, is zero outside the interval 
(e, 00)]. From the fact that S(A) is unitary, we then get 


fete F, (2) team [ @- 2), 3 —A)) yaa = Fe , a(t)) d 


Therefore, for | »| > 1, the only solution of 


va(t) +f 2(f)F, (¢+6)d— = 


€ 
in Lé,)(e, 00) is the trivial solution. 


16 See footnote 12 on p. 74. 
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Again, from (3.4.1), it follows that for any x(¢)€ L?,)(e, 00) with 
a(t) = 0 for ¢<e, 


| ete x(t)) dt = a | ase, H(4))da. (3.4.2) 


Using the unitariness of S(A) and the Schwarz inequality, we see 
that 


ro | gees Pe bs 
| (2(—A)S(a), z(A))| = = (-A), &(— A)) + (%(A), 2(A))] 
and therefore 


as ; as 
- | (%(—A)S8(A), 2(2))da| = | (x(t), a(t) dt. 


€ 


This inequality in conjunction with (3.4.2) shows that 
Re { f (a, a(t)) dt+ sq. [x], a(t) dé} = O, 
ssnsisiae eels is posable aaa. Gaip 
(H—a)S(a), B(a)) = + >L(e(—A), 2-2) +A), a). (8.4.8) 


We now prove that (3.4.3) is equivalent to : 
a(—A)S(A) = +2(A). (3.4.4) 
In fact, from (3.4.4), it follows that 
(2(—A)S(QA), #A)) = £(7(A), 2(A)) 
and because S(A) is uni : ry, | | 
(%(—A), a(—A)) = (2(—A)S(A), 2(—A)S(A)) = (2A), F(A). 


Hence, we obtain (3.4.3). 
Now, suppose that (3.4.3) holds, and set 


%(—A)S(A) = £2(A)+2(A). 
Again using the fact that S(A) is unitary, we conclude that 
(z(—A), %(—A)) = (@(A), %(A)) + (2(A), 2(A))+ 
+(2(A), &(A)) + (2(A), 2(A)), 
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and by (3.4.3), we have 
+ (H(A), B(A)) + (2A), BA) = £>A(8(—A), ¥(—2))+ 
+(%(A), Z(A))). ; 
The last two equations show that (z2(A), z(A)) is real, and so 
(2(A), 2(A)) = (%(—A), %(—A))—(&(A), %(A)) F2(2(A), ZA), 
(2A, @(a)) = £[(Z(—A), B(—A))—(Z(A), &(A))), 
ie., (z(A), 2(A)) = 0, and therefore z(A) = 0. 


From (3.4.1) and the uniqueness of the Fourier transform, it 
follows also that (3.4.4) is equivalent to 


ta(t)+ f a(f)F.(t+8)dE=0, est<o 


for the case under consideration (z(t) = 0 for t < e). 
Suppose now that z(é) is a vector in L7,)(e, cc) (identically zero- 
for t < e) which is a solution of 


ta(t)+ f 2(é)F, (t+) dé = 0, ext<o, 


Then using the relation 
%(—A)S(A) = £2 (A) 
proved above and (3.4.1), we obtain the result 


tat) + f a(8)F, (+8) df = £a(t) +0(—1 Fal, 


or 
+ a(t) + fr, (¢+&) d& = 2({—12), —o <{< o, 


Thus, we have proved the following lemma. 

LemMMaA 3.4.1: Let ¢ = O and suppose that F(t) satisfies the condi-. 
tions 1° and 2°. Then 

(1) for |v| > 1, the equation 


rat) + fa F, (t+£)dé = 0 


has no non-trivial solution in L,)(e, 09); 
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(2) for any x(t)€ Liye, 9), 


Rel f (aa), a) dt Ff AER + Ba a) al» ; 
quality being achieved if and only tf 


%(—Aa)S(4) = £E(A) (H(A) = f a(t)e- ade). 


This relation is equivalent to 
+ a(t) + J a(é)F,(t+é)dé=0, ext<~, 


(3) if x(t) belongs to Lz,)(¢, oo) [a(t) = 0 fort < e] and satisfies the 
equation 


+ a(t) + f OP (48 d&é = 0, exst< oo, 
then 
o@)+ f o@)F,(+8)d =2(-0, 2 <t<~, 
CoROLLaRY: Let 


F(t) = > Meet + PF, (2), 
k= 


= 


where all M, are Hermitian matrices and wu, > 0. Then, for « = 0 
a vector x(t) in Li,(e, 00) ts a solution of 


a(t) + f merete dé = 0, ext<oa (3.4.5) 


af and only if its Fourier transform 


H(A) = | ate de 
é€ 
satisfies the conditions 
&(—ipp)M, =.0 (4 = 1, nan 


im = (3.4.6) 
a(—A)S(A) = x(a) (-—2o<1<~—). 
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Proof: If a(t) € Line, coo) and satisfies (3.4.5), then by forming 
the scalar product of both sides of this equation with z(t) and inte- 
grating, we obtain 


f (x(e), x(t) det J ( ai a(£)F, (t+) dé, x(t)) dt 


+ 3,0, HH) = 


or 


J (e, a )) dt+ J ( fa )F, (t+) dé, x(t)) dt + 


f 2 (2(—ip,)M,, &(—ipy)M;) = 0: 


Taking the rea] part of both sides of this equation and making 
use of statement (2) of Lemma 3.4.1 we get the result (3.4.6). 

The sufficiency of (3.4.6) can be verified directly. 

AP uiee 3.4.2: If ¢ > 0 and the rows of F,(t) satisfy conditions 

° and 2° and belong to Liny(e, 00), then for |v | = 1 the only solution 
of 


va(t)+ fao(f)F.(tt+edé=0, ext<o 


in Léy(e, 00) és the trivial solution. - 
Proof: The validity of this assertion for | »| > 1 was proved in 
Lemma 3.4.1. Suppose 2x(¢)€ L?,)(e, oo) and is a solution of 


+ a(t)+ f u(€)F, (¢+&) dé = 0, Ex<t<o 


Assuming 2(¢) = 0 for t <-e, we have by statement (3) of Lemma 
3.4.1 that 


kot)+ f xF s(¢+&) dé = x(—2), —wo<t<o~, 
Hence, for any value of h, 
ta(t+h)+ : a(é)F, (t+h+&) dé = 2(—t—h), 


+a(t—h)+ [ a(€)F,(t-h+é dé = a(—t+h). 


€ 
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Choosing 0 < hk < ¢/2 and recalling that 2(t) = 0 for t<«, we 
conclude from the last two equations that 


+[alt+h)+a(t—h]+ f [xy t+h)+2(n—h)|F,(t+n) dn = 
e—h 


= 2(—t+h)+2(—-t—h). 


Hence 
+ 2,(t)+ | acne, (¢+7) dn => 0, + =t<o, (3.4.7) 
= 
where 
a(t) = 2(t+h)+2(t—h), O<h< =. (3.4.8) 


Now, if z(¢) were not equal to zero almost everywhere in the inter- 
val (e,00), equation (3.4.7) would then have an infinite number 
of linearly independent solutions (3.4.8) in LZ,)(e/2, 00). But this 
is impossible since under our assumptions, the rows of F(t) clearly 
belong to Li,)(«, co) for any « > —oo and according to the corol- 
lary to Lemma 3.3.3, the operator 


a(E)E,(t+&) dé 


slow 


s completely continuous in Li,)(e/2, 0). 
THEOREM 3.4.1: Let ¢« > 0 and suppose that the rows of F(t) satis- 
fy conditions 1° and 2° and belong to Li,)(e, 0). If 


F(t) = > Mhe—#t+ F, (2), 
k=l 


where all M, are Hermitian matrices and all pu, > 0, 
then for any f(t)€Lin(e, 00), the equation 


H(t) + x(t) + f e@re+8 dt = 0, e<t<o 


has a unique solution in Li,)(2, o0). 
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Proof: According to the corollaries to Lemmas 3.3.1 and 3.3.2, 
it suffices to prove that the homogeneous equation 


a(t) + f x Fre+e) dé = 0, ext<o 


has no non-trivial solution in L?,)(¢, 0). 
But by the corollary to Lemma 3.4.1, every solution z(t) of this 
equation belonging to L?,)(e, co) also satisfies 


ar(t) + f OF, (¢+&) dé = 0, ext<o, 


€ 
However, by Lemma 3.4.2, the only solution of this equation belong- 
ing to Li,)(e, 00) is the trivial solution. 
THEOREM 3.4.2: Suppose that the rows of F(t) satisfy conditions 
1° and 2° and belong to Lt,)(e, 00), with e > 0, and that f(t) belongs 
to Li,)(e, 00). Then a solution to the equation 


H(t) +.2(t) + nq HOPS, 2ahee, 


exists (by the method of successive approximations). 
Proof: By the corollary to Lemma 3.3.3, the operator 


oo 


F,(2] = f 2(£)P,(¢+é) dé 


é€ 


s completely continuous in L,)(e,0o). Moreover, the fact that 
F(t) is Hermitian implies that F, is a self-adjoint operator, and 
by Lemma 3.4.2, the modulus of each of its eigenvalues is less than 
one. But then ||F,||< 1 and as a consequence, the Neumann 
series 


(I+ F,)-! = 1-F,+F2-..., 


where I is the identity operator, converges, q.e.d. 

From Theorems 3.4.1 and 3.4.2, it follows in particular that the 
fundamental equation (3.1.12) [in which F(t) is determined by 
the scattering data of the non-singular boundary-value problem 
(2,1.1)}] has a unique solution for any x > 0, and in the event that 
the problem has no point spectrum, it is possible to solve the fun- 
damental equation by the method of successive approximations- 
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However, Theorem 3.4.1] is not true in general when ¢ = 0 and 
therefore yields no information concerning the existence of a solu- 
tion of the fundamental equation for z = 0. This question will be 
dealt with in the next section. 


§ 5. Investigation of Homogeneous Equations Constructed 
from the Scattering Data 


THEOREM 3.5.1: If F(t) ts determined by the scattering data of 
he non-singular boundary-value problem (2.1.1), 


F(t) = 2 Met eel 2 Mie [Ax [te 


] . 
os = iAt 74 
+ on i [I — S(A) Je“! da, 


then 

(1) nt) + f (OFG+e)db=0, Ost<@ 
ea 

(1) £yte) + [OF (-t-8 en a ee ee 


have no non-trivial solutions in Liny(0, oo), and the number of linearly 
independent solutions of 


Gm) “4+ fxORC+Hd=0, Ost<n 
0 


is equal to the sum of the ranks of the matrices M, [in other words, 
the number of vector eigenfunctions of the problem (2.1.1)]. 
Proof: By Theorem 2.3.1 and Lemma 3.3.2, all solutions of the 
equations under consideration in Liny0, co) also belong to LZ,)(0, 00). 
By Lemma 3.4.1, the solutions of (II) and (III) will be exactly 
those y(t)€ Lf,)(0, oo) and 2(t)€ L7,)(0, 00), respectively, for which?’ 


+ Y(A)'= ¥(—A)S(—A), 


2 (3.5.1) 
@(A) = 2(—A)S(A), 


17 When F,(é) is replaced by F;(—4), as in equation (Il), it is clearly 
necessary to replace S(A) by S(—A). 
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with 
H(a)= f y(the—* de, ZA)= f eltle-*tde 
0 0 

regular in the lower half-plane. 

By now making use of the fact that the scattering matrix S(A} 
of the boundary-value problem (2.1.1) is given by (Cf. (2.3.3)) 

S(A) = B*(—A)[E*(a)]-? = £7 —A)E (A), (3.5.2) 

we find from (3.5.1) that 


+7 (A)E*(—A) = F(A) E*(A) (ImA= 0), (3.5.3) 
Z(A)E-YA) = 2( -A)B-1(—A) (ImA=0). (3.5.4) 


The equation (3.5.3) shows that the function + ¥(A)E*(—A), which 
is regular in the halfplane Im 4 < 0,}® is equal for real values of 
A to the function ¥(—A)E*(A), regular in the upper halfplane. This 
implies that 7(A)E*(—A) is an entire function, and_ since 
B*(—4) +I and 7(A) +0 as |A|— oo (ImA < 0), it follows that. 
9 (A)E*(—A) = 0. But then by Lemma 2.2.2, 7(A) = 0, andas aresult, 
y(t) = 0. . | . 

Thus, we have shown that the only solution of (II) in L,,)(0, -)} 
is the trivial solution. 

Let us now consider (3.5.4). By similar reasoning, the function 


(a) = 2(A)E-1(A) for Im4 <= 0. 
2(—A)E-1(—A) for ImA=0 


is meromorphic in the entire A-plane, having only a finite number 
of simple poles at the points +A, = Fiu,, wu, > 0 (kK = 1,2,..., p), 
and, possibly, a singularity at 2 = 0 (see § 2, Chapter I). Since by 
Lemma 2.4.1, AH~1(A) is bounded in the neighborhood of zero, the- 
function Ag(A) is regular at zero and in accordance with (3.5.5) is. 
given by 


(3.5.5) 


_,f & 2AM, 2 HAdMy 
ipa) = a 3 A—Ap J A+Ap |+¥@. 


Here, NV, is the residue of E~1(A) at the point A, = —iu,, and y(A). 
is an entire function which grows less rapidly than |A|. Therefore, 


18 #*(—4J) is regular, along with E(A), in the halfplane Im A < 0. 
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y(A) =, where ¢ is a constant vector, and hence 


= ——— N+. 
p(A) Z 22 =. At 2 (Ap) k - A 
But according to (3.5.4) and (3.5.5), @(—A) = (A) for real A, and 
thus it follows that c = 0. As a result, 


wa) = 3 sete FM, 


and this together with (3.5.5) gives 


oe, PAR 
2(A) = 2. BOR aE 2 (Ap) Ny, E(A). (3.5.6) 

Thus, we have shown that the Fourier transform of any solution 
of (III) satisfies (3.5.6). Conversely, if we prescribe arbitrary vectors 
2(A,), then a straightforward computation shows that the function 
2(A) determined by (3.5.6) satisfies the second equation of (3.5.1) 
and, therefore, is the Fourier transform of a solution of (II). 

Hence, it follows that the number of linearly independent solu- 
tions of (ILI) is the same as the number of linearly independent vec- 
tor functions of the form 


P 2A, 
noi A? —-AE 
where c® = (c,...c) (k = 1,2, ..., p) are arbitrary constant vec- 


tors. Therefore, as can easily be seen,!® this number is equal to the 
sum of the ranks of the matrices M, (see § 1, sub-section 2). 


c®N,, (3.5.7) 


19 Denote by R the linear manifold of vector functions of the form (3. 5.7), 
and by R, the linear manifolds of vector functions of the form 


2Ap( A2— Ag)—1 CN, (k = 1,2,...,p), where ¢ is any constant vector. 
For any /(A) € R, we have by definiton 
ST ky 
HA) = 2 f(A), 
k=1 
where 
7 (a) € Ra. 


Since from the identity 2 f(a) = 0 it clearly follows that f(A) m 0 


for k= 1,2,...,p, Ris the y direct sum of the linear manifolds R,. It is also 
clear that the dimension of R; is the same as the rank of Nz and, as a 
result, the dimension of R is equal to the sum of the ranks of N,, N,,..., Nr. 
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It still remains to prove that equation (I) has only the trivial 
solution. By the corollary to Lemma 3.4.1, every solution z(t) of 
(I) belonging to L,)(0, co) is simultaneously a solution of (III) and 
satisfies the conditions 


2(A,)M,,=0 (k= 1, 2; cee p). (3.5.8) 
Since a(t) is a solution of (111), its Fourier transform satisfies the rela- 
tion (3.5.6), 1.e., 


sity z EUs), BU). 


P 
0) = 23H 
Finally, by the results of sub-section 2, §1 of this chapter, it follows 
that?° 


&(A,)N,=0 (4=1, 2,..., p). 
Therefore, (A) = 0 and hence, z(t) = 0 also. 
Remark 1: The existence of only the trivial solution of (I) in 


Lin (0, oo) is obviously equivalent to the existence of only the tri- 
vial solution of 


) 
+y(t)+ f ¥(f)P.(¢+6) dé = 0, —o<t=0 
in L¢ny(—09, 0). 

REMARK 2: In the investigation of equation (IJ) and the derivation 
of expression (3.5.6), we only made use of conditions 1° and 2° of 
§4 for F,(t) and the factorization of S(A) given by (3.5.2). The impor- 
tance of this last formula is not the actual meaning of the matrix 
E(A) entering into the factorization but rather its analytical pro- 
perties. If the above conditions hold for F,(¢) and S(A), then by what 
was proved above, equation (II) has no non-trivial solutions, and the 
Fourier transform of any solution of (III) is given by 


HU) = 3 aectg FO. BO) 


where A, = —iu,, Up, > 9, are the poles of H~1(A) and N, the corres- 
ponding residues. Hence, the number of linearly independent solu- 
tions of (III) is equal to the sum of the ranks ‘of the matrices N,. 


20 Since Mz and P, have the same null space, (3. 5. 8) implies that 
%(A,)Pr = 0 fork = 1,2,..., p and hence using (3.1.7), we find that 
(An) N,=0, k = 1,2,...,p. 


CHAPTER IV 


Parseval’s Equality 


§ 1. Preliminaries 


1. Let S(A) be a unitary matrix with the following property: 

I,. The matrix J—S(A) is the Fourier transform of a Hermitian 
matrix F(t) with rows belonging ‘to [iny(—°, 0) and Li,)(0, o9). 

According to Theorem 2.3.1 and the remark of Theorem 3.2.1, 
I, is certain to hold if S(A) is the scattering matrix of the non-singu- 
lar boundary-value problem. 

Let M, anddé, = —tu,, uw, > 0, (k = 1,2, . .., p) be any prescrib- 
ed Hermitian matrices and numbers, respectively, and define 


F) = bd Mee-mt + F, (t). (4.1.1) 


By Theorem 3.4.1, the integral equation formed on the basis of 
F(t), namely, 


F(z+y)+ K(x, -y)+ f Kw, jF(ié+yd=0, O<asy (4.1.2) 


has a unique solution K(x, y) with rows belonging to Lj,)(x, 00) for: 
each fixed z > 0. By definition, K(z, y) = 0 when z > y. 

Making use of (4.1.2), we shall presently show that .the matrix 
functions 


U(2, A) = E(x, —A)—E(az, A)S(—A) (O<A<co), (4.1.3)- 
U(x, Ay) = E(x, A,) UM, (= 1, 2 2ccp), (4.1.4). 
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where 
E(x, A) = e~**I+ | K(x, the-* dt, (4.1.5) 
x 


satisfy Parseval’s equality in a form equivalent to the following 
expansion of the 6-function: 


S(e—y)I = 2 U(e, 4,)U*(ys Ax) + 
=] 


ae 
+a: | U(x, A)U*(y, a) da. (4.1.6) 
0 


Conversely, we shall also show that if (4.1.6) holds, in which the mat- 
rices U(a#,A) and U(x, A,) are given by (4.1.3)—(4.1.5), then the 
matrix function K(x, y) appearing in (4.1.5) is a solution of the fun- 
damental equation (4.1.2), with F(t) defined by (4.1.1). 

These results imply, in particular, that if 

S(a); Az, M, (k=1, 2,..., 2) 

is the scattering data for some non-singular boundary-value prob- 
lem, then the expansion (4.1.6) is valid. This shows that besides 
having a discrete spectrum /?, /3,...., 42, the non-singular problem 
also has a continuous spectrum comprising the entire positive axis, 
and that the columns of U(z,A4)(A>0; A=A,, k= 1,2,..., p) 
yield a complete set of normalized eigenfunctions for the problem. 

2. To derive Parseval’s equality, it is necessary to obtainsome 
supplementary results, which we now proceed to do. 

Let us denote by Lin, »)(€,00) the normed linear space of all n-th 


order matrix functions summable over the interval (e€, oo) with the 
norm 


|B O= f | Pe) | ae. 
It is clear that if D(t) belongs to Lin, »)(&, 2), then its rows beong 
to Linyl(€, oo). 
The function F(t) given by (4.1.1) obviously belongs to Ly, »)(0, -) 


and generates in this space a family of linear operators F, (2 > 0) 
defined by 


F,[@] = f OP Q2+e+ y) dt. 
0 
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Since 


f [FLD] dy = f dy f | G@) || FQe+t+y) | dt = 
0 i) 


0 


= f[G@)|de f | F(s)|ds=|(G||% f | P(s)| ds, 
0 2x+t - Qa 
we have the following estimate for the norm of F,: 
WF. ll = f | PC) | de. 
2x 


From Theorem 3.4.1, it follows that a bounded inverse operator 
(I+F,)~1 exists for each 2 > 0, where [ is the identity operator. 
Lemma 4.1.1: For any ¢ > 0, there exists a constant c(e) depending 
only on € such that for allz =e 
[| I+ FP)? || = e(e) (z = e). 
Proof: Since ||F,,|] ~ 0 as 2 — co, we can find an a > ¢ such that 
\|F.|| < 1/2 for « > «, and therefore 
1 


|| I+F,)77][ = T-1FI <2 (2 > a). (4.1.7) 


Now, for any z > 0 and x > 0, we have 


+R, = 1+Fy,) (I+ 1+F,.)-(Fs— F)}: 
As a result, 


(I+ F,,)— cy (I+ F,,,.)— (Fs, —F,)}7? - I+ F;,)74}; 
(I+F,,)—? = {14+ (+F,,)7 (Px —Fay)} I+ Fx)7? 
and thus 


|| T+ BL)7? || = || {2+ (1+ Facg)7(Fx — Feco)} 7? || + 1] + Fo) * IL, 
|| C+ Fe)? |] = [++ Fe.) — Fey) Il» |] C+ Fe)? II: 
(4.1.8) 
Since for any D(t) belonging to Lg, »)(0, o-) 


|| Fx —Fe,) (G1 |/° = J | f Ow [Fr +t+y)—- 
0 


“Bo 


See a ae) ta oa J [De | ae [| Pests) 


— F(2x,+8)|ds = || BI]. j | F(2a+ 8) — F(22%+8) | ds, 


0 


92 THE BOUNDARY-VALUE PROBLEM WITHOUT SINGULARITIES 


we find that 


| Fs —Fao || < f F(2x+s8)— F(2x +8) | ds (4.1.9) 
0 


Henee, ||F,,—F;,,|| — 0 as x — ap. 
Therefore, for any 6 > 0 (6 < 1), we have 


|| I+ Fs.) +B — Frq) || < 6 


for all x sufficiently close to x) (zy > 0), and we conclude from (4.1.8) 
that 


] 
[| E+ Be) * |] Ss Fs I + Fe)? II; 
1—6 


[| L+Fx.)~*|| = (1+ 6)| (I+F,)~? |]. 
This means that ||(I+-F,,)~1|| is a continuous function of z for all 


positive values of z, and hence 


max ||(I+F,)~*|| = ee, «) 


exx=ze 


exists. This together with (4.1.7) implies the result of the lemma 
with 
c(e)=max {c(e, «), 2}. 
Remark. If the operator (I+F,)~1 exists, then 
|| L+F)~ || = eo (7 = 0), 


where ¢, is some constant. This statement may be proved in exactly 
the same way as Lemma 4.1.1. 

Let us now consider the fundamental equation (4.1.2). Making 
the substitution ¢ = +2 and y= 7+ 2 yields 


F(2a-+)+K(x, c+n)+ { K(x, 2+6)F(2e+f+n) dé = 0. 
0 


This can also be expressed as 
(I+F,) [K(z, z+n)] = — F(22+7). 
By Lemma 4.1.1, we conclude from this that 


f | Ke, e+n)|dy =f | Kz, y)|[dys 
0 x 


=|| (I+F,)- || - fi F(2a+7) | dn = e(e) fi | F(t)| dt (4.1.10) 
0 2x 
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for all z=e >0. Similarly, for K*(y, z), we find that 


fi K*(y, 2) | dz sc(e) in F(t) | dt, (4.1.10) 
y ay 


for all y= e> 0. 


Lemma 4.1.2: For anyeé > 0, there exists a constant c,(e) depending 
only on € such that 


sup firetyro+ fKe, E)F(y+t+é) dé | dt < 


xyse —h 
= ¢,(e)d(é, h), 
sup fipety +o + f Pete met, n) dn | dt < 
x,y=e —h 
Jane. h), 
where 


h 
6(e, h) = max f | Putt) | deo 
um2Qe —h 
as h— 0. 
Proof: Let x, y = ¢ > 0. Then 


h oo 
fl Petytt+ f Ke, )Fly+t+sdé|dt =< 
—h ax 
h oo h 
= [| Fetyt) a+ fix, s) db J | F(ytt+é£)|dt< 
—h 


< max firaroiags Fixe, E) | dE} 


Use —h 


and by (4.1.10) 


h oo 
sup f | F(zt+y+t)+ J Ee, E)F(y+t+&)dt|di< 
x,y=t —h 


<= max firasy ) | dt {1 + c(e) ) J 1 Fe) ds} = oe )8(e, h). 
uae —h ; 


The second inequality is derived in a similar way. The fact that 
d(é, h) + 0 as h — 0 is a consequence of F(t) belonging to Lip, »)(0, oo) 
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CoroLttary: For 2, y = e> 0, 


h 
sup f | K(z, y+4) | dt sc,(e)d(e, h), 
x, yee —h 


(4.1.11) 
sup | | K*(y, x+t) |dt=c,(e)d(e, fh). 


x,yae —h 


In fact, since K(x, y+t) = 0 for z > y+# and since for x = y+t 
K(z, y+t) = —Fatytt)— f K(e, 2) Fy +t+8) dé, 
x 


the first inequality of (4.1.11) follows immediately from the above 
lemma. The second inequality is proved analogously. 


§ 2. Derivation of Parseval’s Equality from the Fundamental 
Equation 


Let us recall, first of all, that the matrix F',(¢) with the Fourier 
transform I—S(A) (property I,) is Hermitian if and only if 
S(—A) = S8*(A) = S~*(A) 


(see footnote 14 of Chapter ILI). 


Making use of this property of S(A) and the expression (4.1.5) for 
E(x, A), we immediately obtain from (4.1.3) 


U(x, A)U*(y, A) = (e*@—¥) + e-BO—W)T — 
—e—*ME+)9( — A) — ef @+H)9(A) + 


+ f K(a, &) {(eE—w) 4 e~*AE—-Y)) J —e~ E+) S( =—{)= 


— eiME+U),§(J)} dE + f {(eiMe—0) 4 e-iMe—0)) J — 
y 


— eME+NS( — 2) — eME+DS(A)K*(y, 9) dq + 


+ f K(a, &) {(e!E-) + e—iME—0)) J — e—iME+),9( — 2) — 


y x 


— eiME+S(4)} K*(y, 1) dé dn. 
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But 
(et(a—v) + e— We—y)) J _ e— A+) 8( —A) -_ eiM=+4)9(A) — 
= 4sindjx sin Ayl + e—Maty) P ( =; A) + eiMaty) Fr (A), 
where 
F(a) = I-S(a) = f F,(te-* dt. 
Therefore 
U(a, A)U*(y, A) —4 sin Az sin Ay I = 
= A(z, y, 4)+ Ala, y, —A), (4.2.1) 


where 
Ala, y, a) = MRA) + f K(a, & {lew — 
x 


—eiME+¥))T 4 eiME +) B (A)} dE + 


+ f (AG — Mot my] 4 eMEHMF, (A)}K*(y, 1) dy + 
7] 


oD 


ef i f K(a, €) {(eMé—2) — eiME+) 4 
yx 


+eiME+m F(A) K*(y, ) dE dn. 
We next multiply both sides of (4.2.1) by 


1 /sin Ah \? 
za( an) (*) 


and integrate with respect to 4 over the interval (0, oo). Since 


oo on 


1 sinAjh \?2_ ~ ~ 1 sin Ah \? ~ 
— ———_ — = ——_—_— d 
On ( Th ) [A(A) + A(—A)] da On {( th ) ay A 
0 —eo 
and since (*) is the Fourier transform of the function 


1 ltl\ 
—(1-+), if | =2n 
suet ah) ee 
| 0 , if [t|>2h, 
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we can use the evenness of y,(¢) and the convolution theorem to 
show that 


m | A)U*(y, a)— Asin de cin avd} (“) d= 


2h 


= f grt) A(x, y, t) dt. 
—2h 


Here 


A(z, ¥y, t) = Fy (at+yt+t)+K(z, y+t)— 
— K(z, t—y)+K*(y, x+t)—K*(y, t—a)+ 


+ f K(x, QF. (Etytedé+ f Fe(et+n+)K*(y, n) dnt 
x y 
+ J Ke, n+tE*(y, n) dn — f K(a, t—n)K*(y, n)dn+ 
y y 
+ f f Ke, )F.(E+n+t)K*(y, 9) dé dn. 
yx 


Now the integration with respect to ¢ extends over the interval 
{—2h, 2h) and by definition, K(x, y) = 0 for x > y. Thus, for any 
£ = 0 and for all z, y = € and 2h = «, we have 


ze | 2 4)U*(y, a) —4 sin Av ain 2yl} (“a) da = 


2h 
= | nl Oy (wty+t)+K(z, ytt)+K*(y, +t) + 


— 2h 
+ f xt, EF. (E+yt+t)dé+ f Py(c+y+t)K*(y, n) dnt 
x y 


+ f K(x, n+t)K*(y, n)dq+ 


y 


+ f f Kw, \P(E+nt+okK*y, 1) dE an} dt. (4.2.2) 
yx 
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From (4.1.4) and (4.1.5), it then follows that 


U(x, Ap)U*(y, Ay) = Mye meet + fe K(x, &)Mpe—eee+y) dé + 
+ f M2K*(y, ne~He@+ dn + 
y 


+ f f K(w, QMEK*(y, n)eHE+ dé dn. 
yx 


Multiplying both sides of this equation by e~#‘p,(t), summing the 
result from & = 1 to k = p, and then integrating with respect to 
t, we obtain 


, 2 
} ve, uty, a) ( Beet 
k=1 [nh 


gh 
~ feof 3 tatenmsios 


— 2h 


+ f K(x, E) Mge—eelE ++ d& + f M?K*(y, ne —ueeta+t) dn+ 
y 


x 
eo 6 


oF f f K(x, &)MEK*(y, n)e—HeE+2+9 dé an) dt. 


y x 
If this equation is added to (4.2.2) and (4.1.1) is applied, there 
results 


. 2 e — 
2,00, ory, a) (AREY +3 [ (Ue, 0, 2) 


0 
; 2 
—4sin da sin Ay] es ) di = R(z, y, h), (4.2.3) 


where 


2h 
R(x, y, h) = f grlt) {Fetyt) +e y+t)+ 
—2h 
+K*(y, c+t)+ f K(x, )F(E+y +t) dé+ 


+ f Fatny+2)K*(y, n) dnt : K (a, n+t)K*(y, n)én+ 
y 


+f f Ke, &) F(Etn +t) K*(y, n) dE dn a 
¥ 


x 
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An immediate consequence of this formula and the fundamental 
equation (4.1.2) is that R(z,y,h) =0 for 2, y=e, 2h =e, and 
|z—y| > 2h. On the other hand, if |r—y| = 2h, then the Lemma 
4.1.2, the estimates (4.1.10’) and (4.1.11), and the inequality » (t) = 
< 1/,h show that 


] 
| R(x, Y; h) SF Cole) d(€, 2h). 


Therefore, one can easily see that 
11 


i f | R(x, y, h) | da dy =c,(e) d(e, 2h), (4.2.4) 


where ¢,(e) is a constant depending only on e. 

Now let Dit) = ||~;,(¢)||7 be any matrix function whose elements 
are each continuous and vanish outside the interval (e,1/e). We 
multiply (4.2.3) on the left by ®(x) and on the right by ®*(y) and 
then integrate with respect to x and y. If we set 

1 


= f ove, A) dt 


1 


S(@; a)= f S(t) sin rt de, 


the result of the integration is expressible as 


. 2 
S ue; aus; a, (Sone Vs 
h 1 bph 


+ U(®; aU*(G; (ar) di = 


== Js S(@; 2)S*(; A) Gal d+ 


= 
€ 


i 
+ f f D(a)R(x, y, b)G*(y) dx dy. 
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Finally, using (4.2.4) and Parseval’s equality for the Fourier sine 
transform, we find from this that as h —0 


= U(D; A,)U*(®; Ay) + 


+ | Mo @; A)dA= | D(t)D* (t) dt. (4.2.5) 
0 
Parseval’s equality has thus been proved for continuous matrix 
functions vanishing outside some interval (e,1/e), where e is an ar- 
bitrary positive quantity. However, as usual, from this follows the 
validity of (4.2.5) for any ®(t) with rows in L?,)(0, oo) and in this 
case 
i 
U(®; A)=lim. f S()U(t, A) de. (4.2.6) 
e>oO oe 
If Dt) and y(t) are any matrix functions with rows in L?,)(0, oo), 
then by (4.2.5) 


> U(®; A,)U*(¥; in) +35 | U(®; A)U*(P; Ada = 
k=1 es A 


= f Ge)P* (0) de, (4.2.5’) 
6 
in which U(p; A) is defined analogously to (4.2.6). 


§ 3. Derivation of the Fundamental Equation from Parseval’s 
Equality 


Suppose that Parseval’s equality (4.2.5), (4.2.6) is given and that: 
the matrix functions U(z, A) therein are expressed by the formulas 
(cf. (4.1.3)—(4.1.5)) 


U(x, 2) = Ug (a, A)+ f Ke, t)U g(t, A)dt  (A>0), (4.8.1) 


U(x, Ay) = Mye*+ f K(x, t)My ce dt (k = 1, 2,..., 9). 
x 


Here, 
Uo (x, A) = e**I —e—*®*G( — J), (4.3.2) 
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S(A) is a unitary matrix with the property J,, M, is Hermitian’ 
and A, = —tH,, U,> 9 (Kk = 1, 2,...,.p). We now show that the 
matrix K(x, y) appearing in.(4.3.1) is a solution of the fundamental 
equation (4.1.2) with F(t) defined by (4.1.1). 
Concerning K(z, y), we merely make the following apriori assump- 
tions: 

(1) K(z, y) =0 for z > y; 

(2) K(x, y) is bounded and measurable inthedoman0 <esr=y 
for any « > 0; 

(3) for every fixed z > 0, K(x, y) belongs to Ly, »)(z, co), and for 
any e > 0, the function 


a(z)= f | K(x, y)| dy 


is bounded in the interval ¢ = 7 < ~w. 

Suppose that O(t) and V(t) are any matrix functions vanishing 
outside the interval (e, 4/e), ¢ > 0, and are bounded and measurable 
in this interval. It is easy to see that under our assumptions, the 
matrix functions 


Ox (t)= f O@K¢, t)da, Wy(t)= f Pox, t)dx, (4.3.3) 
0 0 


vanish for ¢ < e« and are bounded and measurable in the interval 
(e, 0). 
Applying the first formula of (4.3.1), we obtain 


U(®; a) = f @(x)U (x, 4) dx = f ou, (x, A) da+ 
0 0 


oD 


+ f 2) dx [ ke, t)U,(t, A) dt = f D(z)T (x, A) da + 
0 fy) 


0 
+ f Ox ()U,(t,.a) de 
; é 
(the interchange of the order of integration here is justified), i.e., 
U(®; 4) = Uy(®; A) + Uy (Pq; A); 


where 


Up(®; A= f D(z), (2, 2) dz, 
0 


Uy (Px; A= f Gx lt)Uy(t, A) dt. 
0 
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Similarly, 
UW; 4) = 0,(%; aA+U,(Wx; A). 


Therefore, 


z{ U(@; aju*(P; A) dj = =| Uy (®; aUg(%; A) dat 


ee 
On 


Uy(@q; NUE; 2) ard f U,(D; AUP; 2) da4 


+5 | U,(@g; AUS(W x; A) da. (4.3.4) 


Next, (4.3.2) leads to 
Uo (x, a)UG(y, A)= 
= (eiMa—y) ea e~ike—)) i= e—A(a+y) 5( = A) = 
—eiMe+0)S(A) = 4 sin Av sin Ay + eM@+¥)/T — 8(4)]+ 


+e-*®=+wT — S(—A)] 
and therefore 


= | % (@; aU*(W; ayda= 


l oo 
ee ‘ | Jom (x) {4 sin Ax sin AyI + e+ — S(a)] + 


+ tet, I-S(-— Ay} P*(y) dx dy = 


9 ~ * 
a ( (| @(zx) sin Ax ir) (f Py) sin Ay iy) dA+ 
J 
0 


0 0 


ao «© 


5 (| D(x)\e%* ir) [I —S(A)] (| Py)e—Bv ay) dA. 
—-e QO 0 


Making use of theorems on the convolution, the present Parse- 
val equality and the one for the Fourier sine transform, we find 
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from this that 


oo 


zs | (D; AUT (DY; 4 D(t)P*(t) dt + 


+ i J O(n) F(x +9)P*(y) de dy, (4.3.5) 


where F,(¢) is the matrix having J—<S(A) as its Fourier transform. 

If (4.3.5) and the relations analogous to it are substituted in 
(4.3.4), the formulas stet (4.3.3) applied, and the order of integration 
interchanged (which is permissible under our assumptions), there 
results 


= i U(@; AU*(P; Alda = | D(t) P*(t) dt + 
" +hF P(x) {...} W*(y) dex dy, (4.3.6) 
{...}= F,(¢t+y)+K(a, + f Kee t)F,(t+y) dt+K*(y, 2) + 
+ f F,(a+t)K*(y, t) dt+ f Ke, t)K*(y, t) dt+ 
é 6 


+ J J Xe t)F,(t+t)K*(y, t) dt dt. 
0 0 
The second formula of (4.3.1) then yields 


2 UO; AUP Ay) = 
=1 


D(x) | pene + f K(x, t)M,e—## a| dz ; x 
0 


il 
pen 
OC, 9 


{ifs eet f My, K*(y, them a| P*(y) ay} = 


St, 9 ~~ 


BS, 
et 


P ba Pp 
' D>, Mze—ntat+y) + f K(z, t) D) Mpe—vxt+y) dt + 


Oa 


a ae 
Ss f > Mpe-u+OK*(y, t) dt+ 


oo ao Dp 
+ f f K(x, T) Mi e—eeC+OK*(y, t) dt a W*(y) da dy. 


0 0 k=1 
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Combining this with (4.3.6) and applying the Parseval equality (4.2.5), 
we obtain 


o=f f Om |Flety)+ Ke y)+ f Ke, oF(t+y) dt+ 
0 0 


0 


+K*(y, x)+ f F(w@+t)K*(y, t)dt+ f Ke, t)\K*(y, t) dt+ 
0 0 


+ ff Ke, t) F(t+t)K*(y, t) aval W*¥(y)dxdy, (4.3.7) 
0 
with 
F(t) = F, @+ > Mi} eve! 
(Cf. (4.1.1)). Since O(é) and YW (é) are arbitrary matrices, it follows 
that the expression within the braces in the integrand of (4.3.7) 


is equal to zero. Noting further that K(z, y) = 0 if x > y, we thus 
have for 0 < x«< y: 


F(ety)+K(a, y)+ f Ka, )F(e+y) dt+ 


+f | Foto +ke, t)+ | K(z, t)F(t+t) ar| K*(y, t)dt = 0. 
y. x ; 
This means that for fixed + > 0 and y > z, the expression 
‘F(at+y)+K(a, y)+ f K(2, t)F(t+y) dt 
x 


is the solution of a homogeneous Volterra integral equation, and 
therefore 


oa 


F(at+y)+K(a, y)+ f K(x, )F(t+y) dt = 0, Ome y 


x 


q.e.d. 


CHAPTER V 


The Inverse Problem 


§ 1. Statement of the Problem 
‘In Chapters II and III, it was shown that the following five con- 
ditions hold for the scattering data 
S(A), Az, DM; (kK=1, 2,..., p) 
of the non-singular boundary-value problem (2.1.1) (Theorems 2.3.1, 


3.2.1, and 3.5.1): 
I,. The matrix [—S(A) is the Fourier transform of a Hermitian 


matrix F(t) with rows belonging to La(—-9, 0) and fF? (0, co) 
and 


F,() = 5 | [I —S(a)]e* da. (6.1.1) 


II,. The derivative F,(t) exists for all positive values of ¢ and 
t| Fy (t) | dt<=. 
0 


III,. The equation 


0 
—2(t)+ f x(&)F,(t+£) dé = 0, —-o<t<0 


has no non-trivial solution in Liny(—, 0). 
IV. The equation 


a(t)+ fo(2)\Ft+OdE=0, Ost<o, 
0 
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where 


F(t) = = Myer lit = } [I — S(A)Je* da, 


—on 


has no non-trivial solution in Len(0, oo). 
V. The number of linearly independent solutions of 


x(t) + f aR, (é+£) dé = 0, Oxt<o 
0 


is equal to the sum of the ranks of the normalization matrices M,, 
M,,..., M,. 

Note that the first three properties only concern the scattering 
matrix S(A); this is the reason for the subscript s.. 

In this chapter, the inverse problem will be solved. The definitive 
result to be obtained here is that the above five conditions are not 
only necessary but also sufficient for a unitary matrix S(A), Her- 
mitian matrices M,, and numbers A? (k = 1,2,...,p) to be the scat- 
tering data of some non-singular boundary-value problem (2.1.1). 

In the course of the investigation, the role of each of the five 
enumerated characteristic properties of the scattering data will also 
be clarified. 

Let there be given p arbitrary Hermitian matrices M,, p negative 
numbers Az, and a unitary matrix S(A) having the pro- 
perty I,. 

In the preceding chapters, it was proved that if F(é) is construct- 
ed from the scattering data according to (5.1.1) and (5.1.2), then 
the fundamental] equation 


F(at+y)+K(2, y)+ f K(x, t)F(t+y) dt = 0 (5.1.3) 


has a unique solution K(z, 'y) belonging to Lp n)(z, co) for each 
fixed 2 > 0, and 


(5.1.4) 
U(x, Ay) = E(x, A,)M, (b= 1, 2,..-,2), 


where 


E(x, 4) =e I+ f K(x, te de (5.1.5) 


are matrix functions for which Parseval’s equality (4.2.5) holds. 
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We shall presently show that if S(A) has the properties I, and 
II,, then U(z, A) and U(z, A,) are solutions of 1 


Y"4A42Y = V(ax)Y, 0<24< ~~, 
in which 
d 
V(z) = — 277 K(x, 2), (5.1.6) 


and 

f x| V(x) |dz< 
for any value of ¢ => 0. This inequality will also hold for e = 0 
under the added assumption that the given data has the property 
IV. 

However, even in this case, U(x, A) and U(z, A,) do not in general 
satisfy the boundary condition, i.e., they do not vanish at 2 = 0. 
The fulfillment of the boundary condition is assured by properties 
III, and V. 


§ 2. Estimates for the Matrix K(z, y) 
Let F(t) be a given matrix tending to zero when ¢ > oo and sa- 


tisfying the following two conditions: 
(Ae) For all ¢ > 0, F’() exists and for any « > 0 


fi | F’(t) | dt<-; 


(Be) For any « > 0 and matrix V(z) in Lyn, »(e, 00), the equa- 
tion . 


D(x) + f D(t) F(t+2) dt = P(x) 


has a unique solution in Ly, ,)(€, ©). 
These conditions are automatically satisfied if F(t) is constructed 
from (5.1.1) and (5.1.2) in terms of given Hermitian matrices M,, 


1 If the elements of the potential matrix V(«) are permitted to be gene- 
ralized functions, then this result holds under the single assumption I;. 
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numbers A? < 0, and a unitary matrix S(A) having the properties 
I, and II, (see Theorem 3.4.1). In this case, IJ, immediately yields 
the stronger condition 


(Ay) ft] PO | dt<-. 
0 
If, in addition, S(A), M,, and A? have the property IV, then by the 
corollary to Lemma 3.3.1, F(¢) will also satisfy the following condi- 
tion: 


(By) For any « = 0 and matrix P(x) belonging to Ly, »)(e, 0°), 
the equation 


D(x) + ie O(t) F(t +2)dt = P(2) 


has a unique solution in Lin, ny(é> 2). 
Since it follows from (A,) that 


Siro lax fae fe) |de= fF) | as f a= 
€ e t i > 


= J s|F(s)|ds<=, 
ie., F(t) belongs to Ly »)(e, co) for any ¢ > 0, the formula 
F,(®] = f O(t)F(Qe+t+y) dt (5.2.1) 
0 


defines an operator in Lp, ,)(0, cc) for any 2 > 0. 

Now, Lemma 4.1.1. evidently holds for the family of operators 
F,[®]. By virtue of this, the solution K(x, y) of the fundamental 
equation (5.1.3) for a given matrix F(t) satisfies the inequality 


fixe. x+y) | dn = ce) fi F(t) | dt (c=e>O0). (4.1.10) 
0 2x 


Let us set 
K(z, +n) = A(z, n); (5.2.2) 


then this inequality becomes 


f [| A@ n)| dn =c(e) f | FQ) } de (w=e>0). 
0 2x 
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Now introducing the notation 
u(x)= f | F(t) | de (z>0), 
x 
oo (5.2.3) 
t(z)= fe|P(t)|dt  (x>0), 
x 
and observing that 
fl F@ dts f s| P(e) |ds=,(22), 
2x 2x 
we obtain 
f | A(z, n)ldn= f | K(@, y)| dy sele)t,(22)  (wee>0). (6.2.4) 
0 x 
Making use of this result and the inequality 
|F@)| = [| P(s)|ds=x(t), 
t 
we find from (5.1.3) that for O<ex=z2r=sy 


|K(, y)|=|F(a@+y)|+ f | K(z, )| |Fe+y)|dts 


= Uet+y)+t(e+y) fixes) | dt= 


= U(z+y) {1+ e(e)t,(22)}, 
i.e., for any e > 0 
|K(z, y)|<e(e)e(e@ty) (O<eszsy), (6.25) 
| A(z, 4)| = | K(x, e+) | = ¢,(e)t(22 + 7) 


(5.2.6) 
(O<ex=xz; n=O), 


where ¢y(¢) = 1-+-c(e)T4(2e). 
If F(t) satisfies conditions (Aj) and (By), then we may also apply 
the remark of Lemma 4.1.1 and thus obtain the inequalities 


| K(x, y)| = ¢,t(2 +y) (Osa2=y, y #9), (5.2.5’) 
| A(z, 4) | = ¢,t(22 +7) (z=0, 7=90, e+ #0), (5.2.67) 


where c; = 1+ ¢9T,(0). 
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§ 3. Existence of the Derivatives of K(x, y) 


As in the preceding section, we shall assume that F(t) satisfies 
the conditions (A,) and (B,). Furthermore, for simplicity, we shall 
also assume that F’(t) is continuous for positive values of ¢. 

Lemma 5.3.1: If F(t) satisfies (A,) and (B,), then for each x > 0 
and y = x, the partial derivative K,(z, y) exists and can be found 
from (5.1.3) by differentiation with respect to y, 1.e. 


Ky (2, y) = —F(a+y)— J Kw, )F(tt+y)dt. (8.8.1) 


Proof: Assuming z to be a fixed positive quantity and making 
use of (5.2.5), we obtain for any N > z 


oo 


| { K(a, Pr (t+y) dt| se,(z) f c(a+t)| F(tty) (de = 
N N : 


=¢,(z)e(N) f | F(s)|dsse,(z)t*(N), 
N+y 

where ¢,(z) is a constant depending on 2. From this estimate, it 
follows that the integral on the right-hand side of (5.3.1) is uniformly 
convergent for y = z, and this proves the validity of (5.3.1). 

RemArk 1. The expression (5.3.1) shows that K,(z, y) is conti- 
nuous in y and that for any fixed value of « > 0, the matrix K,(z, y) 
belongs to Lunn) (x, oo), 

Remark 2. If it is further assumed that F(t) has a continuous 
second derivative for all ¢ > 0 and that for any « > 0 


f | P| dt<-, 


then it is possible to prove that K,,(z, y) exists and is continuous 
for y = x > 0, and that 


Ky, (x, y) = —F’(ct+y)— f E(w, )P’(t+y)dt. (5.3.2) 


From this, it follows that the matrix K,,,(z, y) belongs to Lin.n)(z, 02) 
for each fixed value of z > 0. 

Let us now consider the matrix A(z, 7) defined by (5.2.2). From 
(5.1.3), we find that 


F(2x-+)+ A(z, n)+ f A(z, &)F(Qe+f+n) dé =0. (5.3.3) 
0 


V THE INVERSE PROBLEM 111 


Lemma 5.3.2: If F(t) satisfies (A,) and (B,), then for any x > 0: 
y= 0, A,(xz, 7) exists and 


A,(z, 0) = —2F’(2+n)—2 f Ala, €)F(2e+8 +) dé— 
0 


— J Asa, )FQe+é+n) dé. (5.3.4) 
0 


This expression is obtained by differentiating (5.3.3) with respect to x.. 
Proof: Starting with (5.3.3), we form the difference quotient 
AeA, 7) + ahtern) 4 


oo 


+ [APA restantern dE + 


0 


os 


| A(z, 'g) EPCEF EF ap — 0, (5.3.5) 


0 
where 
4, A(z, n) = A(z+h, n) — A(z, n)> 
A, F (22+) = F(22+2h+7)— 
— F(2z+n) = 2h EF” (2a + 26h + 7) (0 < 6< 1). 
Set 


D,,(x, n) = — Salt) = | A(z, £) AoP Oe + Sn) d€. 


0 


Now, for fixed z > 0 and h # 0 such that z+h > 0, the matrices: 
@,(z,) and h-1 A, A(z, ) belong to Lyp,,)(0, co) (see (5.2.4)), and. 
we can therefore write (5.3.5) in the form 


(4+ Fy 4) 2A@ = ®,(z, 7) 
(see (5.2.1)), or 
Cee, 7) = (I+F,4;)72 [D,(2, n))- (5.3.6) 
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Making use of the properties of F(t) and the estimates (5.2.4) 
and (5.2.6), we can easily show that ®,(z, 7) has the limit 


@y(z, n) = —2F’(2a+n)—2 f A(z, £)F(2e+E+7) dé 
0 


as h —+ 0 both in the sense of ordinary convergence and convergence 
in the metric of Lj,n)(0, 0) with respect to the variable 7. 
But for any x > 0, we have (see (4.1.9)) 


| Fean—Fal] = [| PQx+2h+t)— F(2x +t) | dt 0 
0 


as h-+0, and using the easily verified equality 
(I+Fy42)7*-(I+8,)7? = 
= {1+ (+8)? ean BI? -U I+ F)3, 
we can show that 


lim || (I+F,4,)-*—(1+F,)“1 || = 0. (5.3.7) 
h—>0 


These results together with (5.3.6) enable us to prove that as h — 0, 
h-1 A,,A(x,7) converges to (I+F,)~1[®,(z, 7)] in the metric of 
Linn (0, ce). For, 
|| P+ Pesn) [Pn (2, n)]— I+ F,)-* [Pp (2, 7)] || = 
= || T+ Peta)? -— (+ F771 + [| Pn lO + 
+ t]Q+F,)™ |] - |] Pn— Do II; 

and the right-hand side of this inequality approaches zero as h — 0. 

Again considering our original equation (5.3.5), we see that the 


last three terms on.the left-hand side have ordinary limits as h > 0. 
Therefore 


lim 2242: 7) id A,(2, n) 
h>0 h 
exists, and by the above results 

A,(z, n) = (I+F,)~* [Po (2, 7)]- 


But this is equivalent to (5.3.4), and the lemma is proved. 
REMARK 1, Since A(z, 0) = K(z, x), we have, in effect, shown that 
dK(x,x)/dz exists under the assumptions of Lemma 5.3.2. Setting 
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7 = 0, we find from (5.3.4) that 


£ K(z, 2) = —2F(22)-2 | Az, #)F(22-+8) dé— 


0 
— f Ala, &)F(2x+6&) dé. (5.3.8) 
0 


REMARK 2. The proof of Lemma 5.3.2. shows that for any fixed 
x > 0, A, A(x, 7) approaches zero in the metric of L[,,)(0, oo) as 
h— 0. Using this fact, the inequality | F(t)| = t(t), and the esti- 
mate (5.2.6), we can easily show from (5.3.3) that A(z, 7) is a con- 
tinuous function of z and 7 for z > 0 and 7 = 0. But 
K(z, y) = A(z, y —2) 
and is therefore a continuous function of z and y forO<2= y. 
_By now considering (5.3.1), we can show that K,(z, y) is a con- 
tinuous function of x and y forO<a¢=y. 
Lema 5.3.3: Under the assumptions of the preceding lemma, for each 


x>0 and y = @, the derivative K,(x, y) exists, is continuous in x 
and y and 


K, (2, y) = —F'(e@ty)+K(z, 2) F(x+y)— 
= [x (x, t)F(t+y) dt, (5.3.9) 


the last expression being obtained by differentiating (5.1.3) with respect 
to x. 
Proof: By (5.2.2),2 we have 


A,A(z, 9) _ K(u+h, 2th+n)—K(u, zm) _ 
: 7 


h 
_ Keth eth+n)-Ke+h, etn) , 
os h 
path een Ke, t+) _ Ky (eth, 2+ +0b)+ 
re K(x+h, x+n)— K(x, +n) 


h 


2 See footnote 5 of Chapter I. 
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From the existence of A,(z,7) and the continuity of K,(z, y), it 

follows that 
lim 


h>0 


K(a+h, r+ —K z, a+ , 
eS Eee SR a) ae eee eee 


exists (x > 0, 7 = 0). Moreover, 
K, (x, y) ly=x+7 = A,{z, n)—K, (x, y) lyaxtn ’ 
or 
A,(%, 7) |n=y-x = Kx (x, y) + Ky (2, y) (0<2=y). (5.3.10) 
Inserting the value 7 = y—=a in (5.3.4) and making useof (5.2.2) 
and (5.3.10), we find after some simple computations that 


K,,(z, y)+ Ky (2, y) = —2F (at+y)+ K(a, x) FP(x+y)- 
= ii K(x, t)F’(t+y) dt— {x (a, t)F(t+y) dt. 


This in conjunction with (5.3.1) yields the required equation (5.3.9). 
Now, make the substitution ¢ = z+&, y= 2+7 in (5.3.9) and in- 
troduce the notation 


K,(2, y) ly=x4+n = Bla, ")s 
— F’(2a+n)+ K(x, x)F’ (22+) = Y(z, n). 


As a result, (5.3.9) becomes 


Bla, 1) + f Bla \PQxtEtn) dt = Ya, n), (53-11) 
0 


or (see (5.2.1)) 
B(x, n)=(I+F,) 1 (Pz, n)]- (5.3.12) 
The matrix (x, 7) can easily be shown to be continuous in 2 and 
7 for z > 0, 7 = O and to depend continuously on the parameter 
a in the metric of L,,)(0, oo). Since the operator (I+-F,)~1 also de- 
pends continuously on z for positive x (see (5.3.7)), it follows from 
(5.3.12) that B(x, y) is continuous in z inthe metric of Linn(0, c). 
As a result, (5.3.11) implies that B(x, 7) is a continuous function of 
x and 7 in the ordinary sense (x > 0,7 = 0). Therefore, K,(z, y) = 
= B(x, y—2) is continuous for0 < 2 = y and belongs to Ly, ,)(2, oo). 
Remark. If it is further assumed that F(t) has a continuous second 
derivative for all positive ¢ and that for all « > 0 


fi | P(t) | dt<eo, 
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then K,.,(x, y) exists and is continuous for all z >0 and y = za. 
Furthermore, this derivative satisfies the equation 


Kex(t, 9) = —P'(et+y)+-2 le, 2)Flety)+ 
+K(a, 2)F(a+y)+ Kx (%, t) |toxF(a+y)— 
— f Kyx(m, )F(t+y) &, (5.3.13) 


which is obtained by formally differentiating (5.3.9) with respect 
to x. This can be proved in exactly the same way as is the existence 
of K,(z, y), since the equation (5.3.9) differs from (5.1.3) only in 
that it has the free term 


—F(aty)+ K(x, 2) F(z+y) 
instead of — (x+y), and under our assumptions, this term behaves 
analogously to — F(x-+y) in regards to differentiability and conver- 
gence in the metric of [j,,,)(z, co) with respect to y. 
Finally, in the case in question, K,..(z, y) belongs to Ly, ,)(x, 0) 
for each fixed value of 2 > 0. 
Lemma 5.3.4: Under the assumptions of Lemma 5.3.2, for any « > 0, 


rae 2) +2F’ (22) |) = k(e)t?(2z) (c=e), (5.3.14) 


in which t(x) is defined by (5.2.3) and k(e) is a constant depending on e. 
Therefore, for any e>0 


| w 
Proof: From (5.3.4), it follows that 
A,(x, 9) = (I+ Fx)~* [Dp (z, n)], 


d 
— Ka, 2) | dr<e. (5.3.15) 


where 


Dy (x, ) = —2F(Qet+y)—2f A(x, E)F(Qe+E+n) dé, 
0 


and by Lemma 4.1.1, 


f | Ax(a, 1) | dn ele) f | B(x, ) | dn (xe). 
0 


0 


116 THE BOUNDARY-VALUE PROBLEM WITHOUT SINGULARITIES 


Since 
f | F(22+n) | dn = f | (| at = x(22), 
0 2x 


and since by (5.2.4), 
J | J A, PF (Qe+8+n) dé\ dn = 
0 0 


< fae, E)| dé i | F’(t) | dt = c(e)t,(2x)t(22) = c(e)t,(2e)t(2z) 
0 2x 


for any + = ¢«, we obtain 


f [Do (x, n) | dy = 21 + o(e)e,(2e)}x(2a) = hy(e)t(22). 
0 
As a consequence, 
f [Axla, n)|dn =e(e)hy(e)e(2z) (ew =e). 
0 


Applying this estimate, as well as the inequalities | F(t) | = T(t) 
and (5.2.6), we find from (5.3.8) that 


= 


| £ K(x, x) +2F" (22) 


= 2e,(e)t(2a) f | F’(2xt £) | dé + v(2z) f |Ax(z, &)| dé = 
tf) it) 


= [2c,(e) + c(e)k,(e)]t2(2z) = k(e)t?(22). 
This completes the proof of (5.3.14). To prove (5.3.15), it clearly 
suffices to show that x t2(z) is summable over the interval (e, oo) 
for « > 0. But 
av(x)=a f | F’(t)|dt< f t| F(t) | dt=7,(2) 
x x 
and therefore 


i 2t*(x) dx= f t,(x)t(x) dx = t,(€) f T(x) dx = t2(e). 


Remark. If F(t) satisfies conditions (A,) and (By) of § 2, then 
by using the remark of Lemma 4.4.1 and the estimate (5.2.6’), we 
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can deduce the stronger result 


© K(x, 2) +2F(82)| = keX(22) — (w > 0), 


where & is a constant. From this, it then follows that 


fi 


0 


dxa<co. 


a 
qn h™ x) 


§ 4. Derivation of the Differential Equation 
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THEOREM 5.4.1: Let F(t) satisfy conditions (A,) and (B,) of § 2 
and let K(x, y) be the solution of the fundamental equation (5.1.3). 


Then 


E(x, A) = e~®=14 f K(x, the dt (Im 4 = 0) 
x 


is a solution of 
Y’"+72¥ = V(2)¥, O<r<~, 


where 


d 
V(x) = — 27, K(a, x), 


1% 
and for any ¢ > 0 
|V(x) —4F’(2zx) | = C(e)t?(2z) (x = €), 
Cle) being a constant depending on €, and 


fe |V(x) | da<eo. 


(5.4.1) 


(5.4.2) 


(5.4.3) 


(5.4.4) 


(5.4.5) 


Proof: We first observe that (5.4.4) and (5.4.5) follow immediately 


from Lemma 5.3.4. 


Let us now prove the main statement of the theorem. To this end, 
we first assume that F(t) not only satisfies (A,) and (B,), but also 
has a continuous second derivative fer all ¢ > 0 such that for any 


e>O 


fie | F(t) | dt<o, 
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According to the remark 2 of Lemma 5.3.1 and the remark of 
Lemma 5.3.3, the partial derivatives K,.,(z,y) and K,,(x, y) exist 
and are continuous for 0 < z= y; furthermore, for each fixed 
xz > 0, they belong to L,,, n)(x, oo) and satisfy the respective equations 
(5.3.13) and (5.3.2). 

Integrating (5.3.2) by parts, we obtain 


Ky (a, y) + F"(et+y)—K(z, 2) F(a+y)+ 
+Ky (a, t)|m2F(aty)+ | Kn (x, t)F(t+y) dt = 0. 


Subtracting this from (5.3.13) and using (5.4.3), we then have 
Exx(", y)— Kyy (x, y)+ V(x) F(a+y)+ 


+ f [Ken (2, )-Ky(z, ))F(tt+y) dt = 0. 


Hence, replacing the term V(x)F(x+y) using (5.1.3), we finally 
obtain 


Kx (%, y)—Kyy(z, y)— V(x) K(x, y) + 
+ f [Bux (2, )-Ky (a, t)—V(a)K(a, )|F(t+y) dt = 0. 


By the property (B,), we conclude that 
Kx (x, y)— Kyy (z, y)— V(x) K(x, y) = 0, (5.4.6) 
since for each fixed value of z > 0, the matrix 


Ky (x, y) —Ky, (x, y) sme V(x)K(z, y) 
is In Lp »y(%, 0°). 
Furthermore, under our assumptions, 
lim K,(z,y)= lim K,(z,y)=9. (5.4.7) 
x+y xX+Yy—> co 
These results can easily be deduced from (5.3.1) and (5.3.9). 
Thus, K(x, y) satisfies the equation (5.4.6) and the conditions 
(5.4.7), and V(x), moreover, satisfies (5.4.5). But then, by the remark 
of Theorem 1.3.1, the matrix E(x, A) determined by (5.4.1) is a solu- 
tion of (5.4.2). 
Now, suppose that F(t) satisfies only (A,) and (B,). Then we 
can clearly find a sequence of functions F,,(t) with the following 
properties: 
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(1) F,,(t) is twice continuously differentiable for ¢ > 0, and for 
any « > 0 


fel File) |dt<eo, ft[ FR |dt<<o (m=1, 2,...); 


(2) F,,(t) ~ F(t) a8 m— co uniformly in each interval [a, 5], 
a>O0; 
(3) For each <« > 0 


lim ft|F,,(t)—F’(t)| dt = 0. 
Mm >o € 


From property (3), it also follows that for any « > 0 
lim || Fn—F||O= lim f | Fylt)— F(t) | dt = 0. 
Mm—-co , M— yoo 
Consider the operators 


F,[@] = f OmFertt+y) dt (x > 0), 
0 


FPO] = | O@)FpQett+y)d («> 0), 
0 
defined in L[yp,n)(0, oo) (Cf.(5.2.1)). It can easily be shown that 
| Fe-F. |] = f | Pn(s)—F(s) | ds 
2x 


so that for any ¢« > 0 
lim || F{ —F, || = 0 (5.4.8) 
m—> co 


uniformly in x for x = e. 
Hence, for m sufficiently large, (I+-F{”)—1 is a bounded operator 
in Linny(0, cc); we shall assume this to be true for all values of m. 
By then applying (5.4.8) and Lemma 4.1.1 in connection with the 
obvious relation 
(+ Fe)-3— (14-F,)-2 = 
= {1+ (+F,)-1 Fe —F,)}-1-D +F,)}, 
we find that 
lim |} 1+ Fy?)~* || = || 7+F,)~* || 
mo 
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uniformly in x for x = e. Therefore, if m = mp, with my sufficiently 
large, then by Lemma 4.1.1 


{|} T+ F&%)—2]| = e(e) +1 (x = €). (5.4.9) 


From the existence of (I+ F%”)-1, it follows in particular that 
the equation obtained from (5.1.3) by replacing F(é) by F,,,(é) has 
a unique solution in L,,,)(z, cco). Let us denote it by K_(z, y), and 
let us define 


Vn (2) = —2-— 


dx Ky (z, x), 


Em (a, A) = e*I+ [ Ky (x, te dt. 
x 


By the first part of the proof, H,,(z, A) is a solution of 
Ev (x, A) +A2E m (2, A) = Vin(x)Em(2, A). (5.4.10) 
Let us next show that for any ¢« > 0, 


lim ex (x, y)—K(a, y)|dy = 0 (5.4.11) 


mM—> co 


uniformly in x for z = ¢. From (5.1.3) and the analogous equation 
for K,,(z, y), we have 
Em(a, y)—K(x, y)+ J [Km(2, t)-K(z, Fn (tt+y) dt = 
x 
(5.4.12) 
= [Faty)—Fr(zty))+ Je )[F(t+y)— Fin (t+ y)\at. 


Making the substitution t= 2+, y=2-+7, we obtain 
Am(x, n)— A(z, n) +. f [Am(a, §)— A(x, Fm (2e+6+7) dé = 
0 


=@,,(z, ")> 
where 
A(z, n) = K(x, 2+), Am(z, 4) = Km(z, x+7), 
Dry (2, n) = (F (20+) — Fn (22+) + 


+ f Ale, £) (F(2a + &+)—Fm(2e+&+n)] dé. 


0 
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or in operator notation, 
(I+ FZ”) [An(2, ) — A(z, n)] = Om (z, 7). 
This and (5.4.9) then yield 
[|Am(z, 4) — A(z, 7) Ilq? = [e(e) + Y) |] Om (a, ) || (z = «) 


for any e > 0 and m = mp. But it is easy to see that ®,, (x, 7) tends 
to zero in the metric of Lj, ,)(0, oo) a8 m— co uniformly in z for 
x = «. Therefore, 


lim |{Ap(x, 7) — A(z, ) ||P = 0 


M—> oo 


uniformly in x for x = ¢, and this is equivalent to (5.4.11). 
Applying this result to (5.4.12), we then find that 


lim Ky (x, y)=K(z, y) 
M—>oo 


uniformly in each finite domain of the form 0<e=a=sy= a. 
In exactly the same way, a consideration of (5.3.4) and the ana- 


logous equation for = A,,(z,), shows that for any 7 = 0 


lim 2 4 An(2, n= A(z, n) 


M-> eo Ox 
uniformly in each interval 0 < ¢« = x = a. In particular, for 7 = 0. 
lim V(x) = V(x) 
mM—> co 


uniformly in each interval O<e=s2= a. 
By means of (5.4.11), it can also be shown that for « > 0 
lim E,,(z, A)=E(a, A) (Im 4 = 0) 
m— oo 
uniformly in z for z = e. 
From (5.4.10), we now conclude that the sequence E7,(z, A) is 
uniformly convergent in each interval O<ce=a2=a. Hence, 
E’’(z, A) exists for all z > 0 and 


E’' (a, A)+A2H (x, A) = V(x) E(x, A). 
This is the required result. 


Remark. If F(t) satisfies conditions (A,) and:(By), then by the 
remark of Lemma 5.3.4, the matrix V(x) defined by (5.4.3) satisfies. 


| V (a) —4F’ (2x) | < ct?(2z) (x > 0), (5.4.4) 
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where c is a constant and 
f 2|V (qx) | dz<eo. (5.4.5’) 
0 . 


Finally, if. F(é) is Hermitian, then so is K(x, x) and hence V(z). 
For, if F(t) is Hermitian, (5.1.3) then yields 


K(x, x) = — F(2x)— f Ke, t) F (t+ 2) di, 


K*¥ (x, x) = —F(2x)— f w+ x) K*(x, t) dt, 


x 


and it suffices to show that the integrals in these two expressions are 
equal. 
Now, by (5.1.3) 


F(t+2) = —K(a, t)— f xe, s)F(s+t) ds = 


= — K*(x, )— f Fle+)K*(x, «) ds, 


and therefore 


Ross 


K(a, t)F(t+2) dt = — f Kw, t)K*(a, t) dt— 
— [ f K, t)F(s+t)K*(a, s) ds dt, 
fr t+a)K*(x, t)dt = — f Kee, t)K*(x, t) dt— 


ne s) F(s+t)K*(z, t) ds dt. 
x 


This proves the result. 

Theorem 5.4.1 is valid, in particular, if the prescribed data, deter- 
mining F(t) by means of (5.1.1) and (5.1.2), satisfies conditions 
I, and II,. If the further condition IV is fulfilled, then (5.4.4’) 
and (5.4.5’) will also hold for V(z). 
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§ 5. Fulfillment of the Boundary Condition 


Let the Hermitian matrices M,;, the numbers A, = —ipz, up, > 0 
{k = 1, 2,...,) and the unitary matrix S(A) be given quantities 
satisfying I, and IJ,. 

Retaining the notation of § 1 of this chapter, we shall examine 
the matrices 


= c=] —e-§(—4)+ J K(x, t) [eT —e—*9(—A)] dt 
(A>0), 
U(x, Ay) = H(z, Ay) M,= 
= | mrt f K (a, t)e— Het a| M, (4 = 1, 2,..., p) 
(see (5.1.4) and (5.1.5)) determining Parseval’s equality (4.2.5), and 


we shall characterize the conditions on the given data that assure 
the fulfillment of the boundary condition 


U(0, 4)=0 (A>0), 
U0, &)=0 (=I, 2,...,9). 
Suppose that in addition to [, the given data also has the property 
IV. Then the fundamental equation (5.1.3) for x = 0, i.e., 
F(t)+K(0, t)+ f K(0, é)F(t+£) dé = 0 
0 


has a unique solution K(0, t) in Ljp,,)(0, oo). 
Substitution of the expression (5.1.2) for F(t) yields 


Pp 
2 Mee—*t+ F,(t) + K(0, t)+ 
k=1 


Pp oo oo 
+3 f K0, ferme dg- Mgermts f (0, £)Fy(t+8) dé = 0, 
=1 9 0 
which according to (5.1.5) can be written in the form 
Pp 
2 E(0, A,)Mpe—#¥ + F, (t) + K(0, t)+ 
=1 


2p (5.5.1) 
+ J KO, )F,(t+&) dé =0. 


0 
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Lemma 5.5.1: If x(t) is a solution of 
a(t) + f ao(E)F, (t+ £)dé = 0, 0O<t<~, (5.5.2) 
0 


belonging to Li,) (0, 00), then 
J 2(t)F, (t) dt=0. 
0 
Proof: Since F,(t) belongs to Ly,,)(0, coo), Lemma 3.3.2 implies 
that x(t) also belongs to L7)(0, oc) and Lz,)(0, co). By Lemma 3.4.1, 
we therefore have 


a(t)+ f 2(é)P,(t+&) dé = x(—2), —w<t<o, 
0 


or 


f (EF. (t+) dé = 2(-t)—2(t), —o<t<o, 


0 
Hence, we see that the integral 


J x2)F.(6+6) dé 

0 
is an odd function of ¢ and, because of the properties of z(t) and 
F(t), is continuous for all real values of ¢. 
But then 

f 2(€)F, () dé=0, 

0 
q.e.d. 

Let us now take the complex conjugate transpose of both sides 

of (5.5.1). We then premultiply the result by any vector solution 
a(t) of (5.5.2) and integrate over the interval (0, 00). This yields 


3 Fay) MEB*O, Ay) + f 2(0)P,(0 a+ 
=I] ° 
+f [20+ f x(€)F, (t+) a | K*(0, t) dt = 0, 
where : : 
(a) = f a(tje-dt. 


0 
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Hence, Lemma 5.5.1 shows that 
Pp 


2 ©(Ap) Mj E*(0, A,)=0 (5.5.3) 
=1 


for any solution z(t) of (5.5.2). 

THEeorREM 5.5.1: If the unitary matrix S(A), Hermitian matrices 
M,, and numbers:A, = —tu, , Up >.0 (k= 1, 2,..., p) are any 
given quantities with the properties I,, IV, and V, then 


U(0, Ay) = E(0, Ay) M,=0 (k=1, 2,..., p) (5.5.4) 
and 
F,(t)+K(0, t)+ f K(0, &)F,(t+&) dé = 0. (5.5.5) 
0 
Proof: Let 
c(t), w(t)... .2(E) 


be a complete set of linearly independent solutions of (5.5.2), so 
that any solution of this equation can be expressed as 


r *, 
a(t)= 2 ype (t). 
j=1 
Now consider the system of linear algebraic equations 
r 2 
Dm Vj2(Ay)M,=9 (4=1, 2,...9) (5.5.6) 
j=1 


in the unknowns y;. By the corollary to Lemma 3.4.1, the existence 
of only the trivial solution of this system is equivalent to the exis- 
tence of only the trivial solution of 


x(t) + f weyre+e dié=0, Oxt=<o, 
0 


l.e., 18 equivalent to property IV. 

Since by assumption, property IV holds, the system (5.5.6) has 
no non-trivial solution, and therefore the rank of its coefficient 
matrix is equal to r (i.e., the number of unknowns). 

Now consider the nonhomogeneous system 


Ls - 
2 yj (Ay) M, =a" Yi, (e=1, 2,...,7), (5.5.6’) 
j= 
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where a™ are any given vectors. It is easy to see that the rank of 
the augmented matrix of this system cannot exceed the sum of the 
ranks of the matrices M, which by property V is r. 

But then the coefficient matrix and the augmented matrix of 
the system (5.5.6’) have the same rank, and this rank is equal to the 
number of unknowns. Thus, this system has a unique solution. 
Therefore, for any vectors a”, one can find numbers y; such that 
a solution of (5.5.2), 


x 
a(t)= 2 yje(t), 
j=1 
will satisfy the relations 
=(A,)M,=a” NM, (k= 1, 2, ee ey Pp). 
From this and (5.5.3), it follows that 


Pp e 
2 aPMREMO, Ay)=0 


for any given vectors a”. Therefore 
aM} E*(0, A,)=90 (4=1, 2,..., 9), 
for any vector a. But then, for any a and b 
(aM? E*(0, 2,), 6) =0 (k=1, 2,...) p) 
and hence | 
(aM, bE(0, A,)M,)=9 (k=1, 2,..., p). 


Setting a= 6 H(0,A,) in the last equation, we conclude that 
b E(0, A, )M, = 0 (k =1,2,...,p), and since 6 is arbitrary, this 
implies that 

E(O, Ap) My,=U(0, Ap) =0 (k=1, 2,..., p). 


This result in conjuction with (5.5.1) emimiemiately, yields (5.5.5) 
and the theorem is proved. 

THEOREM 5.5.2: If the unitary matrix S(A), Hermitian matrices 
M,,, and numbers A, = —ipp, uy, > 0 (K = 1,2,...,p) are any given 
quantities with the properties I,, III,, IV, and V, then, in addition 
to (5.5.4), we have 


U(0, a) = I—8(—A) + 
+ { K(O, #) [eI —e-*#9(—A)} dt = 0 (A > 0). 


V. THE INVERSE PROBLEM 127 


Proof: Set” 
@O(t) = F,(t)+ K(0, t)— K(0, —t)+ 


+ f K(0, £)F,(t+8) dé. (5.5.7) 
0 


Since K(z, y) = 0 for y < z, it follows from (5.5.5) and (5.5.7) that 
@(t) = 0 for ¢ > 0. From the form of O(t), it is also apparent that 


its rows belong to Lin(—, oo). Postmultiplying both sides of 
(5.5.7) by F,(t+a) and integrating with respect to t, we obtain 


0 oo 
J OWF. (+2) dt = f Py ()F.(t+2) de+ 


oo 0 
+ f KO, )F,(t+2)dt— f K(0,—#)F,(t+2) dt+ 
0 — 


oo oo 


+ f K(0, &) dé J F,(t+8)Pe(t+2) dt. (5.5.8) 


0 


Since J—S(A) is the Fourier transform of F,(t), by theorems on the 
convolution,? the Fourier transform of 


oo 


f POF. (¢+2) dt 


is 
[I —S(—aA)] [1—S(Aa)] = T—S8(—Ad)—S(a) +1 
Hence, 


is F, (t)F, (t+2) dt = F,(—2x)+F, (a). (5.5.9) 


In a similar way, we find that 
f Fo(t+8)F,(t+a) dt = F,(E—2)+ F,(x—8), 


. %See Titchmarsh, Introduction to the Theory of Fourier Integrals, 1948, 
Theorems 41, 64, and 65. 
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and therefore 


f xo, £) dé PE (t+é)F,(t+2) dt = = f KO, E)F,(§—a) dé + 
+ i K(0, &)F,(x—§) dé = f K(0, £)F,(§—2) dé+ 
0 0 


+ f KO, —0F (e+ a. 
By (5.5.7), = 
| xo, &) dé fr, (¢+&)F,(¢+2) dt = 
zs o _ 2) 4K(0, 2)—K(0, -2)—F,(—2)+ (5.5.10) 


0 
+ f KO, —#)F,(c+t)dt 


Finally, by (5.5.7) again, 


[ Ko, t)F,(t+2) dt = O(a) +K(0, —2)— 
0 


(5.5.11) 
— K(0, x) —F, (a). 
Now, substitution of (5.5.9) —(5.5.11) in (5.5.8) gives 
0 
J O@)F,(t+2) dt = O(—2z) + D(z) 
and hence 
+ foor s(¢+2) dt = 0, —-wo-<7=0, 


By assumption (property III,), it then follows that O(x) = 0, ie., 
F,(t) + K(0, t) — K(0, —t)+ 


+ f K(0, )F,(t+é) dé = 0, —~o<t<o, 
0 
Taking the Fourier transform of this equation and denoting 


= f K(, t)e-™ dt, 
0 
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we obtain 


I—8(a) + K(a)— K(—a) + K(—4) {I —8(a)] = 9, 
or 


1+K(a)-(1+ K(—A)8(a) = 0. 
If this is then multiplied on the right by —S(—A), there results 
I+K(—A)—[I + K(a)]8(—a) = 9, 


1.€., 
I-S(-—A)+ [Ko t) [eT — e—*tS( —A)] dt = 0, 
0 


q.e.d. 

REMARK. In the proof of Theorem 5.5.2, besides I, and IJI,, use 
was made of (5.5.5) which is valid if, first, the fundamental equa- 
tion (5.1.3) has a solution for z = 0, and, second, if (5.5.4) holds. 


§ 6. Characteristic Properties of the Scattering Data and 
Scattering Matrix. 


1. The fundamental result stated in §1 of this chapter is an imme- 
idate consequence of Theorems 5.4.1, 5.5.1, 5.5.2 and the remark 
of Theorem 5.4.1, namely: 

Conditions I,, II,, III,, IV, and V are necessary and sufficient 
for any given unitary matrix S(j), Hermitian matrices M,, and 
numbers A? < 0(k = 1,2,...,.p) to be the respective scattering mat- 
rix, normalization matrices, and eigenvalues (i.e., scattering data) 
for some uniquely determined non-singular boundary-value prob- 
lem (2.1.1). 

To actually determine the potential from the scattering data, it 
is necessary to construct the matrix F(t) using (5.1.1) and (5.1.2), 
then to compose the fundamental equation (5.1.3), and finally, 
after finding K(az, y) from (5.1.3), to apply (5.1.6). 

If there is no discrete spectrum, i.e., M; = 0 for all &, then by 
Theorem 3.4.2, the fundamental equation can be solved by the 
method of successive approximations for any z > 0. We note one 
other case, in which the fundamental equation can be solved by ele- 
mentary means. Namely, if the elements of S(A) are rational func- 
tions, then it is easy to see that the kernel F(¢+-y) of the fundamental 
equation is degenerate. 


130 THE BOUNDARY-VALUE PROBLEM WITHOUT SINGULARITIES 


Suppose now that only the unitary matrix S(A) is prescribed. 
Will S(A) be the scattering matrix for some non-singular boundary- 
value problem if it has the properties [,, IIJ,, and III,? 

To answer this question, we prove the following preliminary 
lemma. . 

Lemma 5.6.1: For any r-dimensional subspace of Li,)(0, 00), it is 
possible to choose r non-negative Hermitian matrices M, and r posi- 
tive numbers pu, such that . 

(1) af x(t) 4s any vector of the given subspace and 

f x(t)em#t dt - M,=0 (k=l, 2,...,7), 
0 
then x(t) = 0; 

(2) the sum of the ranks of the matrices My, Mg, ..., M, ts r. 

Proof: Choose some vector 7@)(t) ~ 0 in the given subpace and a 
positive number yu, such that 


f wD(t)e-mt dt 0 
0 


(this is always possible). Let 
aDP(t)={aP(t), xP(t),..., a(t} 


and suppose that 
f xP (t)e—Hs! dt #0. 
0 


Now, let m®) denote the vector whose 4,-th component is 1 and 
remaining components are zero. We then have 


J (2%Q@), mPe-m!) dt = f aioe dtx0. 
0 


The vectors of the given subspace satisfying the condition 

ix (x(t), mMe-Ht) dt=0, 

0 
form an (r—1)-dimensional subspace. We now repeat the above con- 
struction for this subspace. We choose a non-zero vector #@)(t) in it and 
@ number sf. > fu, and we form the vector m®) whose i-th compo- 
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nent is 1 and remaining components are zero, so that 

f (w®(t), me-mst) dex 0. 

0 


Continuing this process, we finally obtain the vectors 2(é), 
x(2)(t), ...,2(t) from the given subspace, the. numbers 0 < yp, < 
< [lg < ... < p,, and vectors m, m®@), ....m™ each having a single 
i,-th component of 1 and remaining components of zero. Moreover 


(x(t), meu) de ue, aes eae (5.6.1) 
#0, wf j=k. 


The 7 vectors z(t) are clearly linearly independent and therefore 
form a basis for the given subspace. Thus, if 


Tr *, 
a(t)= > aje(t) 
j=1 
and 


f (a(t), m%e-uxt) dt=0 (hE 1,2; i209), 
0 
then by (5.6.1), all «; = 0 and hence a(t) = 0. 

We next define M,(4 = 1,2,...,r) to be the matrix having all 
zero elements except for the element at the intersection of its 7,-th 
row and 7,-th column which is 1. It is easy to show that the mat- 
rices M, have the properties (J) and (2) stated in the lemma. In 
fact, if 


oo 


J (tet dt. M,=0 (k=1, 2,...,7) 


? 
then 


f (x(t), m®e-uet) dt=0 (k=1, 2,...,7). 
0 
and therefore z(t) = 0. Since the rank of each matrix is 1, the sum 
of their ranks is r. 
Conotiary: If S(A) is a unitary matrix with the property I,, then 
it is always possible to find Hermitian matrices M, and positive num- 
bers pu, such that the conditions IV and V are also satisfied. 
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In fact, consider 


a(t)+ fo(g)F(tté)dE=0, Ost<a, 
0 
where F(t) is given in terms of S(A) by (5.1.1). By Lemma 3.3.2, 
any solution of this equation in L,,)(0,00) belongs to Lj,)(0, o9) 
also, and by the corollary to Lemma 3.3.3, the set of all such solu- 
tions forms a finite dimensional subspace of L?,)(0, 09). 

If this subspace has dimension 7, then applying Lemma 5.6.1, 
we can find r Hermitian matrices M, and r positive numbers yu, 
such that the conditions (1) and (2) of that lemma are fulfilled: But 
condition (2) for the case in question corresponds exactly to condi- 
tion V. Moreover, by the corollary to Lemma 3.3.1, it follows from 
condition (1) that 


a(t)+ folG)Ft+é)de=0, Oxt<~, 
0 
with 
F(t) = z Meet + F, (t), 


has only the trivial solution in Liny(0, co), and hence, IV is satis- 
fied. 

In particular, we have proved 

THEOREM 5.6.1: Conditions I,, II,, and III, are necessary and 
sufficient for a unitary matrix S(A) to be the scattering matrix for some 
non-singular boundary-value problem (2.1.1). 

2. To conclude this section, we shall sharpen condition I, for 
S(A). Making use of the relation 


S(a) = E-1(—A)B (a), (5.6.2) 


we showed in Theorem 2.3.1 that if det H(0) + 0, then I—S(A) is 
the Fourier transform of a function summable over the entire real 
axis. 

Suppose now that det H(0) = 0, and let P, be a Hermitian matrix 
which is a projection onto the null space of £(0), so that P,#(0) = 0. 

LemMA 5.6.2: The matriz A~1P,) E(A) is the Fourier transform of 
a matrix P,K,(t) summable over the interval (0, co) and equal to zero 
in the interval (— oo, 0). 
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Proof: We begin with (5.5.5) (see also (3.1.4)): 
Fy(y)+K(0, y)+ f K(O, t)F,(t+y) dt = 0, 
0 
and we integrate it over the interval (z, co), z = 0. Denoting 


K, (z)= f{ K(0, y) dy, 


we obtain 


JP (y)dy + K,(z)+ f x0, t) dt fr, (u) du.= 0. 


zt+t 


Integration by parts then yields 


J Fs(y) dy+K, (2)+K,(0) f Fy(u) du 


— f K,()F,(2+8) dt = 0, 
0 
or 
(0) f F.(y) dy+K, (@)— f K,(t)F,(2+#)dt =0, (5.6.3) 
Zz 
since by (5.1.5), 
I+K,(0) = I+ f K(0, t)dt = H(0, 0) = E(0). 
0 
Premultiplying (5.6.3) by Py, we find that 
Py K,(2)— f Py K,(t)F(2+t) dt = 0. (5.6.4) 
0 


Now the matrix K,(z) is bounded in the interval 0 = z < co 
because K(0, y) belongs to L,,,)(0, oo). According to the remark of 
Lemma 3.3.2, it therefore follows from (5.6.4) that P,K,(z) belongs 
to La ny(0, co). Hence, 


K(a)= f Py K,(e-* de 
0 


is the Fourier transform of a matrix P,K,(t) that vanishes for t< 0 
and belongs to Ly 7)(0, °°). 
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If A # 0, integration by parts then yields 


K, (A) = Po KE, (t) (—ia)~te-* [9 + (—2d)7} f PK, tei de = 
= (iA)"*P,y E (0) — f Ko, t)e—™ | = 
0 


= (id) P, [ f K(0, t) de— [ Ko, tet de] 
0 0 


and by (5.1.5) 
* FE, (a) = (6A)-?P,[H(0) —I— EO, A) +I] = (—#d)-*Py H(A). 
Thus, the statement of the lemma is proved. 

The Fourier transform of a summapble fuction is continuous over 


the entire real axis. Therefore, the matrix dP, E(A) is continuous 
for all real values of 2, and lim A~1 Py E(A) exists (we denote the 


A>0 
limit by E,): ; 
lim 4-1P, H(A) = Ey. (5.6.5) 
A>0 
From this and the relation P? = P,, it obviously follows that 
P, Ey=E, (5.6.6) 
and thus 
rank H, =rank P,. (5.6.7) 


Furthermore, by the definition of Po, 
rank Py = n—rank E(0). 


Since S(A) is unitary, the modulus of each of. its elements does 
not exceed 1. Therefore, we can find a sequence of positive numbers 
An — 0 such that pare a Sdn) and es eC An) exist. We denote these 


respective limits by “s(> +0) and S(——0). We now define Qt 
and @ to be Hermitian matrices (operators) projecting on the res- 
pective ranges of the operators [J— §(—-+0)] and [J—S(—-—9)], so 
that 
Qt[T —S(— +9)] = I-—S(— £9); 
rank Q+ = rank [I —S(— +0)]. 


‘But inasmuch as S(—A) = 8*(A) for A > 0," it follows that S(-> —0) 
= §*(— -+-0). Therefore, from (5.6.8) and the fact that Qt and Q- 


(5.6.8) 
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are Hermitian, we conclude that 
I-S(— $0) = [7-S(— F0)jJQt. (5.6.9) 

Lemma 5.6.3: For real values of 4, D(A) = [I—P)+(éd)-1Po] E(A) 

is a non-singular matriz, i.e. 
det D(A) = det {[I —P 9+ (iA)—*P,]E(A)} 4.0. 

Proof: By Lemma 2.2.2, det H(A) ~ 0 for all real values of 2 # 0. 

Therefore ‘ 
det D(A) = det [I —P)+(tA)—1P,] - det H(A) 4 0 


for all real values of A # 0. Thus, to complete the proof, it is neces- 
sary to show that 


D(O) = _ [I —Po+(ta)—1P, JE(A) = (I— Py) H(0) —iE, 
—>0 
(see (5.6.5)) is also non-singular. 
To this end, we start with (2.3.2): 
G(x, A) = — (20) E(x, —A)— E(x, 4)8(—A)B*(—A)(-A)?, 
where G(x, 4) is the solution of (2.1.3) satisfying the conditions 


G(0, A) = 0 and @’(0, 4) = I. Postmultiplying this equation by P, 

and letting A tend to zero through the sequences t/,, we obtain 

Ga, 0)Pp = —(2¢)—1H(a, 0)[I—S(— F0)]H$. = (5.6.10) 

Since lim a—1 G(x, 0) = I, G(x, 0) Py and P, will have the same rank 
x—>0 

for x sufficiently small. But the rank of a product of matrices does 

not exceed the rank of any of its factors. Therefore, (5.6.10) shows 


that for small values of z, rank G(x, 0) P, = rank P, = rank Hj = 
= rank H, and 


| rank G(x, 0)P,) = rank P, = rank[I—S(— £0)}. (5.6.11) 
The first of these inequalities together with (5.6.7) yields 
rank Py»=rank Ep. 
From (5.6.2) we further have | 


E(A) — E( —a)S(A) = 9, (5.6.12) 
and letting A tend to zero through the sequences +/,, we obtain 
E(0) (I—S(— £0)] = 0. (5.6.13) 


This implies that 
rank P, = rank [I —S(— +0)], 
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and hence by (5.6.11) and (5.6.8), 
rank P) = rank [J —S(=» +0)] = rank Qt. (5.6.14) 


From the definition of Qt and Q@ and (5.6.13) and (5.6.14), it 
follows that 


H(0)(I—Q+) = E(0); rank ({—Q+) = rank £(0). 


This means that both Q* and Q, when applied on the right, are 
projections on the null space of #(0). Therefore 


Qt=G =Q 
and H(0) (I—@Q) = E(0). Moreover, by the definition of P,, 
H(0) = (I—P,)B(0) = (I—P,)E(0)(I-@Q) (8.6.15) 
while (5.6.9) leads to 
[T—S(— FO)JQ = I—S(— F0). (5.6.16) 


Now, premultiplying (5.6.12) by 4-1 P, and letting 4 tend to zero 
through the sequence A,, we find that 


Ey +E) S(—> +0) = 0 
or 


Ey {Ig ll-s(~ +oy =0. 

Next, postmultiplying this by J—Q and then making use of (5.6.16), 
-we obtain 
Ey (I-@) = 9, 

and this result in conjunction with (5.6.6) yields 

E,=Py Eo Q@- (5.6.17) 
Thus, by (5.6.15) and (5.6.17), we have 
D(0) = (I— Py) #(0)— iE, §= (I—P,)E£(0) (I—Q) — iP, £, Q- 


But, Py and Q@ are projections, the rank of the first term on the 
right is equal to the rank (IJ—P,) = rank (I—Q), and the rank 
of the second term is equal to the rank P, = rank Q. Hence, it 
follows that the first term maps the subspace (I—Q)R,, onto (I— P,)R, 
and the second term maps QR, onto P,R,, each in a one-to-one 
manner, and their sum maps the entire n-dimensional vector space 
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R, into itself in a one-to-one manner. Therefore, D(0) is a non-sin- 
gular matrix, and this completes the proof of the lemma. 

It is now possible to significantly refine condition J, on 
the scattering matrix of the non-singular boundary-value problem. 

THEOREM 5.6.2: If S(A) is the scattering matrix of some non-sin- 
gular boundary-value problem, then I—S(A) is the Fourier transform 
of a Hermitian matrix F,(t) summable over the entire real axis. 

Proof: This property of S(A) was previously proved under the 
assumption that det E(0) ~ 0 (Theorem 2.3.1). In this theorem, 
it was also shown that if det H(0) = 0, then 


I—8(4) = I—S®(4) —S(A), 
where [see (2.3.10), (2.3.11), and (2.3.13)] 


1+ p(A) 1+ (A) 
M4)=8 (4) = — 6.1 
80) = ATTA 8%) = 8) [1-T TFA |, 6618) 
1+ p(A) = det H(—A),  r(A) = p(A)I—A(A)], (5.6.19) 
] , if jAl<l 
A(A) =) —|Alt+il4), if = |A) s141 
0 , ff |A| > 7+), 
and J—S@) (J) is the Fourier transform of a matrix summable over 
the entire real axis. 
Therefore to prove the stated theorem, it is sufficient to show 


that S@)(4) is the Fourier transform of a matrix summable over 
the entire real axis. 


From (5.6.2) and the definition of D(A) (see Lemma 5.6.3), it 
follows that 


S(a) = D7\— a) [L—Po+(— 4a) *Po] [I — Po + (44)~*Po}* D(A), 


or 


S(a) = D~1(—A) [I —2P ]D(A). 
Hence, by (5.6.18) and (5.6.19), we obtain 


oa oe pA)h(A) 
(4) = — DAE BPA) Tay 
or 


S2(a) = —D-1(—Ayh(a) [I ~2P,]D(A) aon 
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But it is easy to see from Lemma 5.6.2 and the definitions of 
p{A), r(A), and h(a) that 
pay 24 


1+7(2) 


is the Fourier transform of a matrix summable over the entire 
real axis. It therefore remains to prove that D~1(— A)h(A) also posses- 
ses this property. To do this, we must show, as in the proof of Theo- 
rem 2.3.1, that det D~1(—A)h(A) is the Fourier transform of some 
function summable over the entire real axis. However, this asser- 
tion is a consequence of Lemmas 5.6.2, 5.6.3, and a local theorem. 
of Wiener [12].* 

With this, the proof of the theorem is complete. 

CoroLLary: The scattering matrix of the non-singular boundary- 
value problem is uniformly continuous over the entire real axis. 
Furthermore, from (5.6.14), 


Yank Py = rank [J — S(0)]. (5.6.20) 


Therefore, det H(0) #0 if and only if S(0) =I. Finally, it 
can easily be seen that the matrix I—S(0), applied on the right, 
is a projection onto the null space of H(0). 


§ 7. Examples 


The purpose of this section is twofold: to give some simple exam- 
ples illustrative of the above method of constructing the potential 
from the scattering data and to prove the independence of the 
characteristic properties of the data. More precisely, several exam- 
ples will be considered in which one of the properties III,, IV, or 
V does not hold. 

For simplicity, let us denote 


0 0 1 0 
Dee 1) I-P=(4 5) 
Example 1: Let . 


(A+¢) (A+2¢) | 
(A—t) (A—24) ’ 


(we are considering the scalar case, n = 1). 


S(a) = 2= -1, M@=6 


* See, also, Hardy, Divergent Series, Oxford, 1951, pg. 358, Theorem 229. 
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Then 
6A 6 12 
]— FF eee eS _—— 
a) (A—4) (A—2i) Atl ae 
and ‘hence 
—6e*+ 12-2, t>0 


ges : 0  t<0 
F(t) = 12e-2* (t > 0). 


In this case, it is easy to verify that the five characteristic condi- 
‘tions all hold, and as a consequence, the given quantities consti- 
tute the scattering data for some non-singular scalar boundary- 
value problem. 

Solving the fundamental equation 


12e-2@+) + K(a, y)+12e— f K(x, te dt = 0, 
x 
we find that 


1Qe—2(e+) 
K(z,y) = ~ [4 3e—* * 
Hence 
d 96e—4* 
and 


E(x, a) = ee | ently gy = 


x 


= etx 1 eae eee : 
(2+ 4A) (14+ 3e-4*) 
The normalized eigenfunctions are given by 
U(x, 4) = H(z, —A)—H(z, A)S(—A) = 


; . 12e-4 
a evel 1 (2 —ia) 5 |- 
~#l 1 are | G=)G—m) 
(244A) (1+ 3e—%) | (A +4) (2+ 23) 
U(x, 4,) = U(z, —1t) = E(x, -—)M, = 


= Vee-+| 1 12e-4* | _ V6e-*(1 —e-**) 


~ 3(1+3e-4) 1+ 3e-4 


(A > 0), 
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from which it is easy to see that 
U(0, A)=0 (A>0); U(0, A,)=0. 


Example 2: Let there be given the second-order unitary matrix 


(a) = UP age)? 


(there is no point spectrum). 


We have 
4iA 
I- = ——_ P 
mat (A+4)? 
and therefore 
0 , t<0 
F 8 (4) = 

4(1+t)’P, t>0, 


F(t) =0 (t>0). 


The four conditions J,, IJ, IV, and V are satisfied. However, 
a straightforward computation shows that 


0 
—a(t)+ f o(&)F,(t+£) dé = 0, —-o<t=0, 


has the non-trivial solution 
a(t) = {0, (1+é)e} (t < 0), 
and III, does not hold. Now since F(é) = 0 for ¢ > 0, 
K(x, y)=0 (O=2=y) 
and therefore 
V(z)=0, 
E(z, 4)=e—**I. 
However, the solution of the corresponding differential equation, 
O(a, 4) = E(x, —A)—E(a, a)S(—A) = e**I—e-**8(—2) (A > 0), 
does not satisfy the coundary condition at z = 0, i.e., 


U(0, A)40. 
Example 3: Let 


ay (AFA) (AF28) a—s\? 
5 = aa a2) © r+(T5) = 
2 
1 


a= —-1, M2 = 6(I—P). 
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Then (see Examples 1 and 2) 


_ 6iA aia 
Fal (A—4) (A—28) Coad ie (A+ Tatar 
— Ge-t —2t) (7 — as 
PF.) = { Ge-'-+ 12e-2) (I—P), t>0 
4(1+t)e'P , t<0Q, 


F(t) = 12e-*(I — P) (t > 0). 


As in the preceding example, III, is not satisfied here. 
From the fundamental equation, we obtain 


Ete, 9) = 2, 
so that 
Vie) = — ogni I-PI, 
12e—4* 


E(2, A) = e~™& 2 ~ 


aes | (I—P) +e-™P. 


By direct verification, we can easily satisfy ourselves that 
U(x, A) = E(x, —A)— E(x, A)S(—A) (A > 0) 


does not vanish at x = 0. At the same time, the boundary condi- 
tion is satisfied on the discrete spectrum, for 


U(z, A,) = U(z, —?) = E(a x, —i)M, = = Pees er P) 


and hence, U(0, A) = 0. 

This is related to the fact that only the condition III, does not 
hold and illustrates the results of § 5 of this chapter. 

Example 4: Given the data 


S(A) = =) (I—P)+P; a2 = —1, M2 =P. 


In this case, 
4i, 


— §(A) = aap 

F,(t) = i. —t)e—(I—P), t>0 

. 0 ; t< 0, 
F(t) = 4(1—de—“(I—P)+e—P (t > 0), 


(I—P), 
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so that the conditions J,, II,, and III, hold. Condition V also holds 
since it can easily be verified that to within a constant factor 


a(t) = {te-*, 0} (¢>0) 
is the unique solution of 


a+ fx ()F,(t+6) dE = 0, O<t<om. 


But, by a direct verification, we can satisfy ourselves that this 
solution also satisfies the equation 


n(t) + f a(\F(+8) dé = 0, 
0 


and this means that the condition IV does not-hold here. 
The solution of the corresponding fundamental equation is 


4(x+-y—l)e—@+w) 4 4(2—y + l)e~32-¥ 


K(z, y) = 1 — 4re—2* — e— 4% (I-—P)—- 
De—(x+9) 
Qe? 
and hence 
16e-2= 
V(x) — V3 (z) (I—-P) — Oren 
where 
; d 4(2a—1)e—2*+ 4e—4* 
M(t) = —2— “ae eee 


A simple computation shows that in the neighborhood of the 
origin 
V4,(%) = 62-*+¢(2),. 


where g(x) is continuous at = 0, and therefore 


J 2|V(2) | da<co 


for any e > 0. However, this inequality fails to hold when ¢ = 0, 
and this fact is related to the absence of property IV. 
Example 5: Consider the scalar case (n = 1) in which 


S(a) = 1; 2 = -1, M2 =1, 
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so that 
F,(t)=0, F)=et (> 0). 


It is easy to show that all of the properties are fulfilled except V. 
From the fundamental equation, we have 


Ve—(a+y) ” 
K(a, y) = ac rap 
and therefore 
_ a 16e—2= 
V(x) => —3 aah x) = ~ (24 e-22 ” 


—x 
E(z, A) = e- tx oa | e—te—iM dt = 


x 


= ee. See 
ae “(1 (1+7A) ai 
This then yields 
U(a, A) = K(a, —A)— Kz, A)S( —A) = 


a es _ _2e-* ~—.24(sin Aw + A cos Az) 
= 27 sin Ax Ope ? —_ ta (A > 0), 
2e-* 


U(a, Ay) = U(a, —t) = Q4e-= 


These functions satisfy the corresponding differential equation, but 
they do not vanish at x = 0. In fact, 


. 447 a: 
~ B(L +422) (A>0); U(0O, -i)=- =. 


U(0, A) = 3 


PART TWO 


The Boundary-Value Problem with Singularities 


CHAPTER VI 


Special Transformation Operators 


§ 1. Method of Investigation 


In this section we shall give a very brief outline of one way of 
carrying out the spectral analysis of a boundary-value problem 
with specified singularities and of investigating the corresponding 
inverse problem. In so doing, we shall confine ourselves to a single 
differential equation (the scalar case). 

In treating the non-singular boundary-value problem, we made 
use of transformation operators which enabled certain bounded 
solutions of : 


y’—v(ajytRy=0 (0O<a~<o~), falr(z)|de<0 (6.1.1) 
0 


to be expressed in terms of the solutions of the simplest equation 
of its kind, namely, 


yy’ +A%y = 0 (0< 24 < 0), 


This suggests the possibility of a similar treatment of a singular 
boundary-value problem such as 


y’ —[v(x) +a(a+1)a-*]Jy+A2y = 0 (QO<a2<-), (6.1.2) 
y(0)=0, fx} v(x) |de<eo 
0 
in which use is made of the solutions of the simplest equation of 


its kind, , 
y’ —a(a+1)a-2y + A27y = 0 (6.1.3) 


(which can be expressed in terms of Bessel functions). 


10* 147 
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Actually, it is possible to show that certain solutions of (6.1.2), 
bounded at infinity, can be expressed in terms of the solutions of 
(6.1.3) by means of a formula analogous to (1.3.2) of Theorem 
1.3.1. In this connection, the corresponding kernel satisfies an 
equation similar to the fundamental equation (3.1.12). 

However, this approach leads to considerable analytical diffi- 
culties connected primarily with investigating the integral equa- 
tions obtained. These difficulties are further compounded when 
matrix equations are considered. 

When «@ is an integer, as in the cases of most interest, another 
approach is possible which reduces the entire investigation of a 
boundary-value problem such as (6.1.2) to one which is not singular. 
Here, the solution of the inverse problem leads to an integral equa- 
tion exactly like the fundamental equation (3.1.12) studied in detail 
in the first part of the book. In this connection, we recall Example 
4,§ 7, Chapter V where by solving the fundamental equation, we 
were able to construct the matrix potential V(2) which turned out 
to have a singularity of the form 62~2([—P) in the neighborhood 
of zero. 

In general, such a reduction to a non-singular boundary-value 
problem can be accomplished by means of special transformation 
operators. 

We shall now show how these operators are obtained in the scalar 
case. 

Let y(x) and y,(x) be solutions of the respective equations 


y’—qz\yt+ uy =9, 94 —G(2)y¥i + Moy, = 0 (a < x <b) 
and (2, 4) any solution of 
ye’ —d2)ptup =0 (axa<b). (6.1.4) 


Here, g(a) and g,(x) are continuous functions for a < 2 < b, and 
wu and pp, are distinct numbers. 
Let W{u(z), v(z)} denote the Wronskian of u(a) and v(z): 


W{u(z), v(z)} = u(x)v’(x) — u’(x)r(z) 
and define 
r(a, w) = y,(@)W{y(z), p(a, 4)} (Mo—H)~?- 
From this and the identity 


© Wiyl2), oa u)} = Ho—u)yla)ple, u) 
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it follows that 
r” = yi (2) W{y(x), plz, «)} (Yo— uw) +24; (2) y(a)p(a, ws) + 
+ yi(z) [y()p(z, wu)! = yy (x) Wi{y(x), ple, 4)} (ug— mw) + 
+ 2[y,(2)y(x)'p(z, uw) +y,(z)W{y(x), p(x, u)}- 
Hence, using the equation satisfied by y,(x), we obtain 
rn’ = [9,(2) — Moly, (x) W{y(z), oz, 4)} (Ho— HB) + 
+ 2[y,(x)y(a)Vp(@, 1) + (uo — u)¥s(%) W{y(x), p(x, 4)} (uo — ew), 


or 
r’ —qy(a)r+ pr = 2[y,(x)y(z)Vp(2, 4). (6.1.5) 

Next, subtracting this equation from (6.1.4) and defining 
pla, lt) > y(z, B)—7r(z, Lt) = (6.1.6) 


= 9(z, 4) —y,(z)W{y(x), o(z, 4)} (Uo— 4), 
we find that 
vy” —g(z)pt wp = {4(2) —9,(2) —2[y,(z)y(z)I'}o(e, uw). (6.1.7) 
Suppose first that y(x) does not vanish for a < x < b, and choose 
y,(2) =y~*(2). 
Then, by (6.1.5), 
r(x, uw) = y—*(a)W{y(x), (2, 4)} (uo — be)? (6.1.8). 
will satisfy the equation 
; r’ —q,(x)r+ ur = 0, (6.1.9). 
where 
(2) = wot Myr? = Mot [—Y’y- 72 +2y)Py ly = 
= Ut y¥’y~*—2[y’y* — (yy *)?].- 
But y/’y~1 = q(z)—fo, 80 that 
q(%) = 9(%) —2[y/(z)y—*(a)/’. (6.1.10) 


Thus, if y(z) does not vanish in the interval a < x < b, then 
the operator defined by (6.1.8) transforms solutions g(a, yu) of (6.1.4) 
into solutions r(z, uw) of (6.1.9), with q,(x) given by (6.1.10). 

Now if the boundary-value problem defined by (6.1.1) and the 
‘condition (0) = 0 has no negative spectrum, then the solution 
g(x) of (6.1.1) for 2 = 0 which satisfies the initial conditions ¢(0) = 0 
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and g’(0) = 1 does not vanish in the interval 0 < x < oo. The 
normalized eigenfunctions g(x, A) of this boundary-value problem 
and their derivatives will have the following asymptotic behavior 
at infinity: 

p(a, A) ~ sin (Ax+ 8(A)), y’(z, 4) ~ A cos (Aa + 6(A)). (6.1.11) 


We now apply the transformation (6.1.8) to y(z, 4) taking y(a) = v(2) 
and w = A*. The function 


pal@, 4) = —Ar(@, 22) = Ayn) W{plz), ole, a)} = 


= A-1p1(x) [p(a)p’(a, A)—¢’(z)p(z, A)] (6.1.12) 
then clearly satisfies the equation 
91 — 0, (z)p, + Ap, = 9, (6.1.13) 
where 
| v4(2) = v(x) —2p'(e)p-MaY. (6.1.14) 


Since as + +0 
p(x) = af[1+o(1)], p’(z) = 1+0(1), pz, 2) = a[p’(0, 4) +0(1)], 
we have 
lim 9,(2, 4) =. lim Ai y’(@, 4)— 97 Ma)y'(a)plz, 2)] = 


= A7*[p'(0, 24)—¢'(0, A)] = 9, 
1.e., 
| 90, )=0 (0<A~<—), 
and 

—2[p'(z)p~*(a)! = —2[2-2+0(2~)/ = 

= 2772+ 0(x—?) (x —> 0). 
Hence, by (6.1.14), it follows that the potential v,(2) behaves like 
2z-2 in the neighborhood of zero. 


Now, a8 x — 09, g(x) and its derivative will have the asymptotic 
‘behavior 


g(z) = c+o(1), gp’ (xz) = o()), (6.1.15) 
if- the boundary-value cette has a virtual level for 4 = 0, or 
the behavior 

ie Saeeo. GO xexal, (6.1.16) 
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if there exists no virtual level. From these relations, it follows that 


—29'(x)p-Ha)’ = —2e-1(1+0(1))! = 
= 2¢7-2+0(z—?) (a +0), 


when there is no virtual level, i.e., v,(z) has the same singularity 
2a-? at infinity. 

However, if there is a virtual level for 4 = 0, then it is not diffi- 
cult to show that the new potential v,(z) will not be singular at 
infinity, i.e., 

f x | v(x) | da<co, 
0 


Finally, by (6.1.11), (6.1.12), (6.1.15), and (6.1.16), we find that 
p(x, A) ~ cos (Ax + 6(A)) = sin (+5 + a2)) (% —> oo), 


Thus, the asymptotic phase 46(A) of the eigenfunctions of the 
boundary-value problem described by the equation (6.1.1) and the 
boundary condition (0) = 0 coincides with the asymptotic phase 
of the eigenfunctions of some problem with singularities of the form 
2a~* at zero and infinity (if no virtual level exists) or with such a 
singularity at zero only (if there is a virtual level). 

The above procedure for introducing singularities may evidently 
be continued by starting with the equation (6.1.13) and repeating 
the argument. 

In particular, when « is an integer n, it is simple to show in this 
way that if the boundary-value problem (6.1.2) has no negative spect- 
rum and no virtual level for A = 0, then a function 6,(A) may deter- 
mine the asymptotic form of its eigenvalues, namely, 

It 


Pre Wee (i+ zy s(2)) Cae 


if and only if it is the asymptotic phase of the eigenfunctions of 
a non-singular boundary-value problem. 

We shall confine ourselves here to these general remarks on the 
usage of transformations of the form (6.1.8) in the investigation 
of singular problems. 

_ It is clear that such transformations are not directly applicable 
when a negative spectrum or a virtual level exists. 

Therefore, starting with formula (6.1.6), we shall introduce a 
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transformation of a slightly different form which may be used in 


every case. 
If we choose y,(z) in (6.1.6) so that 
q(x) — 9,(x) — 2[y,(x)y(x)! = 9, (6.1.17) 
that is, 


y’’(x)y—*(a) — yy{x)yy*(z) — 2[y,(z)y(@)¥ = 0, (6.1.18) 

then by (6.1.7), y(a, uw) will satisfy 
yp’ —g(az)pt+pyp = 0, (6.1.19) 
with 
qy(z) = q(x) — 2[y,(z)y(z)/’. 
From (6.1.18), we have 
[y (x)yy (x) — y(x)y(a)\' yz (a)y- Mx) — 2[y,(x)y(a)’ =,0, 

or : 
[y’ (a) yy (a) — y(a)ys(a))’ = {[ys(z)y(x)}*}’. 


Therefore, to satisfy condition (6.1.18), we must take y,(z) to be a 
solution of 


y (x)y,(~) — y(z)y3(z) = [y,(x)y(a)P?+C,, 


where C, is a constant. 
Now letting 


yy(2) = y(x)2(x), 
we obtain the following equation for z(x): 
—y*(x)2’(x) = 2(x)y*(x)+C,. 
In particular if C, = 0, then 
—2-%(2)z'(x) = y%(x) 
and therefore - 
2(a%) = J—1(ax). 


Here, J(z) is any indefinite integral of y?(z). 
Thus, if we choose 


y,(%)=y(x)J-X2),  J’(a) = y*(a) 
in (6.1.6), then the function (x, u) obtained from g(x, uw) by means 
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of this transformation will satisfy (6.1.19) in which 
qx(@) = 9(z)—2[y?(x)J—*(z)l = g(x) — 2[J’(a)J-(2)/’. 


If y(z) is square summable in the neighborhood of z = a (or x = b) 
then a C, can always be chosen so that 


x b 
J(z) = fy y(t) dt+C, (J(z) = f y*(t) dt-+-C,) 


does not vanish in the interval a < x < b. 

We shall not stop here to clarify the role played by transforma- 
tions of the form (6.1.6) in the investigation of the singular 
boundary-value problem since we shall elucidate this role in detail 
in the subsequent chapters where a particular example will be 
considered. 

We wish to emhasize that (6.1.6) and (6.1.8) are not integral 
transformations, and for precisely this reason they are applicable 
to any solution o(a, uw) of equation (6.1.4). It is this property that 
permits an unrestricted investigation of the singular problem. 

In the papers of M.M. Crum [13] and M.G. Krein [14], trans- 
formations of the form (6.1.8) were used conforming to solutions 

p(z, 4) satisfying the same boundary condition as y(zx). In this case, 
the transformations can be expressed in intégral form. _ 

This relationship between the transformations used by Crum 
and Krein and those of the form (6.1.8) was brought to our atten- 
tion by L.D. Faddeyev. He also. observed that (6.1.6) can be for- 
mally represented as the composition of transformations of the 
form (6.1.8). 


§ 2. Transformation Operators for Matrix Equations 


In accordance with the above scheme, we shall now generalize 
the transformation operators (6.1.6) and (6.1.8) to the case of matrix 
equations. 

LEMMA 6.2.1: Let Z(x) and Y,(x) be matrices satisfying 


—ZQ(2) + eZ =0, Yi-Q(a)P,tmY,=9 (a<%~<b) 


1 These transformations can be written in ordinary integral form for 
those solutions P(,1) for which W {y(z), 9(z,z)} = 0 at t@=aorrz=b 
{see Lemma 6. 3. 1). 
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and D(x, u) some solution of 
O” —Q(xz)G@+ uD = 0 (a<2a2-< b), 


where Q(x) and Q,(x) are any square matrices continuous fora<a2<b 
and wu and po are distinct numbers. 
Then the matrices defined by 


Ra, uw) = ¥,(%)W{Z(x), O(a, )} (Me—4)-?, (6.2.1) 
P(x, 2) = P(x, BL) —R(a, 7) (6.2.2) 

satisfy 
R’ —Q,(a)R+ pk = AY ,(2)Z(2)¥ G(x, 1), (6.2.3) 


P” —Q,(2)P +p = (6.2.4) 
= {Q(z) — Q(z) —2[F (2) Z(a)!}O(2, y) 


fora<a<b. 
Proof: From the definition of Z(z) and D(z, yw), it follows that 


os W{Z(x), D(x, u)} = (uo—p)Z(z)P(a, yp). (6.2.5) 


Using this and the equation satisfied by Y,(x), we conclude from 
(6.2.1) that 


RR” —Q,(2)R = —pyh+2Y5(2)Z(x) G(x, w)+Y,(x)(Z(x)O(a, vw) = 
= — poh +21F (2)Z(@)V Ole, uw) +¥ (x) W{Z(@), P(e, w)}, 
1.e., . 
RY” — Q,(x)R + wR = 2(Y ,(x)Z(x)) O(a, [). 
Subtraction of (6.2.3) from 
D” —Q,(2z)P + pO = (Q(x) — Q,(z)]P(z, wa), 
gives for Y — ©—R the identity 
P — Q,(2) P+ uP = (Q(z) — Q(z) AF (aA @\Y}O(ax, ys), 


and this completes the proof of the lemma. 

If Y,(z) is so chosen that [Y,(x) Z(x)]’ = 0, then the formula (6.2.1) 
yields the generalization of the transformation operator (6.1.8) to 
the matrix case. 

However, since they will not be needed below, such. operators 
will be considered no further. 
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LEMMA 6.2.2: Let Y(z) and Z(x) be matrices satisfying 
~Qa\¥ + uF =0, 2’-ZQ(2)+u%=0 (a<2<d) 
for which 
W{Z(z), Y(x)}=0. 


If J(z) is an indefinite integral of Z(x)Y(x) [(J'(z) = Z(x)¥(z)] 
. possessing an inverse J~\(z) for all values of x in the interval (a, b), 
then in this interval the matrices 


Yi(x)=¥(z)J-"(z),  2Z,(z) = J~*(x)Z(z) 
are solutions of 
Yi—Q,(2)¥, +MY, = 90, 2{—-Z,Q,(x)+uoZ, = 0, (6.2.6) 
such that 
W{Z,(x), Y,(x)}=0, 
where 
Q,(z) = Q(x) + A(z) 
and 
A(z) = Q,(z)—Qz) = —2[¥(x)Z,(z)! = —2[¥,(x)Z(x)Y. (6.2.7) 
Proof: For any non-singular differentiable matrix A(z), 
[A~(z)! = — A~'(a) A’(x) A~1(z) 
and therefore 
[Jal = —J-x)Z(x)¥(z)J-'Uxz) = —Z,(x)¥, (x). (6.2.8) 
Hence 
Y\(z) = Y’(z)J—*(x) —Y(x)Z,(x)¥, (2), 
Zi(a) = J-\(2)Z (2) —Z,(2)¥ (2)Z(2), 
from which it follows that 
W{Z,(z), Y, (2)} = Z,(z)¥’(x)J~'(x) —Z,(x)¥ (x)Z,(z)¥, (x) — 
—I~*(2)Z" (2), (2) +Z,(2)¥, (z)Z(x)¥, (z) = 
= J~\(x)[Z(x)¥"(x) —Z’(x)¥ (x)]J-'(x) — 2, (2) (¥ (x) J- Ma) Z(z) — 
—¥(z)J-Nx)Z(2)|¥, (2) = J-(rz) W{Z(x); Y(x)}J-M(x) = 0, 
and thus one part of the lemma is proved. 
Now consider 
Yi (x) = ¥”(a)J~Ye) + 2¥"(2) [J~Ma) +¥ (2) [J-H(2)]”- 
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By (6.2.8), 
Yy (2) = ¥”(x)J—'(x) — 2Y’(x)Z,(a)¥, (x) — 
—Y(z)(Zj(2)¥, (z) + Z,(z)¥ 3 (2)]. 
Since W {Z,(x), Y,(xz)} = 0 by the above, 
Yy(z) = Y"(a)J~\(a) —2[¥ (2)Z, (x), (2). 
Thus, using the equation defining Y(z), we obtain 
Y3(z) = (Q(z) —uol¥ (2) J—-(x) — 2[¥(z)Z,(2)]Y, (2), 
1.e., 
Yj (x) —{Q(x) — 2[¥ (x)Z,(z)!'} Fy (z) + Mo¥ (2) = 9, 


where 


[Y (a)Z, (x) =[V (2) IJ-*(z)Z(@)V =[¥, (2) Za)’ 


The derivation of (6.2.6) for Z,(z) is carried out similarly. 


The above lemmas imply the following theorem. 


THEOREM 6.2.1: Let Y(z) and Z(a) be matrices satisfying 


Y"—Qa)\¥+u¥ =0, 2’-ZQ(2)+uZ=0 (a<2<b) 


for which W {Z(xz), Y(x)} = 0. Let J(x) be an indefinite integral of 
Za) Y(z) [J’(z) = A(x) Y(xz)] having an inverse in the interval 


a<2<b and define 
Y,(z)=Y¥(z)J-\(z), Z,(z)=J~*(z)Z(a). 
Then the transformation 
P(x, w) = O(a, w)—Y, (x) W{Z(z), D(x, w)} (ug—p)? 
carries any solution D(z, u) (u ~ Uy) of 
DO” —Q(z)G+uG = 0 
into a solution P (a, u) of 
P”—[Q(x) + Aa) ¥ +n = 0,- 
where 
A(z) = —2[¥(x)Z,(2)¥ = —2[¥, (x)Z(a)/. 
The inverse transformation is given by 
D(z, w) = P(x, w)+¥(z)W{Z,(x), P(x, w)} (uo—H)“*, 
-in which 
Y(z) = —Y,(z)Jy\(a), Zax) = —Jy*(2)Z,(z), 


(6.2.9) 


(6.2.10) 
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and J4(x) is that indefinite integral of Z1(x) Y4(x) for which — Jy(2) = 
= J—\(a9) for some %q (and hence for all x €(a, 6)). 

Proof: The statement pertaining to the transformation (6.2.9) 
is an immediate consequence of formula (6.2.4) of Lemma 6.2.1 and 
the result (6.2.6) of Lemma 6.2.2. The expression (6.2.10) for the 
inverse transformation follows from the relation 

Y(z)W{Z,(2), Ye, u)} = ¥y(e)W{Ze), G2, p)}, 
which can be verified directly. Finally, from (6.2.8), it follows that 
—J-l(z) is an indefinite integral J,(z) of Z,(z) Y,(z). Therefore, 
¥ (2) =Y¥,(z) J(z) = —Y,(2) pe) and A(z) = J(z) A(x) = 
=—Jj;1(x) Z,(x), where J;(x) is that indefinite integral of Z,(x) Y,(z) 
which coincides with —J—1(z) for at least one value zy (and hence 
for all x). 

The theorem is proved. 

REMARK. In the sequel, we shall need the special case of Theorem 
6.2.1. in which Q(z) is Hermitian and yy is a real number. If Y(z) 
is such that W{Y*(z), ¥(z)} = 0, then we may take Z(z) to be + ¥*(z) 
and J(xz) to be a Hermitian (and non-singular) indefinite integral 
of +Y*(x) Y(z). In this connection, (6.2.9) becomes 


P(x, w) = Bix, u) FY, (e) Ww), Dlx, 2)} (up—w)-2 (6.2.11) 
and V(z, u) satisfies the equation 
PY” —[Q(z) + A(z) V+ up = 0, 
in which 
Uz) + A(z) = Q(z) F2[¥ (az) I~ (x)¥*(z)l’ 


is also Hermitian. 


§ 3. Transformation of Parseval’s Equality 


Consider the differential equation 
U” —Q(z)U +uU = 0 (a <2 <b), 


in which Q(z) is a Hermitian matrix and uw a parameter. 

We shall say that Parseval’s equality holds for a family of solu- 
tions U(z, uw) of this equation if for —co < y < oo, there exists a 
Hermitian matrix P(u), whose quadratic form is a non-decreasing 
function of u, such that for any matrices ®,(z) and ®,(z) with ele- 
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ments in L(a, b), 
b oo 
J D(x) @3(x)dz= fU(G,; w)dP(u)U*(®,; uw), (6.3.1) 
a —o 
where 
B 
U(®; w)= lim. f G(2)U(a, p) dx (6.3.2) 
p>b * 


(the last integral converges in the metric that is defined in the na- 
tural way in terms of P(y)). 

Now, applying the transformation (6.2.11) to U(z, wu), we obtain 
a family of matrices U,(z, yu) satisfying 


U;—[Q(z) + A(z)]U, +e, = 0, 
in which 
A(x) = F2[¥(x)J~*(a)¥*(2)I. 
We shall show that under certain conditions, a Parseval equa- 
lity of a similar kind also holds for the family U;(z, yu). 
The transformation (6.2.11) is not of integral type, but it can 
be put into a form very close to that of an integral transformation. 
This is a consequence of the following simple lemma. 


Lemma 6.3.1: If Y*(t) D(t, u) ts summable in the neighborhood of 
t = a, then (6.2.11) can be represented in the form 


b 
P(x, w) = P(e, w)F f Holz, )O(t, w) dt FY, (2)B(u), (6.3.3) 


where 
VAC is 1 a ala (6.3.4) 
0, a<a@<t< b, 
Bo(u) = lim W{Y*(x), D(x, u)} (Uo—H)?- (6.3.5) 


If Y*(t) Ot, 4) is summable inthe neighborhood of t = b, then (6.2.11) 
can be represented in the form 


b 
P(x, u) = Oz, w)t f Hy(z, Olt, u)dtFY,(z)By(u), (6.3.6) 


VI. SPECIAL TRANSFORMATION OPERATORS 159 


where 
Hy(2, t)=) seers 
Y, (x)¥ *(t), a<z<t<b, 
By(u) = lim W{P*(x), D(a, 2)} (Up — 
x—>b 


Proof: Suppose that the elements of the matrix Y*(t)®(t, u) are 
summable in the neighborhood of ¢ = a. Then setting Z(x) = Y*(z) 
in (6.2.5), we obtain 


W{Y*(z), D(z, w} (Uo — #)~27— W{F*(E), DE, u)} (ug—w)—? = 
= f Y*(t)O(t, ys) de. 
€ 


Hence, when § — a, 
x 


WIY*(z), De, u)}(up—u)-? = [Y* OE, u) dt+ Balu), 
where ‘ 


Ba(u) = Jim W{Y*(E), BE, 1)} (Ho— 
Therefore, (6.2.11) is oss as 
P(x, w) = Plz, w)F J Yy(2)¥*()O, w) dtFY, (x) Balu), 


and this is equivalent to (6.3.3). 
The proof of formula (6.3.6) for the case where ¥ *(t)®(é, 4) is sum- 
mable in the neighborhood of ¢ = b is completely analogous. 
Remark. The expressions (6.3.3) and (6.3.6) have been derived 
under the assumption that u ~ fp. However S in addition to the 
hypothesis of the lemma, the Wronskian W{Y*(z), D(z, u))} vanishes 
(the Wronskian is clearly independent of 2), thei 


b 
P(x, jo) = D(x, ug) = f Halz, t)B(E, ) dt 
or 


b 
P(2, ty) = D(x, ug) + f Hela, t)B(t, U9) a) 


is also a solution of the. transformed equation when wu = fy. This 
is shown most simply by direct verification. 
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THEOREM 6.3.1: Let Parseval’s equality (6.3.1) hold for the family 
of matrices U(x, u), and suppose that this family is transformed into 
U,(a2, uw) by means of (6.3.3) (or (6.3.6)), in which the elements of 
Y(t) are square summable in the neighborhood of t = a (or t = b) and 
B,(u) (or By(u)) satisfies the conditions: 


(1) f Balu) €P(u) BYy) ( f Bow) aD) BSW» oxiste; 


, 


{2) for all matrices (x) with elements in I*(a, b), 


f U®; w) dP(u) BEu)=0 ( fue » au) Beta) =0) 
If D(x) is any matrix with elements in L*(a, b) that vanish in the neigh- 
borhood of x =a and x= 6b, then 
b co 


f D(z) G*(x) dz = f U,(®; p) dP(u)UT(G; w)+ 


a 


| +¥,(®)[+J(a) — Bla ¥3(®) (6.8.7) 
or 
b : oo 
J D(a) *(a) da = J Uy (Ou) dP(u)UZ(; w)— 
as (D)[4I()+ BOTH (®)), (6.3.8) 
with | 


b b 
U,(®; u)= f B(x), (2, w) dz, Y,(®)= f G2), (x) de; 


Bia)= f By(u)dP(u) Bau), Bb)= f By(u) dP(u)Be(u). 
Proof: Suppose that U(z, wu) is transformed into U,(z, uw) by means 
of (6.3.3) and that the elements of Y(z) are square summable in 
the neighborhood of z =: a. Let us premultiply both sides of (6.3.3) 
by some arbitrary matrix ®(z) with elements in L*(a, 6) vanishing 
in the neighborhood of z = a and z = ), and let us integrate the 
result over the interval (a, 6). This yields 


U,(®;.u) = U(®; wu) + 


b b 
$ f Gz) dx f Hla, t)U(t, wu) dt FY, (®)B,(y). 
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Interchanging the order of integration and defining 


Dy (x)= Jo £)Ha(é, 2) dé 
we then have 
T,(®; w) = UD; w) -U(Oy; pw) FY, (HD) Bay). 
Moreover, the elements of ®;,(z) can easily be shown to belong to 


[*(a, 6). Therefore, applying Parseval’s equality (6.3.1) and the con- 
ditions (1) and (2) on B,(u), we obtain 


eo b 
f U,(G; w) dP(u)UF(G; pw) = f O(2)O*(a) det 


zf D(x) @*, (x) da T J D jz (2) O*¥ (2) da + J Dy; (2) OD, (2) da + 


+Y, (®)B(a)Y¥(®). (6.3.9) 
We next find that 


z J P(x) D*, (x) ine f On(e @* (x) da + J ®x(@ OF (2)dz = 
=i P(z) ! FHG(E, ) FH, (a, E)+ 
+f Hy (a, t)H*(E, t) ae ome dt dx 
and using (6.3.4) for 2 = &, that 
FHG(§, 2) FHa(z, £)+ J Hol )HE(E, 0) dt = 
= FY,(x)¥*(é are (t)¥ (t) dt - Y7(é) = 


= ¥, (2) {FY*(E)t[J(E)—J(a) V2 (O} = FY, (z)J(@¥F (6), 


since by definition Y*(¢) = J(é)¥7(é). 
A simple computation shows that this result is also true for 2 < ¢. 


162 THE BOUNDARY-VALUE PROBLEM WITH SINGULARITIES 
Therefore, 


= J He (dee f Ont )B*( f)de t f Oxta ) OF, (x) da = 


bb 
ea | P2)¥, (x) J(a)¥ * (£)O*(E) dé da = 


= FY, (®)J(a)¥ *(®), 
and from this and (6.3.9), we have 


f U,(G; w) dP(u)UF (G; yw) = 


b 
= | G(x) G*(x) de-Y, (S)[+J(a) — B(a)|VF(®), 


This is equivalent to (6.3.7). 

The expression (6.3.8) can be derived ina similar way; in this 
case the transformation has the form (6.36), and the elements of. 
Y(x) are supposed to be square summable in the neighborhood of 
a= 6b. 


CHAPTER VII 


Spectral Analysis of the Boundary-Value Problem 
with Singularities 


§ 1. Statement of the Problem. Notation 


The general scheme for treating a singular boundary-value prob- 
lem described in §1 of the preceding chapter leads in each specific 
instance to a more or less painstaking analysis. Therefore, we shall 
confine ourselves to the detailed consideration of one such problem 
which is encountered in the theory of the deuteron. 

This boundary-value problem consists of the matrix differential 
equation 

Y” —[V(x) + 6a—?P]¥ +A2¥ = 0 (O<a@<co}) (7.1.1) 
and the boundary condition 
Y(0, 4)=0, 
where V(z) is a second order Hermitian matrix and P a projec- 
tion of rank 1. 

Concerning V(x), which we agree to call the potential matrix, we. 

make the assumption that for some ¢ (0 < « < 1) 


J at+6|V(a)|de<o = ({ | <e). (7.1.1) 
0 
Thus, the singularities of the problem in question are contained. 


only in the term 62~?P. 
Without loss of generality, we may also take 


0 0 
P=(9 1): (7.1.2) 


since the general case can be reduced to this simpler formulation. 
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The boundary-value problem described by equation (7.1.0) (with 
V(a) satisfying the inequality (7.1.1)) and the boundary condition 
Y(0, A) = 0 will be denoted in the sequel by (7.1.0)—(0). In the 
course of our investigation, we shall encounter problems charac- 
terized by other differential equations but the same boundary con- 
dition Y(0, A) = 0, and we shall agree to use the analogous notation 
(...)—(0), in which the number of the corresponding differential 
equation will be indicated in the first pair of parentheses. 


§ 2. Particular Solutions 


In the later presentation, certain particular solutions of 
Y” —[V(xz)+6x-2P|Y = 0. (7.2.1) 
will be needed. 
THEOREM 7.2.1: If for some 6 = 0 (6 < 2) V(x) = ||v,,||? 
satisfies the condition 


oo 


f x42 | V(x) |da<=, (7.2.2) 


then (7.2.1) has a fundamental system of solutions Y2(x) and Y2(z) 
such that 


Y%(z) = (; + 0(a—*) o(a—2—8) ) bed 2 


o(a~ °) a2 + o(a—2-*) 
¥2z) = & + 0(a1—8) o(x3—8) ) eotehs 
o(z!—8) x3 + o(a3—2) 


These relations may be differentiated to obtain asymptotic relations 
for the derivatives. 

Proof: Assuming that 0 < a = x < co, consider the system of 
integral equations 


yX(a) = 14 f (¢—2) oly R(t) + ray Blo a, 


3 oo 
YR(z) = —= | tomy (YR) + Pall) ySR(E)) dt — 
x 
x 


== | elon (tile + malt¥R(O] ae (7.2.8) 


» 
a 
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This system can be expressed in the form 


n(x) = not f{ Ala, t)n(t) dt, (7.2.4) 
where | 
- cm) -( 1 ) 
z)= : = ’ 
ae Cae ae 
0 0 
1» nee 
(2. Bv,,(t) —ze 2#3y.0(t) |, axt=z 
A(z, t) = 
(¢— x)v4, (4) (t —2)v,,(t) 
| — 5 att *oy(t) 5 tt) ee es 


From this expression for the kernel A(z, ¢) and from (7.2.2), it fol- 
lows that 


J | A(z, 1) |dt=q<1 

a 
for a sufficiently large and for any z in the interval a = z < oo. 
Therefore using the method of successive approximations, we can 
show that (7.2.4) has a unique bounded solution in the interval 
a= 2x< oo for a sufficiently large. In this connection, 

| n(x) | = (1—g)?. 
By means of this estimate and (7.2.2), we then find from (7.2.3) 
that 

yBla) = 1+ola-), yy Bla) = ola) 
as 27—-> co, 
From the equations obtained by differentiating (7.2.3), we con- 

clude in the same way that as x7 — oo 


[yii(z)! =o(z1-), [yoi(z)/ =o(a-1—*). 

Finally, by the differentiation of the relations in (7.2.3), we can 
verify directly that (x) is a solution of the system (7.2.1). The 
vector 7(x) forms the first column of the matrix Y2(z). 

Now consider the equation 


oo 


C(x) = Co(z)+ f A(z, C(t) dt, (7.2.5) 


a 
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_ (yiz(2) _{ 9 
= ey ae ay 


and the kernel A(z, ¢) is the same as that of (7.2.4). Any solution 
C(x) of the integral equation (7.2.5) is also a solution of the system 
(7.2.1). Transcribing (7.2.5) into the form 


in which 


x2C(x) = 2Co(x2) + forrae, t)t2C(t) dt (7.2.6) 
and noting that by (7.2.2), 
far | A(a, t) | dt =qg<l1 (a =2%<0) 


for a sufficiently large, we conclude that (7.2.6) has a unique solu- 
tion z?¢(z) bounded at infinity, by the method of successive appro- 
ximations. Using (7.2.2), we then find. from (7.2.6) that 222(2) = 
= 27Co(z) + o(2-*) as 2% 009; moreover, this asymptotic relation 
may be differentiated. Thus, the equation (7.2.5), and therefore 
(7.2.1) as well, has a vector solution ¢(z), with components having 
the following asymptotic behavior at infinity: 


Y{2(2) = o(a—2-*), [y{a(z)l’ =o(2-F) ; 
Yoe(z) = 2? +o(2-?-*), [yse(a)’ = —2a~%+ o(z-3-*). 


The vector C(x) yields the second column of Y2(z), and thus the 
existence of the matrix solution Y2(z) of (7.2.1) is proved. 

The existence of the matrix solution Y®@(z) is proved similarly. 
Its columns are the respective solutions of the following two systems 
of integral equations: 


yf] = 2+ f (22) [YAO + %2()y RO] at, 


Yai(z) = 5 eo )Y TEE) + Veo (t)y z(t) dt — 


-3[e [voi (t)yTi(t) + Vgq(t)ysy(t)] at 
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and 
yz) = fe =) [041 (t)y Blt) + 49(t)yB(2t)] at, 


ne al 8 Up1(t)yi2 (2) + Vea(t)y ae (t)] at — 


ee | t—*[v,,(t)y2(t) + r99(t)yQX(2)] dt. 


Solutions to these systems can be shown to exist in the interval 
a= x < co when a is sufficiently large. 

THEOREM 7.2.2: If for some 6 = 0(6 < 2) V(x) is a matrix for 
which 


f ai—$|V (x) | draco, (7.2.7) 
0 


then the equation (7.2.1) has a fundamental system of solutions Y)(x) 
and Y3)(x) such that 


Yn) = & + o(a*) o(a—2+8) ) e+ 0), 


o(2*) x—? +. o(a—2+6) 
yer) — (2+ o(zit?) o(a3+?) 0) 
(x) = oleel+8) 23 + 048+?) ) (a —> Q). 


These relations may be differentiated to obtain asymptotic relations 
for the derivatives. 
The proof is similar to that of the preceding theorem, and we 
shall therefore merely give it in outlined form. 
_ Consider the following four systems of integral equations: 


yB(x) = 1— f t[r,3(t) y(t) + r42(t)yQ(t)] at — 
0 


-af [myn )+V%elt )y si (t)] at, 


2 (0=2 =a) 
yai(z) = — = {eu (t)Y (0) + Pap(t)y(t)] at — 


a * 
2 ( Aaya (ty RIE) + ral ty ROO] as 
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yR(2) = if (¢—2) [uy BO + r2(A)y BOO at, 


yB(a) = 2 "fot ote OE: 4G m) 


-2 f tony VB) + Oya BO aes 


y2(a) = ot f (w—t)[v,y(t)y Ql) + r42(2)y2(2)) at, 
0 


lea | 3[ 5, (t)¥T2 (4) + Vag(t) ye (E)] dé — 


ae ar —2154(t)y2(t) + Paa(t)yR(2)] ats 


yB(x) = f (e—t) [ry BO + r2(ty BO] at, 
0 


yB(x) = a+ 


(sr@< oo) 


fe = (234-2 — 2-70) [vga (t)y R(t) + Dga( ty RO] at. 


Any solution of each of these systems is simultaneously a solution 
of the system(7.2.1). 

By the use of (7.2.7), it is possible to show by the method of 
successive approximations that if a is sufficiently small, then each 
of these systems has a unique solution. The solutions of the first 
two systems comprise the columns of Y(?(a) and those of the last 
two systems the columns of Y(?)(): Furthermore, Y(z) and ¥¢?(z) 
will have the asymptotic behavior at x = 0 stated in the theorem. 

Remark. If V(x) satisfies the condition (7.2.7), then obviously 
s0 will the matrix V(x) -A?I for any value of 4. 
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Therefore, (7.2.7) assures the existence of a fundamental’ system 
of matrix solutions of 


¥” —[V(a) +6a-2P]¥ + 2¥ = 0 


for any value of A, and these will have the same asymptotic behavior 
at z= 0 as do YP(a) and YP). 


§ 3. The First Transformation 


1.. Consider the matrix differentia] equation 
Y" —[V(x)+62—-*P]¥ + Aa2Y = 0, 0O<2< ~~, 


where V(x) = ||; ||? is a Hermitian matrix satisfying. (7.1.1) 
and P is the projection (7.1.2). 

Let us denote by ® (2, A) the solutions of this equation which 
at z= 0 have the asymptotic behavior 


2+ 0(21+6) o(a3+9) 
o(ar1 +6) a3 + 0(23+9) 


The existence of such solutions follows from the remark of Theorem 
7.2.2. The same remark implies that any solution of (7.1.0) vanish- 
ing at z= 0 is of the form ®(z, A) C(A), whereC(A) is a matrix 
not depending on 2. 

In this and the next two sections, it will be shown that with the 
aid of the transformations of §2, Chapter VI the matrices 
© (z, 4) can be converted into solutions of equations without 
singularities also vanishing at « = 0. This will permit the reduction 
of the problem (7.1.0)—(0) to some non-singular problem investi- 
gated in detail in the first part of the book. 

We begin by removing the singularity at infinity. By Theorem 
7.2.1, the equation (7.1.0) for 4 = 0 has a solution Y(xz) = Y2(a)P 
with the asymptotic behavior 


P(x, 4) = ( ) (@<s). (7.3.1) 


0 o(x—2-6) 
Viz) =[ | = [2-22 + 0(a—-2-0)JP (4+), (7.3.2) 
= (Sage TMP fees 
for any §< , and this relation may be differentiated. 

We recall that the symbol o{g(x)} occuring in any matrix equation 
is to denote a matrix with elements of the order o{p(z)}. 

From (7.3.2), it follows that W{Y*(x), ¥(x)} = 0 (since this holds 
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when 2 -—+ oo), and that the matrix 
Y, (a) = ¥(2) lige a Y*(t)¥(é) ae] (7.3.3) 


exists for all positive values of z. 
Therefore, if ®(x, A) (A ~ 0) is any solution of (7.1.0), then by 
Theorem 6.2.1 and its remark, the matrix ®,(z,/) defined by 


®, (xz, A) = D(a, A)+¥, (x) W{¥*(x), Dla, A)}A-? = (7.3.4) 
satisfies 
Y” —V,(x)¥ + 22¥ = 0, 0<2<~, (7.3.4) 
where 
Vi (x) = V(x) + 6a-2P —2[Y, (x)¥*(2)/. (7.3.5) 
The application of (7.3.2) then yields for any 9 <« 


k —P— freore awl = I—P—323P +Po(z3-8)P (4+), 


Y,(z) = [—32I + 0(a1—8)]P (2 —» co), (7.3.6) 
and these relations may be differentiated. Therefore, 
2[Y, (x) ¥*(x)! = 62-2P + o(a—2-6) (a2 —> co) 


and by (7.3.5), Vy(z) = V(x)+o0(2-2-®). This means that for any 
6 < «, V,(x) satisfies the condition 


f at+0| Vy (a) | da<oo, (7.3.7) 


In order to determine the asymptotic behavior of V,(x) at zero 
we make use of the fundamental system of solutions Y{(x) and 
Y(? (a) whose existence was proved in Theorem 7.2.2. We can write 


Y(z) = YP(z) AP +Y¥P(2) BP, 


where A = || a;; ||7 and B = || 6;; ||? are certain constant matrices. 
Hence, for any 6 < e, 


Y(s) = (° +o(2) — o(a2+8) ) fs =) + 
o(a*) z~?+ 0(a-2+9)7\0 doo 
rm (; byt + o(zt ” (7 -» 0). 
0 o(ai+s) 


(7.3.8) 
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Suppose first that a,. # 0. Then as z— 0, 
¥ (a) = [agqu-2I + 0(x-2+8)]P, (7.3.9) 


gd -1 
|#-P- J Y*(r@) | - 


Y,(z) = [—3eggal + o(xit0)]P. (7.3.10) 


These relations, as one can easily verify, may be differentiated. 
Therefore 


(7.3.9) 


2[Y, (x) ¥*(x)! = 62—*P + o(x2—?18) (2 —> Q) 


and by (7.3.5), V,(z) = V(x)+o(a-2+®) as +0. Thus for the 
case in question (a,, ~ 0), 


f 21-0 | V, (a) | dz<oo (7.3.11) 
0 


for any @ <«. ; 
Now let ada. = 0 but a. #0. In that case, for any @ <«, as 


2 —> 0 (see (7.3.8) 
Y(2) = ( ia (7.3.12) 
|1-P- i Y*(t)¥(t) ae = [—P—m®P+Po(z)P,  (7.3.12’) 
in which j 
m-2P = freore dt. (7.3.18) 
Hence, for any @ <« 


0 —a,,m? + 0(x°*) 
Y = - = 3.1 
1(2) ¢ ee ) (@--0), (7.8.14) 


and again this relation may be differentiated. Therefore when 
Ago = 0 and ay, ~ 0, we have 


Q[Y, (x) ¥*(x)V = ofa-1t0), V(x) = V(x) +6a-2P + o(a—1*8) 
as z— 0 so that 


f 21-9 | V, (x) —62-8P | dx < (@<e). (7.3.15) 
0 
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Finally, if dg. = ay. = 0, then by (7.3.8) 


_ {9 byx+ (xt) nd 
Y (a) =(° ole! +6) ) (2 —> 0), (7.3.16) 


and it is easy to verify that this again leads to the inequality (7.3.15). 
Thus we have proved the following 
Lemma 7.3.1: Any matriz D(x, A) obtained from a solution D(z, A) 
of (7.1.0) by means of the transformation (7.3.4) ts a solution of 


—V,(4)Y¥+A°Y = 0, 0<2r<~—, (7.3.A) 
in which Vy(x) has the following properties: 
(1) f 2t+0| Vy (2) | dz<eo (@<e); 
(2) if do A 0, ie, Y(z) + co as x0, then 
f wl—6 | V, (x) | dxa<oo (6<e); 
0 


(3) if do = 0, i.e., Y(x) is bounded at z= 0, then 
‘f at-0| V, (x) —6a-?P | da<co (O<e). 
0 


The other properties of the transformation (7.3.4) that will be 
needed are contained in the following there lemmas. 

Lemma 7.3.2: Any matrix BY (x, A) obtained from a solution B(x, A) 
of (7.1.0): (see the formula (7.3.1)) by means of the transformation 
(7.3.4) has the following asymptotic behavior at x = 0: 

D(x, A)=O(z), if #0; 
DO (x, A) = G(x, A) + O(z4), if Geo = Gy, = 0; 

OM(x, A) = Oa, A)+Y, (x) BoA) +O(z*), if a. = 0, a, # 0, 
where 

as 2 9 
BJA) = : 0 Fe 0 a4,m? + o(x’) 50), 
@,,A-? 0 0 o(x*) 


These asymptotic relations may be differentiated. 
‘Proof: Let dg, ~ 0. Applying Lemma 6.3.1, we can write (7.3.4) 
in the form 


Ba, A) = Ga, A) +¥, (a lJ tf Y*(t)P(t, A) a+ B,C) |, 
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where 
By (A) = W{¥*(z), B(x, 2)} |x=1A-?. 


By (7.3.1), (7.3.9) and (7.3.10), wefind from this that B(x, 2) = O(z) 
as z— 0. 
lf Qoo = Q49 = 0, then by (7.3.1) and (7.3.16) 


lim W{Y*(x), B(x, A)}=0, 
x—>0 
and the transformation (7.3.4) becomes 
x 
DBO (x, A) = B(x, A)—Y, (x) f V*()\G(E, A) dt. 
0 
Thus, by (7.3.16) and (7.3.3), OO (2, A) = O(a, A)+O(28) as x — 0. 


Finally, let ag. = 0, but a,, ~ 0. Then by (7.3.1) and (7.3.12), 
lim W{¥*(z), D(z, 4)} A-2=A-2¥*(0)H(0, 1) = BY(A), 
x—>0 


0 0 
B,(A)= . 
me one 0) 


Applying Lemma 6.3.1, we obtain 


where 


BO (z, A) = P(x, A)—Y, (x) f V*()G%t, A) dt +¥, (z) By(A). 
0 


This expression in conjunction with (7.3.1), (7.3.12), and (7.3.14) 
then yields 


OM (z, A) = O(a, A) +¥, (2) Bo(A) + O(2?) 


as z— 0, q.e.d. 
LemMA 7.3.3: The transformation inverse to (7.3.4) is given by 


O(x, 4) = ©, (x, A)—¥ (x) W{¥ F(x), D, (x, a)} 4-2, (7.3.17) 


where 


¥(z) = Y,(z) |-P- ia Y#(t)¥, (0) al if dy, #0, (7.3.18) 
0 


P(2) = Y, (2) | (Li myp— f YFor,( a)” 
0 


if Boo = 0. 


(7.3.18’) 
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This lemma is an immediate consequence of Theorem 6.2.1 and 
the relations (7.3.9), (7.3.12’), and (7.3.13). 

Lemma 7.3.4: For any complex value of AA O0(ImA = 0), the 
equation (7.1.0) has a fundamental system of solutions E(x, A) and 
EQ(z, A) with the respective asymptotic behavior 

E(a, A) = e—**[I+0(1)], HM (a, 4) = e“[I+0(])] (x —+ 9). 
Furthermore, these relations may be differentiated. The transformation 
(7.3.4) (and its inverse (7.3.17)) preserves the asymptotic form of 
the solutions of (7.1.0) (or (7.3.A)) at infinity. 

Proof: Since the equation (7.3.4) has no singularity at infinity, 
according to Theorem 1.4.1 there exists a fundamental system of 
solutions E,(z,A4) and EY (2,4) of this equation for any 4 = 0 
(Im A = 0) such that 


Ey (2, A) = e**[I+0(1)], EY(z, a) = e*[T+0(1)] (a + -). 
Moreover, these relations may be differentiated. Applying (7.3.17) 
to these solutions, we obtain solutions H(z,A) and H)(2, A) of 
equation (7.1.0), where by (7.3.2) and (7.3.6) 

E(z, a) = [1+ O(a—*)]#, (a, a) (2 + 2), 
EM%a, a) = [I+ O(a-*)]H% (a, A) (ze). 

From this, all of the assertions of the lemma follow. 

2. We now consider in more detail the case where a, ~ 0, i.e., 


Y(2%) + co when x-+ 0. According to Lemma 7.3.I, the equation 
(7.3.4) then has no singularities: 


ftt917,(c)|de<o (| 8|<e). 
0 


Therefore as proved in the first part of the book, the boundary- 
value problem (7.3.A)—(0) has a finite number of negative eigen- 
values A? (k = 1, 2, ..., p) and a continuous spectrum over 
the entire positive axis (A? > 0). 

The normalized eigenfunctions U,(z, A) of this problem, for which 
Parseval’s equality holds: 


J O@)P*(2)de =2 U,(®; 4,)UE(P5 ay) + 
: z 


+ 3g | Val AUS(Y; a) dA, 
0 
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may be so chosen that as 2 — oo 

U, (a, A) = eI —e—Y*g( — J) + 0(1) (A > 0), 

U(x, Ay) = e—***LM, + 0(1)] (4 = 1, 2,..., p). 
Here S(A) is the scattering matrix and M,, M,,..., M, the nor- 
malization matrices of the problem in question. 

Now applying the inverse transformation (7.3.17) to U,(z, A) 
(A>0; A=A,, & =1, 2, ..., p), we obtain solutions U(x, A) of 
(7.1.0). According to Lemma 7.3.4, U(x, A) has the same asymptotic 
behavior at infinity as U,(x, A). Making use of (7.3.10) and the rela- 
tions U,(x, A) = O(x) and Uj(2, A) = O(1) when x — 0 (see Lemma. 
7.3.2), we easily find that 

lim W{Yf(a), U,(z, A)}=0. 

x—>0 
And therefore the inverse transformation (7.3.17) as applied to. 
O(a, A) is expressible in the form sg Lemma 6.3.1) 


U(a, A) = U, (a, a+YV (x J YT (4)U, (t, A) dé. (7.3.19) 


Hence, we immediately see that v0, A) = U,(0, 4) = 0, and by 
Theorem 6.3.1 and equation (7.3.18) we then have 


J D(a) O*(a) dx = ¥ UG; %)U*(®; aa) + 
° R=1 
+a | U(®; ayU*(D; 2) dA—Y(®) (I -P)V¥*(®). 
Here, (x) is any matrix with elements in L*(0, co) that vanish 
in the neighborhood of zero and infinity, and 
= f D(x)U (a, A) dz, Y(®)= f D(x)¥ (x) da. 
0 0 


Since Y(x)P = Y(x), we have Y(®)(I—P) = 0, and hence for all 
@(x) of the stated form, the following Parseval equality holds: 


f De) o%(x) de = VD; 4)U*(; Ay)+ 
Ps k=1 


if (7.3.20) 
+i | U(®; AU*(@; a) da. 
0 
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As usual, one can now show that (7.3.20) is valid for any matrix 
P(x) with elements in L°(0, ~). 

Thus, we have proved 

THEOREM 7.3.1: If dog # 0, then the boundary-value problem (7.1.0)— 
(0) has a finite number of negative eigenvalues (Af <0; k= 1, 2, 

. +) p) and a continuous spectrum over the entire positive axis (j2 > 0). 
There exists a complete set of normalized matrix eigenfunctions U(zx, A) 
of this problem satisfying Parseval’s equality (7.3.20). The eigen- 
functions possess the following asymptotic behavior at infinity: 


U(a, A) = e¥*I —e-Y*8( — J) + 0(1) (A > 0), 
U(x, Ay) = e~ Mel, + 0(1)] (k = 1, 2,...,p); 


where S(A) = S*(—A) is a unitary matrix (the scattering matria), 
and the M, are non-negative Hermitian matrices (the normalization 
matrices). 

The aggregate of quantities S(A), AZ, and M,(k=1, 2, ..., p) 
will henceforth be called the scattering data of problem -(7.1.0)—(0). 

CornoLLary. If agg + 0, then the scattering data of the problem 
(7.1.0)—(0) is simultaneously the scattering data of the non-singular. 
problem (7.3.A)—(0) and therefore has the properties I,, JJ,, III,, 
IV, and V (see §1, Chapter V). In this connection, the matrix F(t), 
of which J—S(A) is the Fourier transform, is summable over the 
entire real axis (see Theorem 5.6.2) and satisfies a stronger condi- 
tion than IJ,, namely, 


fate R(t) |de<oo  (|8| <e). 
0 


This result follows from the analogous condition for V,(z) and the 
inequality (3.2.7). . 

Remark. The scattering data for the case under consideration 
has one further property which is implied by the matrix Y,(z). 
In fact, this matrix is a solution of (7.3.4) when 4 = 0, and thus 
according to (7.3.10), Y4(z%) = —3a3/G,(z)P, where G(x) is the 
solution of (7.3.A) with A= 0 that satisfies the initial conditions 
G,(0) = 0 and @\(0) = I. Therefore, as x -» co (see Lemma 1.5.1) 


Y, (x) = —3aggaET (0)P + o(x1—0)P (6 < 8), 


and from this and (7.3.6) it follows that —3a,J/HT{(0)P = —3P; 
in other words P£,(0)'= a,.P. Using the special solution (1.3.2), 
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we finally obtain 


PE, (0) = PE, (2, a) 


exo = Pir J X,(0, 2) | = dP # 0. 
4=0 0 
(7.3.21) 


Since K,(0, t) is determined by the fundamental equation (3.1:12) 
based on the scattering data of the problem (7.3.A)—(0), and since 
this data coincides with the scattering data of the problem (7.1.0)— 
(0), the relation (7.3.21) is an additional condition on the scattering 
data of the problem (7.1.0)—(0) for the case do. # 0. 


§:4. The Second Transformation 


J. If dag = O(i.e., Y(x) is bounded at 2 = 0), then after the first 
transformation (7.3.4) the resulting equation (7.3.A) has exactly 
the same singularity at x = 0 as does the given equation (7.1.0). 
The elimination of. this singularity will be the subject of this section. 

Since (7.3.A) is non-singular at infinity, by Theorem 1.4.1, a 
solution F(z, A) of this equation exists for any A in the lower half- 
plane with the following asymptotic behavior at infinity: 


E,(z, 4) = e~**[I+0(1)], By (xz, a4) = —ihe—**[I+0(1)]. (7.4.1) 


On the other hand, by the remark of Theorem 7.2.2, this equation 


has a fundamental system of solutions Y(z, 4) and (2, 4) such 
that for any 0 <e 


P02, 4) = € + o(z*) o(a—2+8) es 0y 


(x) x2 + 0(¢—2+6) 
peer of +6) (7.4.2) 
PP(z, a) = (x 0). 
o(xi +8) x3 + 0(73+6) 
Moreover, these relations may be differentiated. 


Therefore, 


Ey (x, A) = PP(x, AC, (A) + PP(a, A)C, (A), 
where C,(A) and C,(A) are matrices not depending on z. 
If 4 is some pure maginary in the lower half-plane such that 


det C,(A) = 0, then the last equation shows that J? is an eigenvalue 
of the problem (7.3.A)—(0). 
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Let us now choose Ay = —‘ay (a) > 0) so that 22 is distinct from 
all of the eigenvalues of both of the problems (7.3.4)—(0) and 
(7.1.0)—(0).1 Thus det C,(A)) 4 0 and 


Y4(%, Ap) = By(x, Aj\CTMAy)P = PP(x, Ay)P+ 
+ PP (x, Ap)\CaAp)CTHAg)P 


is a solution of equation (7.3.A) for A = A, having the asymptotic 
behavior 

Y, (a, Ap) =e—2*O(1)P (x\—> o), (7.4.3) 

Y (x, Ag) = [x2 + 0(a—2+8)]P (x0; @<e) (7.4.4) 


(see (7.4.1) and (7.4.2)); moreover, these relations may be differen- 
tiated. 
Now define 


Y, (a, Ao) = Y (x, 5) [z+ frre Ap)Y y(t, Ap) al (7.4.5) 


and consider the transformation 
@D, (x, 24) = D, (x, A)+ 
+Yo(2, Ay) WIVT (2, Ap); @,|(z, [A)} (AR — 22). 


By Theorem 6.2.1, it transforms any solution ®,(2, 4) (A # A) 
of equation (7.3.A) into a solution ®,(z, 4) of 


Y”—V,(a)¥+22¥ = 0, 0 <"x < &, (7.4.B) 


(7.4.6) 


where 
Va(x) = Vy (x) +2[%, (a, Ag) E(x, Ao)’. (7.4.7) 
A simple computation using (7.4.3) and (7.4.5) shows that 
[Y2(x, Ao) ¥T (a, Ao) lV =e—220(1) (c+), 


and hence it is apparent that for any @ <e«, V(x) satisfies the 
condition 


Jf at+01V, (2) | da<co. 


1It is evidently always possible to do this since each of the indicated 
boundary-value problems has at most a finite number of eigenvalues. 
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By (7.4.4), we further have 


[7+ fr T(t, Ao)¥ y(t, Ao) al = 


(7.4.8) 
= I[—~P+323P+ Po(23t0)P (2 —> 0), 
Y, (a, Ag) = [8aI + 0(x1+0)]P (x —> 0), (7.4.9) 
and these relations may be differentiated. 
Therefore, 


[Yo (@ Ag VT(z, Ag)Y = —3x*P + o(az—2+0) (z — 0) 
and according to (7.4.7), 
Vy (x) = V, (x) —6a—?P + o(a—2+8) (x — 0). 
Thus, for any 9@<é«e 
f x1—8 |V, (x) | dr<oo, 
0 
and we have therefore proved 


Lemma 7.4.1: Any matrix ®,(x, A) obtained from a solution D,(x, A) 
of (7.3.A) (A 4 Ag) by means of the transformation (7.4.6) is a solution of 


Y” —V,(#)¥ +2°Y = 0, 0O<¢4<, (7.4.B) 


where for any |@| <e 
f wi+6| V, (x) | dr<co. 
0 


REMARK. By using (7.4.3) and (7.4.5), we can easily show that. 
the transformation (7.4.6) and its inverse preserve the asymptotic: 
form of the solutions at infinity. Furthermore, if the solution. 
@,(a, 2) of equation (7.3.A) behaves like o(e!*:l*) at infinity, then. 
lim W{Y T(z, Ay), Di(x, 2)} = 0, and as a consequence of Lemma. 
x—>co 


6.3.1, the transformation (7.4.6) is expressible as 


®,(x, 2) = @, (x, A)—Y, (2, A) free, Ag)®, (t, 2) dt. (7.4.10): 


Lemma 7.4.2: Let ®2 (x, A) and Y,(x) be the matrices obtained by 
applying the transformation (7.4.6) to D(x, 4) (see Lemma 7.3.2) 
and Y,(x), respectively. 
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Then as x0 
DP (x, A)=O(z), tf p= Ay = 
DP(@, A) = — | ayq[*m*A-4I—P)+0(2), if ay = 0, ayy £0, 
and for any values of 2 and yw distinct from zero and + Ay, 
Jim W{OP*(z, 2), DL(z, )} = | ayy [Pm*(u-*-A-*) (IP), 
fees W{P*(x, A), Y,(x)} = —Y,(0) = —Y,(0). 


Proof: According to Lemma 6.3.1, the transformation (7.4.6) can 
be written in the form 


Oz, 1) = Gx, 2)— 
L 
~Y, (2, Ao) | JEG A)OOC, a) ae+ 4a], 


in which .A,(/) is a matrix not depending on x. Hence by using (7.4.4), 
(7.4.9), and Lemma 7.3.2, we find that OP (x, 2) = O(x) at = 0 
for de. = dy, = 0. As a consequence, 


ae Or A), P(x, w)}=0. 


However, if dao = 0 but a,, ~ 0, then by the same Lemma 7.3.2, 
we have 


DP (wz, 2) = Oz, 1) +0(22) — 
1 


-¥, (2, ia) Jf VEC, 29) (GC, A +0(#)] det A ah 


+|¥, (2) -¥, (a, de) f VEG, 20), (0) | B,(A), 
: x 
and hence by virtue of (7.4.4), (7.4.9) and (7.3.1), 


P(x, 2) = af —P]+ k (2) Yq (x, do) f FEC, dels (0 | Ba(3) 
+Y¥, (a, Ap) Ag(2)+o(at+0) (+ 0). 
Or 
OY (x, A) = 2[I—P] +Y, (x) Bo(A)+ 


. (7.4.11) 
+¥, (2, Ag) Aad) + o(x+9) (x — 0), 
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where 
¥,(x) = ¥,(z)—Y,(a, A) [ VF(t, Ao\¥y(t)dt, (7.4.12) 


1 
Axa) = — f YF(, Ao) [O(E, 2)+ O(@)] dt + 
0 


+ [Y#(t, Ag), (é) dt - ByA)— A,(A).. 


1 


A comparison of (7.4.12) and (7.4.10) shows that Y,(z) is the image 
of Y,(z) under the transformation (7.4.6) and is therefore a solution 
of (7.4.B) for 4 = 0. 

The application of (7.3.14), (7.4.4), (7.4.9), and of the definition 
of B,(A) (see Lemma 7.3.2) to (7.4.12) then yields 


Y, (x) Bo(A) = — | ayy |2m?A-2(I — P) + o(x*) (6< «), (7.4.13) 


as x» 0, and this relation may be differentiated. 
The equations (7.4.11), (7.4.9) and (7.4.13) now show that 


DP (ax, A) = — | Ayq [Pm?A-*(I —P) + 0(2°) (7—+0, > 8), 
and also that 
lim W{DGO*(x, A), D(x, pi)} = | ayy |?m2(u-? —A-?) (I—P) + 
x—>0 
+ Tim [W{BSA$ (2), ¥a(@, do) Aa(u)} + 
+ W{ARA)PE (2, Ao), Yo (x) Bo(u)} + W{Bol(A)¥3 (2), Yo (x)Bolu)}]. 
But by (7.4.9) and (7.4.13), 
ey a(x), Y,(x, 4o)} = lim W{Y3 (x, Ao), Yo (x)}=9, 
and since the Wronskian W{Y}(x), Y.(x)} is independent of z, there 
results 
lim W{DP*(x, A), DGY(w, w)} = | ay, |?m*(u-?—2-*) (I— P) + 
xz—>0 
+ Bo(a) WF (x), Y2(x)} Bo(u). 
We now note that 


Y, (a) = Y, (x) + O(ae—2) (% — 0) 
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by virtue of (7.4.12), and therefore 
WiY3 (x), Y,(x)}= =. n WiF 3 (x), Y,(x)}= WIT (a), Y, (x)}. 


However, by Lemma 6.2.2, W{Y¥*(x), Y,(x)} = 0, and thus 
Jim W{DP*(a, A), OPC, w)} = | dae |2m?(u~* — A-*) (I —P). 


mies sik 
lim W{DL* (x, A), ¥2 (a)} = —Y,(0) = —Y, (0) 


x—>0 
can be derived from (7.4.11) and (7.4.12) in a completely analogous 
way. 
Lemma 7.4.3: The transformation inverse to (7.4.6) is given by 
®, (2, A) = ?, (2, A)- (7.4.14) 
-Y, (z, Ao) Wi{Y3 (2, Ao) ®, (2, Ay} (A§—A?)-?, 


where: 


Y,(z, Ay) = Y5 (2, re k —P+ f YE (t, Ao)¥o (ts Ap) — (7.4.15) 
0 


YEG, ada (t, ao) de=P (7.4.16) 


0 


Proof: 'The expressions (7.4.14) and (7.4.15). are immediate con- 
sequences of Theorem 6.2.1 and equations (7.4. 5) and (7.4.8). In this 
connection, we also have 


—l1 
k + if Y¥(t, Ad)¥ (t, Ao) a| = 
; x 
S (7.4.17) 
= I-P+ [YVE(t, A)¥ a(t, Ap) at. 
0 


Letting x tend to infinity, we find that 
I= 1I-P+ J Y*(t, A)¥. (é, A) dt, 
0 
and this result is equivalent to (7.4.16). 
2. Let us now consider the boundary-value problem (7.4.B)—(0) 


defined by the equation (7.4.B) and the boundary condition Y(0, A) = 
= 0. By Lemma 6.2.2, the matrix Y,(z, A,) is a solution of (7.4.B) 
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for A = 4). Furthermore, it vanishes at x = 0 (see (7.4.9)) and its 
elements belong to L*(0, co) (see (7.4.3) and (7.4.5)). As a conse- 
quence, /2 is an eigenvalue of the boundary-value problem in ques- 
tion, and any non-zero column of Y,(z, A,) is a corresponding eigen- 
function in normalized form by virtue of (7.4.16). Since (7.4.B) has 
no singularities, the problem (7.4.B)—-(0) has possibly a finite number 
of additional negative eigenvalues (Afg<0; &=1, 2,..., p—1) 
and a continuous spectrum over the entire positive axis (Aj? > 0). 

Let the matrices U,(x, A) (A > 0; 2 =A,, k= 90, 1, 2,..., p—1) 
form a complete set of normalized eigenfunctions of this problem, 
for which the Parseval equality holds: 


f Oe o*(2) de = "5 U5(@; HUH; Ay) + 
2 


e (7.4.18) 
tag | Mle AUG; a) da, 


and such that as 2—> oo 


U, (a, 4) = eI —e-¥*§( — 2) + 0(1) (A> 0), (7.4.19) 
U, (a, ay) = e—*[M,+0(1)] i(b = 0, 1,...,p—1). (7.4.20) 


Here, S(A), Az, and M), comprise the scattering data for the problem 
under consideration. From the above properties of Y,(z, A,) we have 


U, (x, Ao) =Y, (x, Ao) O; 


where U is a fixed unitary matrix. 
To U,(x, 4), we now apply the transformation (7.4.14) which in 
the present case can be expressed as 


Uy (a, a) = Uy (2, A)—Yy (a, (Ao) f VEC, Ao)Ua(t, 4) dt. (7.4.21) 
0 


In fact, Lemma 6.3.1 is applicable since U,(x, 2) and Y,(z, Ay) are 
both O(z) as «—0, and thuslim W{Y¥3(a, 4,), U2(z, A)} = 0. By 


x—>0 
Lemma 7.4.3 and the remark of Lemma 6.3. 1, the matrices U(x, A) 


(A>0; A=A,, k=O, 1, 2,..., p—1) are solutions of equation 
(7.3.A). Because of the remark of Lemma 7.4.1, they have the same 
asymptotic behavior at infinity as U,(xz, A) for A # Ap, i.e. they are 
asymptotically equal to the right-hand sides of (7.4.19) and (7.4.20). 
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Taking into consideration (7.4.4), (7.4.9), and the fact that 
U(x, A) = O(x) at x = 0, we find from (7.4.21) that U,(0, 2) = 0. 

Finally, (7.4.18), (7.4.21), and (7.4.15) in conjunction with Theorem 
6.3.1 yield 


J Dea)@*(2) de ae U(D; a,)Ue(G; ay) + 

- (7.4.22) 

+3 | U,(®; aU; a) da+¥,(G; 4) I-P*(®; A,), 
0 


where @(z) is any matrix with elements in L*(0, oc) vanishing in 
the neighborhood of zero and infinity, and 


U,(®; A= f Pla)Uy(w, ade, Yy(G; Ag)= f G(a)¥, (a, Ap) dee. 
0 ; 0 
We now note that Y,(x, Ay) = Y4(z, Ap) P and hence, 


¥4(®; a) (I—P) = ¥,(®; 4)P(UI—P) = 0. 
Furthermore, 


U, (x, dg) = Uz (a, Ap) —Y, (a, Ap) [ VE(t, Aq)U2(t, do) dt = 
, 0 


= k (a, Ay) -Y (2, Aa) f PEC, AF a(t, do) a | U = 
J rE 


—1 


= Y, (2, Ao) [7+ f V¥e, Ao)¥, (t, Ao) a| as 


— [YE(, Ap)¥a(t, do) a U, 


0 
and according to (7.4.17) we conclude from this that 


U, (a, Ao) = ¥1(%, Ap) (I-P)U = 0. 
Hence, the formula (7.4.22) actually has the following form: 
J P(x) @r(x) da = ZF Uy(D; AUF; Ay) + 
0 =1 


7; (7.4.23) 
+z | U,(®; aUs(®; Adda. 
0 
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Thus, the matrices U,(z,4) (A >0; A=’, k = 1, 2,..., p—1) 
form a complete set of normalized eigenfunctions of the boundary- 
value problem (7.3.A)—(0), and the Parseval equality (7.4.23) holds 
(which by the usual means can be extended to any matrix D(z) 
with elements in L7(0, co)). At infinity, these eigenfunctions have 
the asymptotic behavior described by (7.4.19) and (7.4.20).? 

3. Let us now apply to U,(z,4) the transformation (7.3.17) 
inverse to (7.3.4), restricting ourselves at this point to the case 
Agog = Ay. = 0 (i.e., Y(O0) = 0). According to (7.3.3) and (7.3.16), 
Y,(z) = O(z) as z->+0 60 that lim W{Y#(z), U4(x, 4)} = 0. There- 

x->0 
fore the transformation (7.3.17) may be applied to U,(z, A) in the 
form (7.3.19). 

As a result we obtain the matrices U(z,j4) (A>0; A= A, 
k = 1, 2,..., p—1) which are solutions of (7.1.0) vanishing at x = 0 
and having, by Lemma 7.3.4, the same asymptotic behavior at 
infinity as the matrices U;(z, A). Moreover, since Parseval’s equality 
(7.4.23) holds for the matrices U,(z, A), by (7.3.19), (7.3.18’), and 
Theorem 6.3.1 we have 


= —1 
f De)O*(a) dz = F UH; AU; + 
rd =1 
+52 | A)U*(®; A) dA—Y(®) [I —P—m?P]¥*(®). 
0 
But Y(z)P =Y(x), and hence Y(®)(I—P) = 0. Therefore setting 
U(x, 0) = Y(x) m, we obtain 


J O()0*(2) de = 2 U(D; A,)U*(®; Ap) + 
0 =1 


sie (7.4.24) 
+e | U(®; 4)U*(®; a) aa, 


with A, = 0. 
Thus we have proved 


2 We have here taken into consideration the fact that 4, #4,(k = 


1,2,...,p—1) since 42 was chosen to be distinct from all of the eigen- 
valued of the problem (7. 3. A)—(0). 
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THEOREM 7.4.1: If ag, = ay, = O (t.e., Y(0) = 0), then the boundary- 
value problem (7.1.0)—(0) has a finite number of negative eigenvalues 
(Aj <0, &K=1, 2,..., p—1), the eigenvalue 12 = 0, and a conti- 
nuous spectrum over the entire positive axis. A complete set of norma- 
lized eigenfunctions U(x, 4) exist for this problem having the asymp-- 
totic behavior 


U(a, a) = eI —e—¥*g( — 2) + 0(1) (A > 0); 
U(x, a) =e“ [M, +01] (k= 1, 2,....p-]); (@>&), 
U(x, Ap) = U(z,0) = 2-*"[Mp+o(l)] (Mp = mP), 


for which Parseval’s equality (7.4.24) holds. Here, S(A) = S*(—A) is 
a unitary matrix (the scattering matrix), and M, are non-negative 
Hermitian matrices (the normalization matrices). 

CoROLLARY. Suppose @gp = Gy. = 0. Then we can obtain the scatter- 
ing data of the non-singular problem (7.4.B)—(0) from that of the 
problem (7.1.0)—(0) by replacing 4, = 0 and M, = mP by A, and 
My, respectively. In this connection, the rank M, = rank M, = 1. 

Hence, it follows, in particular, that the scattering matrix 
S(A) of the problem (7.1.0)—(0) satisfies the conditions J,, IZ,, and 
III, for the case under consideration. Furthermore, the matrix F’,(é), 
of which IJ—S(A) is the Fourier transform, is summable over the 
entire real axis (see Theorem 5.6.2) and satisfies a stronger condition 
than IJ,, namely, 


fete ra d<o — (|6|<e), 
0 


since the analogous condition holds for V,(x) (see the inequality 
(3.2.7)). 

In addition, there holds the following 

Lemma 7.4.4: Let ado. = a4, = 0, and let S(A), af, MU, (kK = 1, 
2,..., p; AB = 0, M, = mP) be the scattering data for the boundary. 
earls robles (7.1. 0)—(0). Let 


FF, (t) ) = 5 aL [I — S(A)Je** da, 


F(t) = = Mie elt F(t). 
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Then the number of linearly independent vector solutions of 
a(t)+ f 2()F, (t+) dé = 0, Ost<o (7.4.25) 
0 


ts equal to the sum of the ranks of the matrices M,,..., M,, and the 
equation 


a(t) + { x(E) F(t +€) dé = 0, O=zxt<-m (7.4.26) 
0 


has a single non-trivial solution whose Fourier transform (A) is such 
that 


Tim 4°8(A) (IP) = 0. 


Proof: Since the quantities S(A), Ag, M;, 42, and M, constitute 
the scattering data for the non-singular problem (7.4.B)—(0), pro- 
perty V applies and the number of linearly independent solutions 
of (7.4.25) is equal to the sum of the ranks of the matrices Mo, 
M,,..., Mp_,. But rank M, = rank M, and therefore the number 
of such solutions is also equal to the sum of the ranks of the matri- 
ces M,, My,..., M,. 

Reasoning now as we did in the proof of Theorem 3.5.1, we find 
that the Fourier transform %(A) of any solution of (7.4.26) is given by 


ae F(Ay) Ny E,(4) = saaqe oH), (7.4.27) 
where £,(z, A) is the special solution of (7.4.B), H(A) = E,(0, A), 
N, is the residue of #57(A) at its pole A), and ¢ is any fixed vector. 
Since N, and M, have the same rank of 1 and £,(A) is non-singular 
for real values of 4 ~ 0, formula (7.4.27) shows that equation 
_(7.4.26) has a non-trivial solution which is unique to within a nume- 
rica] factor. 

To complete the proof of the lemma, we consider the normalized 
eigenfunction Y,(xz, A,) of the problem (7.4.B)—(0). 

From (7.4.9), we conclude that 


iv 2(2, Ag) =3G,(2, Ap)P, 


where G,(z, A)) is the solution of (7.4.B) satisfying the conditions 
G,(0, A») = 0 and G(0,4,) = I. But according to the formula 
(3.1.10) for any normalized matri x eigenfunction of the non-singular 


(A) = 
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boundary-value problem, we have 

Vo (2, Ao) =2AgGa(, Ag) NECo, 
where Cy is some non-singular matrix. Hence, it follows that 3P — 
= 24,N%C,, and therefore, Ny = SeORP and N oP = Ny. 


Making use of this result and the fact that H(A) + I a8 A — 00, 
we conclude from (7.4.27) that 


lim 42%(A) (I—P) = 0. 
A—>- eo 


The proof of the lemma is complete. 


§ 5. The Third Transformation 


J. In order to complete our investigation of the problem (7.1.0)— 
(0), it is still necessary to analyze the case where dy, = 0 but a, ¥ 0. 

In this instance, the successive application of the two transforma- 
tions of the preceding sections converts solutions ®(z, A) of equa- 
tion (7.1.0) into solutions ®O(z, 4) of the non-singular equation 
(7.4.B), where by Lemma 7.4.2, 


P(0, 2) = —|a,, |2m?2A-2(I —P). 


We shall now formulate one further transformation which will 
take any matrix D(z, A) into a solution D(z, 24) of a new non- 
singular equation having the property ®{(0, A) = 0. 

To this end, consider some arbitrary number a with 0 <a < | A} 
and such that —«? is not an eigenvalue of the problem (7.1.0)—(0), 
and define 


Y,(z, —ia) = B(x, —ia) (I—P), (7.5.1) 


Y,(z, —t«) = (1.5.2) 


= Y,(z, —ia) EB + f Y3(t, —tax)¥,(t, — ta) ae 
0 


Here, £2 is a positive quantity to be determined below. According 
to Lemma 7.4.2, 


W{Y3 (2, — ta), Y, (z, —ia)} = 
= (I—P)W{Gp*(x, —ia), PP(z, —ia)}(I—P) = 0 
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and therefore, the transformation 
@, (x, 4) = D(a, A+ 
+Y¥,(z, —ia)W{Y$(x, —tx), D, tax, A)} (a? + A2)-2 (7.5.3) 
takes any solution @®,(z, A) (A ~ —ia) of (7.4.B) into a solution 
@,(x, A) of 
¥” —V,(z)¥ +A7Y = 0 0<2r<~—, (7.5.C) 
in which | 
V3(%) = V,(x)—2[¥, (a, —ta)¥F (x, —ta)/. (7.5.4) 
From the definition (7.5.1), it follows that 
Y, (2, —#a) = | ay, |2m®a-2(I —P) + o(2%) (2—+0), (7.5.5) 


and this relation may be differentiated. From this and (7.5.2), we 
then have 


[Fy (x, ~ta)¥3 (2, —ta)! = o(x—1+0) (x 0). 
Therefore for any 9 <e« 


f 21-8) V, (a) |da<e, 


0 


since the analogous inequality holds for V,(z2). 

In order to determine the behavior of V,(z) at infinity, we make 
use of the fundamental system of solutions F,(z, 4) and H(z, A) 
of (7.4.B) whose existence was established in cee I. 4.1. We 
have 


OY (x, —ta) = E(x, —ix)C,+ EY (xz, —ia)C,, 
Y,(z, —t«) = E(x, —tx)C,(I—P)+ 
+ EY (2, —ia)C,(I--P), (7.5.6) 


where C, and C, are constant matrices, C, being non-singular, since 
in the contrary case (—%~)* = —a? would be an eigenvalue of the 
problem (7.1.0)—(0).3 


SIf det C, = 0, then a ager zero vector a exists such that C,a = 0. 


Hence, the oadice function ¢2 (x2, —ia)a decreases exponentially when 
x —> co. If the transformations (7. 4. 14) and (7. 3. 17) are applied in suc- 


cession to L(x, —ia)a there results the vector function  (2,—ia)a which 
vanishes at + = 0 and decreases exponentially when z > oo. 
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For brevity, let us denote by e(z) any matrix A(z) which tends 
to zero a8 — oo and satisfies the condition 


f xtt0| A(x) | dz<o 
for any 96 < «. The application of Theorem 1.4.1 to (7.5.6) then 
leads to 
Y,(2, —ta%) = e| 1-3 [ V (0) at (a | C,(I—P), 


x (7.5.7) 
Y3 (a, —ta) = oF, (x, —éa)+e%*e(x) (I—P). 
Therefore a8 2 —> co 


SI+ [Yk(t, —i)¥,(t, —ta)dt = 
0 
= I + (2a) *e2e*(I — P) [CZC, + 0(1)] (IP), 
and as a consequence, the matrix 
Zz) = EB + JY a(t, —ta)¥,(t, — ta) ay (7.5.8) 
0 


is asymptotically equal to 
Z(xy = E-*P + 2ac—te—2ax( JT — P) +. 


+ (I —P)o(e—2¢*) (I —P) (x + ©), (7.5.9) 
where c is a positive number defined by the equation 
e(I—P) = (I—P)CPC,(I—-P). (7.5.10) 


Hence, by (7.5.2), and (7.5.7), 
Y,(z, —ta) = 2ae~te—**[(C, + 0(1)] (I —P) (2+) (7.5.11) 
and ; 
[Yy(2, —ia)\¥3(x, —ia)Y = [Yy(a, —ia)\Z(a)Y E(x, —iae)+ 


+¥, (a, —ia)Z(2)¥¥ (x, — ta) = [Fz (x, —ia)Z(x)— 
~Y¥, (2, —ia)Z(a)¥ F(a, —ia)¥, (2, —ta)Z(a) FF (2, —ix)+ 


at Y, (x, — ia) Z(ax)¥#" (a, _ ta) a 
=2aF (2, — wee} -5-¥ile, ~ia)¥, (2, - ie TH — iat) + 


+ e(x), (7.5.12) 
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since by (7.5.8), 
Zi(x) = —Z(x)VF (x, —ia)¥, (x, —ta)Z(z). 
Applying (7.5.7) and taking into consideration that 


| J % (t) af = ¢(z), 


we then find that 


Y3(z, —ta)¥, (x, — ta) = 


= e2ex( J — P) 10 E- | V, (é) a} Cat cay} (I—P) = 


= e2ax(] — P) ser|7-2 | V,(t) it |o,+ec)h (I—P); 


x zx 
J YE, —@)¥,(t, ta) dt = const+ f F(t, —ia)¥,(t, —ta) dt = 
0 1 
pL 
> 4 


= const+(I—P) jor |e E | V, (s) a | dtC,+ 
1 


i 
+ f e2ate(t) a (I--P) = const + 
1 


1 


Grae. ] ° Le iy - 
+(I-—P) Om ©2 La V, (t) dt C2573 C2 erat, (t) dtC, + 
x 


+ f erste(e) a (I—P) 
1 


(in the last step, we have performed integration by parts). 
A comparison of these relations leads to the conslusion 


alte, —ta)¥, (x, — ta) = | 7H —ta)¥, (t, — ia) dt+ A(z), 
0 


192 THE BOUNDARY-VALUE PROBLEM WITH SINGULARITIES 


where 


A(z) =const+ (I —P) : e2eXe(x7) + a0 CF | et V, (t) dt C,— 


1 
2 i e2tte(t) al (I—P). 
1 


A straightforward computation, which we shall omit, shows that* 
e—2ex A(x) = e(2). 
Therefore 


I-zY 2(2, —ta)¥,(", —ta)Z(x) = 


= a Yt(t, —ta)¥,(t, — tx) at+ Ate) |2¢0 = 


= [2 —A(x)JZ(x) = [71 — e*e(x)]Z(z) 
{see (7.5.8)). Substituting this result in (7.5.12) and then applying 
the asymptotic relations (7.5.7) and (7.5.9), we find that 

[Yj (a, —ia)\¥2(x, — ia) = e(2). 


Therefore, the matrix V,(z) defined by (7.5.4) satisfies the same 
condition as does V,(z), namely, 


f 2140/1, (a) | da<oo (O<e). 


We now show that the positive number ¢? in the expression (7.5.2) 
may be s0 chosen that any matrix D(x, 4) obtained from ®}”(z, A) 
by means of the transformation (7.5.3) (A ~ A), A # —%«) vanishes 
at «=0. By Lemma 7.4.2 and the definitions (7.5.1) and (7.5.2), 
we have ‘ 


PPO, 2) = —|ay, m*4-*U—P), 
Y,(0, — ta) = | dy. |?m?a-*E-2(I — P), 
W{YE(z, —ia), DP(z, a)} leo = 
= (I—P)W{GL*(z, —ia), BL (z, A)} |rao = 
= | ay» |2m*(A-® +a) (I—P), 


* Analogous computations were carried out in the proof of Theorem 1. 4.1. 
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and therefore 
@(0, A) = BL(0, A) + 
+¥,(0, —ia)W{Y$(z, —ta), DP (x, 2)} |exo (x? +42)? = 
= (—| Oye [?mPA~? + | ay, [Anta 48-24?) (IP). 
Hence, if we choose 


&2 = | Qo |2an?ac— 4 (7.5.13) 
in (7.5.2), then 
90, a4) =0. 
Denoting by Y,(z) the solution of (7.5.C) for 4 = 0 obtained by 
applying (7.5.3) to Y,(#) and using the portion of Lemma 7.4.2 


concerning Y,(z), we can show in an analogous way that if & is given 
by (7.5.13), then Y,(0) = 0. 


Thus, the required transformation has been constructed, and we 
have 
Lemma 7.5.1: Any matrix D(x, A) obtained from asolution D,(z, A) 
of equation (7.4.B) (A # —1ta) by means of the transformation (7.5.3) 
is a solution of 
Y” —V,(2)¥ +A°Y = 0, O<a4<~, (7.5.C) 
in which V,(x) satisfies the condition 


f 2t+0|0,(2) | da<eo 
0 


{or any || <e. If & = | ayy |?m?a-4, then the matrices D(a, A) 
JA Ady, A A —tax) and Y,(x) obtained from BY (x, 2) and Y,(x) re- 
' spectively by the indicated transformation both vanish at x = 0. 

An immediate consequence of Theorem 6.2.1, Lemma 6.3.1, and 


formula (7.5.2) is the following proposition concerning the form of 
the inverse transformation. 


Lemma 7.5.2. The transformation inverse to (7.5.3) is given by 
®, (x, A) = O,(x, a)— ; 
—Y, (2, —ta)W{V#(x, —ix), D,(x, A)} (a2 +42)-1, (7.5.14) 
where 
nan Mahe (7.5.15) 
= Y,(2, —ia) |eP+ f Y(t, —ia)¥,(t, —t) ae 
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Moreover, if ®,(x, A) = o(e**) as x —. 00, then (7.5.14) is equivalent to 

@, (x, 2) = B(x, A)—Y,,(x, —ta) [ VF (t, —ia)®,(t, a) dt. (7.5.16) 
‘x 


2. Let us now consider the boundary-value problem (7.5.C)—(0) 
defined by (7.5.C) and the boundary condition Y(0, 4) = 0. 

Lemma 7.5.3: The matrix Y(x, A,) obtained from Y (a, Ay) by means 
of the transformation (7.5.3) is a matrix eigenfunction of the problem 
(7.5.C)—(0) corresponding to the eigenvalue 72 and 


J VE a, Ao)¥5 (a, do) da=P. 
0 


The number (— ta)? = —a? is not an eigenvalue of this problem. 
Proof: From (7.4.9) and (7.5.5), it follows that 


lim W{Y(x, —ia), Y,(x, Ao)} = YF(0, —ta)¥3(0, Ap) = 
x->0 
= 3| a4, |?m*a-2(I—P)P = 0. 
Therefore the transformation (7.5.3) on Y,(z, Ao) 18 expressible as 
(see Lemma 6.3.1) 


Y; (a, Ao) = Y, (z, Ao) —Y, (z, — te) f rx, —ta)Y, (é, Ao) dt, (7.5.17) 
0 


from which it follows that Y,(0, A,) = 0. Furthermore, as x —» oo 
Y3(@, —tx) = Ofe-™); Y,(z, —ta) = O(e%); 
Y, (2, Ap) = O(e—ol*) 
and since a < |A)|, we see from (7.5.17) that Y3(x, A,) decays exponen- 
tially as x — oo. Therefore it is a matrix eigenfunction of the prob- 
lem (7.5.C)—(0). 
From (7.5.17), we now obtain 


JS FElw, Aly (a, do) da = [VF(w, Ap)Vy(z, dp) dt 
0 0 


oD oD 


+ J [Vie Ao) : —N(a, y)--N*(y, x)+ 
00 


+ fare, %)N(t, y) a Y,(y, Ap) dx dy, 
0 
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with 
—j * —;4 => 
N(z, y) — a (2, ta)¥3 (y, ta), t= y 
0, r< y. 
Thus, for 2 = y, (7.5.15) and the equality Y,(z,—ia)P = 0 yield 


_ N(x, y)—N*ly, 2)+ f N*(, 2), y) dt = 
0 a 
= —Y,(x, —ia)¥3(y, —tx)+ 
+¥,(2, — ta) fre, —ta)¥,(t, —ia) dt - YF (y, Saye 


= —£Y, (a, — ta)PY (y, —ta) = 0. 


In a similar way, one can show that this result holds for 2 < y. 
Therefore 


J VE (a, Ag\¥5 (x, Ao) de= J VE(x, Ag)¥ 2 (a, Ao) da=P 
0 0 


(see (7.4.16)), and the first part of the lemma is proved.’ 

Suppose now that (—iax)? = —«? is an eigenvalue of the problem 
(7.5.C)—(0). Then for A = — 7a, the equation (7.5.C) has a solution 
U,(z, —tx) having the asymptotic behavior 

U;(e, —ia) =e—*(C+0(1)] (e+), 
U, (a, —ta) = 2U3(0, —ta)+o(a1t6) (x 0), 
where U3(0, —ix) and C are non-vanishing matrices. 

By the remark of Lemma 6.3.1, we can apply (7.5.16) to U3(z, — ix) 
as the result of which we obtain the matrix 


U, (2, — ta) = U; (z, —ta)—Y, (2, — ta) frza, — ta) Us (t, — ta) dt, 


which is a solution of (7.5.B) for A = —i«. 


From (7.5.1) and the asymptotic behavior of U,(z, — ia) at x = 0 
it follows that 
U, (x, —ta) = U,(z, —i«)-—OO(2, —ia) (I—P) A+ 
+ O(2?) (2 — 0), (7.5.18) 


Ans frse, —ta)U,(t, —ia) dt. 
0 
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On the other hand, the asymptotic behavior of U,(x, —ia) at 
infinity and the formulas (7.5.7) and (7.5.11) show that U,(z, —ia) = 
= O(e-*) as 2 — ov, i.e., 

U,(z, —ta) = E,(x, —ta)B, (7.5.19) 
where B is some constant matrix. 


Now B = 0 since U,(x, —ta) cannot be identically zero. In fact, 
if (I—P)A # 0, then for x = 0 (7.5.18) yields 


U,(0, —tx) = — D0, —t«)(I—-P)A = 
— | @y |?mn?a—*2(I —P)A x 0. 
On the other hand, if ({— P)A = 0, then ® (2, —ia) (I—P)A = 0, 


and applying (7.5.18) and the asymptotic representation of U,(x,— ix) 
at « = 0, we obtain 


U, (2, —tw) = 2U3(0, —iax)+0(x1+9) (2 — 0). 
Thus again U,(z, — ix) # 0 since U3(0, —ix) 0. 
From (7.5.18) and Lemma 7.4.2, it then follows that 
—>0 


x 


= lim W{U#(z, —ia), OBO(z, —ia)} = 
x—>O 


a U3 (0, — ta) BP (0, — ta). 
Hence, 
W{U; (2, — ta), OP (2, —ia)} = 
= — | Gy, |2m%a-2UF' (0, —tia) (IP), 
since the Wronskian is independent of z. 
The Wronskian 


(7.5.20) 


W{U3 (2, — ta), Y3(z, — tox)} 


is also independent of x and since both of the solutions U,(x, — ia) 
and Y.,(z, —ia) decrease exponentially as x — oo, it is identically 
equal-to zero. Therefore 


0 = lim W{UF (x, —ia), Y,(z, —ta)} = —UZ' (0, —iax)¥,(0, —%ax) 
x—>0 
and by (7.5.2) and (7.5.5), 
— | Qyy |?m?ae—2E-2U3' (0, — ta) (I—P) = 0. 
This result in conjunction with (7.5.20) then yields 
W{US (xz, —t), OO(x, —ia)} = 0. (7.5.21) 
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Now the columns of D}(x, —ia) give two linearly independent 
solutions of equation (7.4.B) for 4 = —ia«. Therefore, a matrix solu- 


tion WY ,(x, — ix) of equation (7.4.B) exists for 2 = —%a such that 
W{ PF (2, — ta), DP (x, —ia)} = ty 


and the matrices OP (2, —ia) and W(x, —ia«) comprise a funda- 
mental system of solutions of this equation. As a result, 


U,(x, —ta) = DO(x, —ia)B, + PV, (2, —ta)B,, 


where B, and B, are constant matrices. From this, Lemma 7.4.2, 
and the identity (7.5.21), if follows that 


0 = W{U*(2, —ix), Ga, —ix)} = 
= BSW{PT (xz, —ta), BO(x, —ia)} = BF, 
or B, = 0. Hence, 
U, (x, —ia) = OP (xz, —ia)B,, 
and by (7.5.19), 
E(x, —ia)B = OBL(x, —ia)B, (B # 0). 


Since the transformations of the preceding sections do not effect 
the asymptotic behavior of the solutions at infinity, this last result 
implies that 


E(x, —tae)B = O@(2, —ta)B, (B # 0). 


Thus, H(z, —i«%) B is a non-trivial solution of equation (7.1.0) for 

= —ta which vanishes at = 0 and which decreases exponen- 
tially as 2—» oo. This means that (—ia)? = —a? is an eigenvalue 
of the boundary-value problem (7.1.0)—(0) regardless of the choice 
of «. The resulting contradiction shows that (— 7)? = —a? cannot 
be an eigenvalue of the boundary-value problem (7.5.C)—(0), q.e.d. 

3. Since the equation (7.5.C) is non-singular, the problem (7.5.C)— 
—(0) has a continuous pectrum on the positive axis and, in addi- 
tion to the eigenvalue 4? and corresponding eigenfunction Y,(z, A,), 
possibly a finite number of other negative eigenvalues Aj, A3, ..., Az. 

Let the matrices U(x, A) and U,(z, Ay) (k = 0,1, ..., p) form a 
complete set of eigenfunctions of this problem for which Par- 
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seval’s equality 


f Oe) P(e) de = 3 O50; ORs an) + 
0 


Le (7.5.22) 
ty | al@ ANOS; ayaa 
0 
holds, and such that at infinity 
Uy (x, A) = eT —e-¥™8(—A)+o0(1) (A > 0); pees 


U3 (2, Ay) = e— #4, + 0(1)] (k = 0,1,2,..., 7). 


Here, S(A), 42, and M,, comprise the scattering data of the problem 
in question. 

From Lemma 7.5.3, if follows that U,(z, 45) = Ya(z, 4)) U, where 
U is some fixed unitary matrix. 

We now apply to U,(z, A) the transformation inverse to (7.5.3) 
which by Lemma 7.5.2 can be expressed as 


~ 


OG, (x, 4) = 0, (x, 4)—Ya (a, —ia) f V¥(t, —ia)U,(t, Aydt. (7.5.24). 


But U.(z, A) satisfies equation (7.4.B), and by Theorem 6.3.1 and 
formula (7.5.15) of Lemma 7.5.2 we have 


— ae mn 
J G(x)O*(x) de = F G,(G; JO; a4) + 
0 =0 
~~ } O,(®; NOW; A) dA+EY,(@; —ia)PYF(®; — iz), 
0 : 
for any matrix ®(z) in L*(0, oo) vanishing in the neighborhood of 


zero and infinity. Since Y,(z, —ia) (I—P) = Y,(z, —iax), this im- 
plies that ¥,(®; —ix) P = 0, and we obtain the Parseval equality 


f Payor (2) de= 2 U,(®; Ax) U*(D; Ay) + 
‘ =0 


+m | Os A)TE(®; 4) da. 


0 
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This result can now be extended in the usual way to any matrix 
@(x) with elements in L?(0, 00), where on the basis of the above 
discussion, 


U, (2, Ao) =¥ (2, Ag)U- 


We note that the transformation introduced in this section effects 
the asymptotic form of the solutions at infinity. 
LEMMA 7.5.4: As 2 — 00, 


OT, (2, A) = e**T(—A) — eT (A)8( — 2) +0(1) (A > 0), 
OU, (a, Ay) = eWel*[7(A,) IM, + 0(1)] (k = 0, 1, 2,...,p), 
where 
T(A) = I—2x(a+td)-1Q (7.5.25) 


and Q is some projecting Hermitian matriz of rank one. T(A) is non- 
singular for all values of A # ia and unitary for all real A. 

Proof: By means of (7.5.7), (7.5.11), and (7.5.23), we find from 
(7.5.24) that a8 x — oo, 


U (a, A) = e®*I —e—2§( — 4) + 0(1) — 
— Lee le9*[C, + 0(1)] (I—P) f e-[C$+ 0(1)] [eI — 
— eM §( — 4) +4 0(1)] dt = e*[I —2Qae-Na — iA)-10, (I — P)C#] — 
— eT — Qe (ae + 64)—20,, (I — P)C*]S8( — A) + 0(1) 
for A > 0. Hence, 
O,(z, A) = e®*T(—A)—e-™T(a)8(—A)+0(1) — (w@ + &), 
where 
T(A) = I—2ac-\a + td)-10, (I —P)C%. 
In a similar way, for A = A, (k = 0,1,2, ..., p) it can be shown that 
O, (2, Ay) = e~M*[T(A,) + 0(1)]  (@ + =). 
Defining 
Q = eC, (I-P)ck. (7.5.26) 


we obtain the expression (7.5.25) for T(J). From this definition it 
is immediately apparent that Q is a Hermitian matrix of rank one. 
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Moreover, from (7.5.10), it follows that 

Q?. = c—*C, (I —P)C$C,(I —P)Cz = eC, cI —P)CE = 

= c 10, (I—P)Cz = Q, 
i.e., Q i8 @ projection. 
Now for 4 # tia 
T(A)T(—A) = [L—2a(a + tA)—2Q] [LT — 2a(a — iA)—1Q] 
= I —2a(a+id)—1Q —2a(a —id)—1Q + 4ac2(a? + A2)—7Q = I 
so that 7(A) is a non-singular matrix for these values of 4. Noting 
further that by (7.5.25) 
T(—A) = T*(A) 

for real values of A, we conclude that 7(4) T*(A) = J. This com- 
pletes the proof of the lemma. 


4. Upon applying the transformation (7.4.14) to U.(z, A), we 
obtain a solution of equation (7.3.A). In order to write this trans- 
formation in integral form, we must show that the appropriate 
Wronskian is zero. 

From (7.4.9) it follows that 


lim W{Y#(a, A,), U,(2, 4)} = —3PU,(0, A). (7.5.27) 
x—>0 


On the other hand, by (7.5.24), 
U, (2, A) = U,(2, A)—Y,(2, —ta)A(A)+O(a2) (x-+0), (7.5.28) 
where 


A(A) = fre (t, ~ia)U, (¢, A) dt = 
0 


= —(2-+02) Wis (2, —ix), U5 (2, D}} = 
0 


= (A2+02)-1¥*(0, —ix)U4(0, A). (7.5.29) 
Hence, by (7.5.5), 
(0, A) = — | Qo [*m?a-*(I—P) A(A). 
Substituting this expression for U,(0, A) in (7.5.27), we obtain 
lim W{Y¥(x, A), U,(2, A)}=0. 
x0 
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Therefore, by virtue of Lemma 6.3.1 and its remark, the transfor- 
mation (7.4.14) applied to U,(z, A) may be written in the form 


T(x, A) = Uy (a, A)—Yy (a, Ao) J VE(t, o)Ug(t, A) dt. (7.5.30) 
0 


According to the results of the preceding section, this transforma- 
tion takes U,(z, A) for A # A, into a solution U,(z, A) of the equa- 
tion (7.3.A) without effecting its asymptotic behavior at infinity 
and annihilates the matrix Uo(x 2, Ay) = Y,(x, Ap) U; i.e., U 1(2, Ag) = 0. 

Upon applying Theorem 6. 3.1 to the transformation (7.5.30) and 


taking into consideration that both Y,(2, A)) (I—P) and U 1(2, Ap) 
are identically zero, we obtain Parseval’s equality 


J O(a) o*(2) dx = 3 U, (®; Ay) UF (®; An) + 
0 k=1 
| U, (9; a)0*(@; A) dA. (7.5.31) 


This result can be extended in the usual way so as to hold for any 
matriz ©(z) with elements in L*(0, 00). 

5. Before considering the final transformation that will take us 
back to the equation (7.1.0), we must ascertain the behavior of 
U(x, A) in the vicinity of zero. 

The formulas (7.5.28) and (7.5.30) yield 


a 


(a, 4) = U,(2, 4)-Y,( @ he) FEC Ap)U q(t, A) di 
-|¥ (x, —ta)—Y, ( ra) f VEC V*(t, A)¥o (t, tat | A(a) + 
0 


O(x?) —Y, (x, Ag) f Y*(t, A,)O(t2) de (2 —> 0). 
0 


Hence, the asymptotic relations (Cf. (7.4.4) and (7.4.9)) 
U,(z, A) = 2U3(0, A) +0(21+9), 
Y, (x, Ap) = 3aP + 0(x1+8)P, (2 — 0) 
Y, (a, Ap) = 2 -?P++0(a-246)P 
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can be used to show that 
(a, a) = 2(I—P)U3(0, A) —Y, (a, —ta)A(A) +0(2t+9) 


(a — 0), (7.5.32) 
-where 


Y,(z, —ia) =Y,(2, —ia)—¥, (a, ay) [PEC AK a(t, —éa) de. 
0 


From this and the fact that 
lim Wis (2, Ao) Y, (x, — tex)} = —YF'(0, Ao)¥ 2 (0, — ta) =0 
x—>0 


(see (7.4.9) and (7.5.5)), we conclude by Lemma 6.3.1 that Y,(z, — ta) 
is the image of Y,(x, —%a~) under the transformation (7.4.14). There- 
fore, by virtue of (7.5.1) 


Y, (2, —i%) = OO(x, —iax) (I—-P). 
On the basis of Lemma 7.3.2; we thus have 
Y,(z, —tz) = O (xz, —ta) (I—P)+ 
+Y, (x) Bo( — ta) (I —P) + O(2*) (x — 0), 
or 
Y, (a, —t) = 2(I—P)+Y, (2) Bo(—ta) (I—P)+o(2'+¢) (2-0). 


Substituting this expression and the expression (7.5.29) for A(A) 
in (7.5.32), we obtain 


U(x, a) = {(I-P)a—[2I +Y, (x) By —ia)] Xx 
X (I— P\¥3(0, — ia) (42 +02)-1405(0, A) +0(ai+e) (a+ 0). 
And since by (7.5.2), (7.5.5), and (7.5.13) 
¥,(0, —#A) = | ayy |?m®a-2E-2(I—P) = aX(I—P), (7.5.33) 
this yields 
O(a, A) = [A2al —Y, (2) Bo( — tx)ac?] (A? +?) — P)03 (0, A) + 
+ o(z1+6) (7.5.34) 


as 2 — 0. 
Setting x = 0 in this, we find that 


U(0, 4) = —Y¥, (0)Bo( —icx)o*(A? +02) —P)U3 (0, A), 
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and since Y,(0) By(—t«) = |a,.|* m? a-*(I—P) (see Lemma 7.3.2), 
it follows that 


(0, A) = — | ayy |2n2(A? +02)-I —P)05 (0, A). 
Hence, 
(42 +-a2)-I—P)03(0, a) = — | a4, |-2m-20;, (0, 2), 


and thus (7.5.34) can be expressed in the form 


O(a, 4) = — | ayy |-2m-*[A2aI —Y, (2) Bo( — taeac2]0, (0, A) + 
+ o(x1+e) (a —» 0). 


But this result and the identity W{Y T(z), Y,(z)} = 0 show that 


lim W{Y T(z), U, (x, Ay} = —|ayp, |-2m-22¥ ¥(0)0, (0, A). 
x—>0 


Therefore, on the basis of Lemma 6.3.1, we can write the transforma- 
tion (7.3.17) on U,(z, A) in the form 


O(a, A) = U, (x, a)\+¥(z) f VE()0,(t, 2) dt+¥(x)B(A), 


0 
B(A) = | a, |-2m-2¥ * (0), (0, A). (7.5.35) 


According to the results of § 3 of this chapter, U(a, a) satisfies the 
given equation (7.1.0) and has the same asymptotic behavior at 
infinity as does U 1(2, A) and therefore as does U (a, A). Furthermore, 
from the formula (7.5.35) for 2 = 0, we obtain 

U(0, A) = [I+ | ayy [-2m-2¥ (0)FF(0)]U, (0, 4) = PO, (0, 4) = 0 
(see (7.3.12) and (7.3.14)) or in other words, U(z, 4) satisfies 
the boundary condition U(0, 4) = 0. 

We next show that Parseval’s equality holds for the family of 
matrices U(a, A) (A>0; A=A,, k=-1,2,...,p). The expressions 
(7.5.30) and (7.5.24) give 


0, (0, 4)=0,(0, a)= 


= —Y,(0, —ia) f Y*(t, —ia)U,(t, a) dt, (7.5.36) 


0 
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and by applying the Parseval equality (7.5.22), we obtain 


Pp. 7 i ae ‘ 
0,00, OF 0,a) +5 | (0, OP(O, Aaa = 


0 


= Y,(0, —ia) frze —ia)¥,(t, —tx) dtY*(0, —#a). 
0 


But by (7.5.5) and (7.5.15), 


Y¥,(0, —ta) f Y3(t, —t)¥,(t, —tx) dt = 
0 


= Y,(0, —ia)| ea f 3 (t, —ta)¥, (t, ta) at | = ¥400, — ta), 


and as previously shown, U 1(2, Ay) = 0. Thus 
5.0, MOLO, +g, [ O40, DOL, aaa = 
0 


= ¥,(0, —ta)P3(0, — ta) = | ay, mI —P) 


a 


(see (7.5.5) and (7.5.33)) and, therefore, the matrix B(A) appearing 
in (7.5.35) satisfies the relation 


3 Ba) BM) +35 | BABA) aa = 
k=1 ve 


0 

= | dy, [~2m-2¥* (0) (I—P)¥, (0) = m2P. (7.5.37) 
This shows that hypothesis (1)' of Theorem 6.3.1 holds for the 
transformation (7.5.35). 


Let us verify that the second hypothesis of Theorem 6.3.1 also 
holds. Let H(t) denote the following matrix step-function: 


mont —TI, Ost=h 


fs t>h. 
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From the Parseval equality (7.5.31) it follows that 


SiH: Ores alts, [Os MOTH: ayaa =o, 
ct] 


(7.5.38) 


provided that Y(x) is equal to zero for x < h. 
Now 


h 
lim U,(H; 4)=lim al U, («, 2) de=0,,(0, A) 
h->-0 h~>0 


because of the continuity of U4(2, A) at « = 0 (see (7.5.34)). Fur- 
thermore, since 


sup |U;(z, 2)| <=, 
0=x<c0 
0<A<co 


it is easy to show by the use of (7.5.24) and (7.5.30), that 


sup |U,(a, 4) |<. (7.5.39) 
O==x<oo 
0<A<co 


Hence, as h—O, U4(H ; A) converges boundedly to U(0, A) 
(0 < A < ov). Thus, if Y(t) is twice continuously differentiable and 
equal to zero in the neighborhood of zero and infinity (in this event, 
OY; A) = O(A-?) as 1 — co), we may then let h > 0 underneath 
the integral sign in (7.5.38). As a result we obtain 


2 U,(0, A, Ox (2; A) +5 | U7, (0, aU*(W; Ada = 0. (7.5.40) 
0 


According to (7.5.36), the elements of (0, A) belong to L2(0, 00), 
whereas the corresponding elements of the matrices Y(t) (with the 
properties specified above) form a set which is everywhere dense in 
[7(0, co). Therefore (7.5.40) holds for every matrix with elements 


in. L*(0, co). This shows that hypothesis (2) of Theorem 6.3.1 is 
satisfied. 
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This theorem and the relations (7. B. 31), (7.5.35), (7.3. 18’), and 
(7.5.37) thus yield 


oa 


J P(x) P*(x)dz = 2 O(®; a,)U*(®; A,)+ 
[a (®; 4)0*(®; 2) dA—Y(®) (I—P)Y*(®). 
0 


But since Y(x)(I—P) = 0, Y(®)\(1—P) = 0 and hence it follows 
that 


Ohms 9 


P(x) O* (2) dx = 2 O(@; a,)O*(®; Ay) + 
=1 


+e | G(@; 2)0*(G; A) da. (7.5.41) 


We may take this result for granted for any matrix P(x) with elements 
in L(0, oo), 

6. As already indicated above, the matrices U(z,4) (A> 0; 
A=A,, &=1, 2, ..., p) have the same asymptotic behavior at 
infinity as U,(z, A). With the idea of applying Lemma 7.5.4, we 
now define 

U(x, A)=O(e, a)T(a) (A> 0), 
where 7(A) is the unitary matrix given by (7.5.25). Next, making 
use of the polar decomposition’ 
T (Ay) My, = M0; (k=0, 1, 2,..-, 2), 


where M, is a non-negative Hermitian matrix and U, a unitary - 
matrix, we let 


U(x, Ap) = U(x, A,)U* (k=1, 2,..., 9). 
Since U(a2, A) (A > 0; A=Ay, k = 1, 2, ..., p) is the product of 
U(x, A) and a unitary matrix not depending on 2, it also satisfies 
5 See, for example, Maltsev, Fundamentals of Linear Algebra, Chap. VII, 


§ 2, 1948 (in Russian); or Halmos, Finite Dimensional Vector Boose, 1958, 
pg. 169, Van Nostrand. 
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7.1.0) and so according to (7.5.41), the Parseval equality 


fO@)o*(adz = F V; 4,)U*; a)+4 
0 


k=1 
+3 | U(@; aU*(; ayaa (7.5.42) 
0 


holds. Moreover, by the definition of U(z,4) and Lemma 7.5.4, 
U(a, A) = e®*J —e—*®*G( — 2) + o(1) (A => 0), 


oa (a + 2) 
U(x, Ay) = e~el*[ M1, + 0(1)] (k= 1, 2,...,9). 
Here, 
S(—A) = T(a)S(—a)T (A), 
M,=T(A,) i, UE, (7.5.43) 


and as can easily be shown, S(A) = S*(—A) is a unitary matrix 
and the non-negative Hermitian matrix M, has the same rank as 
M,,. 

Thus we have proved 

THEOREM 7.5.1: If dog = 0 and ay. ~ O (i.e., Y(0) ts bounded and 
Y(0) # 0), then the problem (7.1.0)—(0) has a finite number of eigen- 
values AA <O(k=1, 2, ..., p) and a continuous spectrum over 
the entire positive axis. A complete set of normalized matrix eigen- 
functions U(x, A) of this problem exists for which Parseval’s equality 
(7.5.42) holds and such that 


U(a, A) = eI —e-¥*§( — 4) + 0(1) (A > 0), 

U(z, A) = e— Pale M), + 0(1)] (k = 1, 2,..., Pp) 
as x —» oo, where S(A) = S*(—A) is a unitary matrix (the scattering 
matrix) and M, are non-negative Hermitian matrices (the norma- 


lization matrices). 
REMARK. The exact same reasoning that was applied above to 


the matrices U (a, A) and U(z,.A) may be used to go from U(2, A) 
(4 = 1,2) to the matrices 
U;(x, A)=U (x, AT(A) (A> 0); 
Ui (a, Ax) =Uj(@, AUF = (B= 1, 2,..., 9). 
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The matrices U;(z, A) (A > 0; A= A,, k= 1, 2, ..., p) satisfy the 
same equations as U;(z, A) and lead to Parseval’s equality; more- 
over, for A # A), U;(x, A) has the same asymptotic form at infinity 


as does U(z, A). For 4 =A), an argument similar to the above 
shows that 


U, (2, do) =U; (x, d)=0 


and 


Uy (2, Ao) = e-""[My+o(1)] (2+ =), 
where 


My = T (Ay) MU* 


§ 6. Properties of the Scattering Data (the Case a,. = 0, a,, ~ 0) 


In this section we shall study the properties of the scattering 
data of the boundary-value problem (7.1.0)—(0) for the case dg. = 0, 
Q4 ~ 0. 


If don ~ 0, OF dog = yg = 0, then by the corollaries to Theorems 
7.3.1 and 7.4.1, I—S(A) is the Fourier transform of a Hermitian 
matrix F(t), such that 


F,(t) = = | I ‘|e — S(A)]e* dd 


is summable over the entire real axis. Its derivative F;(t) exists for 
all positive values of ¢ and 


fare re | dt<oo (|0| <e). (7.6.1) 
0 


We now show that S(/) possesses these properties even if ay. ~ 0 


According to (7.5.43), S(A) can be expressed in this case in terms 


of the scattering matrix S(a) of the boundary-value problem (7.5.C)— 
(0) as follows: 


S(A) = T(—A)8(A)T(—A). 
Therefore, using the expression (7.5.25) for T(A), we obtain 
I—S(A) = I—[I —2a(%—1A)—1Q]S8(A) [I — 2ae(@ —#4)—3Q] = 
= [I—S(A)] — 2x (a —4a)-{Q[I — §()] + [Z — S(A)]Q} + 
+ 40c2(a — 44)—2Q[ I — 8(A)]1Q + 4ac(a — i2)—3[1 —ac(e —#4)-2]Q. (7.6.2) 
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The problem (7.5.C)—(0) is not singular and 
f 2t+0|V, (2) | da<oo 
0 


for | @| < ¢«. Therefore I — §(A) is the Fourier transform of a Hermi- 
tian matrix F,(¢) summable over the entire real axis (see Theorem 
5.6.2) and such that F%(¢) satisfies (7.6.1). Since 
0 9 
(~—#A)-} = f este dt, —(#—td)? = f tetle—iat qe, 


—o oD 


by applying the convolution theorem,® we find from (7.6.2) that 
I—S(A) is the Fourier transform of 


F(t) = PF, (t) — 2a@(t) —40:2P(t) for t>0 
; F, (t) — 20. @(t) —4a2 P(t) +4a(1+ot)e"Q for t <0, 
(7.6.3) 
where 


0 ; 
Ot) = f ef[QF, (¢—6) + F,(t—Q] dé = 


= et f e911 QF, (n) + F, (n)Q] an, (7.6.4) 
t 


0 7 “= : 
P(t) = f gertQre—£)Qdé = ex [ (t—n)e-=2QF, (n)@Q dy. 
—oo t 


From this result, the properties of F(t), and the convolution 
theorem, it follows that F,(¢) is Hermitian, is summable over the 
entire real axis, and has a derivative for all positive values of ¢. 
The fact that F(t) satisfies (7.6.1) may be verified directly using 
(7.6.3) and (7.6.4). However, this is unnecessary since this ine- 
quality will be derived below in the course of the proof of Lemma 
7.6.1. 


6 See footnote 1 of Chapter II. 
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We can deduce other properties of the scattering data by exa- 
mining the homogeneous integral equations 


a(t)+ f u(&)F(e+é) dé = 0, 0O=<t<-—, (7.6.5) 
0 
0 
—y(t)+ f ¥(é)F, (t+) dé = 0, -o<t<0, (7.6.6) 


a(t) + fee, (t+) d& = 0, Ost=<oo, (7.6.7) 
0 


where 


F(t) = > Mge-Mlty F, (1). 
k=1 


Let 1, mo, and ng denote respectively the number of linearly 
independent vector solutions of these equations [2(¢) and z(t) in 
L?,)(0, 00) and y(t) in L2)(—oo, 0)], and let r be the sum of the 
ranks of the p matrices U,. 

Lemma 7.6.1: If don = 0, but ay ~ 0, then ny = 1, ng = ngt7, 
and N, is zero or one. Moreover, if =(A) is the Fourier transform of 
the single non-trivial solution of (7.6.5), then 


lim A?%(A) (I—P) = 0. 
A—> oo 
Proof: According to the remark of Theorem 7.5.1, U,(z, A) (A > 0; 
A=’, k =0,1, ..., p) are solutions of (7.4.B) for which Parseval’s 


equality holds and which have the same asymptotic form at infi- 
nity as U(x, A) (A # A); for A= Ap, 


U(x, a) = e~ P| My + 0(1)] (27 +), 


with M, = T (Ap) MU. Now S(A) also has the property I, 
and according to §3, Chapter IV, the potential V,(z) of equation 
(7.4.B) may be determined by solving the fundamental integral 
equation 
F(e+y)+K,(2, y)+ [ K,(2, OF(tt+y)dt=0, O<rsy, 
x 
where 


F(t) = Mge-t F(t) = 3 Mpc“ Plt F, (0). 
k=0 
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Since 


f 2+) V, (2) |dz<a (| | <e), 
0 


it follows from the last equation and the results of § 2, Chapter I 
that both F{(z) and F;(x) satisfy (7.6.1) (see (3.2.7) which is a con- 
sequence of the fundamental equation). 

Now consider the homogeneous equation 


u(t) + i u(E)E(t+ £) dé = 0, Ost=<om (7.6.8) 
0 


and let us show that it has no non-trivial solution in Lt (0, oo). 
By the corollary to Lemma 3.4.1, the Fourier transform %(A) of 
any solution of this equation belonging to L%,)(0, oo) must satisfy 
the relations . 

U(—A)S(A) = UA); UA) M, = 0 (4 = 0, 1,...,p). (7.6.9) 
Hence, according to (7.5.43) there results 
@(—A)T(—A)S(a)=UA)T(A); U(Ay)T(Ay)M,=0 (k=O, 1... 2) 


Therefore %(A) T(A) is the Fourier transform? of some solution of 


u(t)-+ f o(é)F(e+é) dé = 0, Ost<om. 
whose kernel ° 


a . (rs a 
Fit) = 2 Mie + F,(t) 
R=0 


is derived from the scattering data of the non-singular problem 
(7.5.C)—(0). But this last integral equation has no non-trivial 
solution. This implies that %(4)7(A) = 0, hence %A) =0, and 
therefore u(t) = 0. 

We next show that n, = 1. By §3, Chapter IV and the remark 
of Theorem 7.5.1, we can reconstruct the potential V,(z) of equation 
(7.3.4) in a unique manner by solving the integral equation 


F(a+y)+K,(z, y)+ { K,(z, t)F(t+y) dt = 0, O<a=y. 
x 


7 From the expression (7.5.25), it follows that 2(A)7(A) is regular alon 
with 2(A) in the lower halfplane. . 
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In this connection, if (7.6.5) had no non-trivial solutions, then by 
the remark of Theorem 5.4.1, V(x) would satisfy the condition 


f 2|V, (2) |dz<e, 
0 


which is impossible in the case under consideration (a2. = 0, ay. 0). 
This implies that », = 1. Suppose that (7.6.5) has at least two 
linearly independent solutions z(t) and 2@)(t). By the corollary 
to Lemma 3.4.1, their Fourier transforms #“(4) (¢ = 1,2) must 
satisfy the relations 


%( —A)S(A) = ZA); F(A) M, = 0 (7.6.10) 
(& = 1, 2,..., p). 
We now form a non-trivial linear combination of these solutions 


u(t) = yx (t) + port) such that U(A,)M, = 0. This is possible 
since the rank of M, is one and therefore the equation 


[yy 2 (Ao) + (Ap) My = 0 


has a non-trivial solution in y,, Yo: The Fourier transform %(A) 
of u(t) satisfies all of the relations in (7.6.9). But then u(t) is a non- 
trivial solution of (7.6.8), which would contradict what was proved . 
above. As a result, (7.6. 5) cannot have two linearly independent 
solutions and n, = 1. 

The Fourier transform 7(A) of a solution of (7.6.5) satisfies the 
relations in (7.6.10) from which it follows that 


&(—A)T(—AS(A) = E(a)T (A); E(A_)T (Ay) M, = 0 
C—O 


Hence, applying the following factorization of the scattering matrix 
of the problem (7.5.C)—(0): 


S(4) = Ez1(0, —A)E,(0, 2) = EXO, —A)[EX(O, a)? (7.6.11) 


and reasoning as we did in the proof of Theorem 3.5.1, we con- 
clude that 


HATA) = =e 


z F(A) TA) No ds (0, A) 
and thus 


Bay RAT Ao)NyE,(0, 2)T(—A). (7.6.12) 
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Here, £,(z, A) is the special solution of (7.5.C), and N, the residue 
of EZ1(0, A) at the pole Ap. 

Taking into account that F,(0, 2) — I and T(—A) + I as 4+ ©, 
we find from (7.6.12) that 


Jim 428(A) (IP) = 22g%(Ag)T (Ag) No (I —P). 


By then considering the normalized matrix eigenfunction Y4(z, Ap) 
of the boundary-value problem (7.5.C)—(0), we find as in the proof 
of Lemma 7.4.4 that NgP = N, and therefore 


lim 42%(4) (I—P) = 0. 
A—> oo 


Thus both statements concerning equation (7.6.5) have been 
proved. 

Now consider equation (7.6.6). The Fourier transform y(A) of 
any solution of this equation is regular in the upper half-plane and 
is such that ¥(—A)S(A) = —y(A) for —co < 4 < 00 (Cf. (3.5.1). 
According to (7.5.43) and (7.6.11), it follows from this that 

¥(—A)T(—A)EZO, — 4) = —Y(A)T(A)EZ(O, A) (Im 4 = 0). 


The left-hand side of this equation is a regular function in the half- 
plane Im 4 < 0 except for the point A = —ia, whereas the right- 
hand side is regular for Im 4 > 0,4 # ta. Therefore 


pla) = (A +a?) ¥(A)T(A)EZ(O, 2) 
is an entire function of 4 such that 
g(—A) = —9(A) ImA = 0); ofA) = 0(d2) (A + @). 


This implies that (A) = Ac, where c = (¢, c,) is a constant vector, 
and hence 


WA) = se eag CBF, DT(—2). 


Since ¥(A) is regular in the upper half-plane, we have (see (7.5.25)) 
c[E3(0, —ta)}-2T(—ta) = e[HZ(0, —ta)}-? (I—Q) = 0. 


This implies that 
C= yqE3 (0, — ta), 
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where q is the sole eigenvector of the matrix Q (a projection of rank 
one) and y is a scalar factor. Hence the vector function 


VA) = stg aBH0, — i) BHO, D7(—2) 


is uniquely determined to within a scalar factor. This means that 
(7.6.6) either has only the trivial solution (nz = 0) or one non- 
trivial solution (n. = 1). If nm, = 1, then at the poles a; Ais Ae hy 
of [EX(0, 2)]-1 we must have . 
qE3(0, —ia)N#T(-2,)=0 (4 =0,1,..., 9), 

where NV, is the residue of #31(0, A) at the point A,. 

Noting that T(—A,)(k = 0, 1, ..., p) is a non-singular matrix 
and that qg is an eigenvector of Q, we find from this that 

QE3(0, —ta)Nx = 0, 
or . - 
N,,E£,(0, —i«)Q = 0 (k = 0, 1, 2,...,p). (7.6.13) 

Finally, let us consider the last equation (7.6.7). The Fourier trans- 
form 2(A) of any solution of this equation must satisfy the relation 
2(—A)S(A) = 2(A), from which it follows that 2%(—A)T(—A) S(A) = 
= %(A)T(A). This means that if Z(A) is the Fourier transform of 
a solution of (7.6.7), then 2(A)7(A) is the Fourier transform of 
a solution of 


w(t)+ f w(é)F, (t+ &) dé = 0, O=zxt<-~, (7.6.14) 
0 


Since the number of linearly independent solutions of this equation 
is equal to the sum of the ranks of the matrices uM 2(& = 0,1,..., p) 
{property V of the scattering data of the non-singular problem 
(7.5.C)-(0)], and since the rank of M, is equal to that of M,,(k # 0) 
and the rank of M, is one, the number ms of linearly independent 
solutions of (7.6.7) does not exceed 1+ > rank M, =r+l. 

On the other hand, if #(/) is the oars transform of a solution 
of (7.6.14), then 2(4) = W(A)T-1(A) = W(A)T(—A) is the Fourier trans- 
form of a solution of (7.6.7) if and only if w(—i~)Q = 0. Suppose 
that ©" (A) (7 = 1, 2,..., r+) are the Fourier transforms of a funda- 
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mental system of linearly independent solutions of equation (7.6.14). 
In that case ®?(—ia) ~ 0 for at least one value of j. Otherwise 
(A) (A2+a2)-1 would also be Fourier transforms of solutions of 
(7.6.14), and hence the number of linearly independent solutions 
of this equation would exceed 7+1, which is impossible. For 
definiteness, let us suppose that w)(—i) # 0. Then for any 
j=2,..., r+1, the equation 
[yj( — ia) —B( —sa)]Q = 0 

has a unique solution y, since @ is of rank one. Thus, the vector 
functions § [y;0@)(4)—W(A)]T(—A) (G = 2, ..., 7+1) provide 7 
Fourier transforms of linearly independent solutions of (7.6.7). 
This implies that 7 = ng = 7+1. 

Let us now establish the relationship between n, and ng. Suppose 
that n, = 0. Then if n, = 7+1, it would follow from the above 
discussion that the aggregate S(A), Az, and M,(k =0, 1, ..., p) 
would possess all the properties of the scattering data of the non- 
singular boundary-value problem. This would mean that U,(0, 4) = 0 
which we know is actually not so. Therefore, nx = 7 when n, = 0. 

Now suppose that n, = 1. By the remark 2 of Theorem 3.5.1, 
the Fourier transforms #(4) (j = 1, 2, ..., 7+1) of linearly inde- 
pendent solutions of (7.6.14) are expressible in terms of #,(0, A) 
by means of the relations 


Asis BP ZAR mu ; 
(A) = 2B Fam ge PPI BO, 4) G = 1, 2-7 +) 
=0 R 
On the other hand, when », = 1, (7.6.13) holds from which it fol- 
ows that 
Dp 
AD. — ¢. = 
wre 3 ar 
G=1, ...,r+1). 
Therefore the vector functions %(4) = ®6?(4)T(—A) (j = 1, 2,..., 
r+1), are the Fourier transforms of solutions of (7.6.7) which are 
clearly linearly independent. This means that »g=7+1 when 
NM, = 1 and the proof of the lemma is complete. 
Lemma 7.6.2: Let 2(A) be the Fourier transform of the non-trival 
solution of (7.6.5). If S(0) =I, then Z(0)(I—P) # 0. 
Proof: By (7.6.12), we have 


@(A) = (A?—AG)-*eN gH, (0, A)T(—A), 


W?(A,)N;, £3 (0, —ix)Q = 0 
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where ¢ is a constant vector such that cN, ~ 0. Since NyP = Ng, 
cN, =cN,P = dP, where d is a non-zero vector. Therefore 


(0) = —Aj*dPE, (0)T(0) (£,(0) = E£,(0, 0)), 


and inasmuch as dP + 0, to prove the lemma it is sufficient to 
show that 
P,E (0)T(0) (I—P) # 0. (7.6.15) 


To this end, we first of all note that by Lemma 7.5.1, the matrix 
Y,(x) obtained from Y,(x) by means of the transformation (7.5.3) 
vanishes at x = 0. Since Y,(z) is a solution of (7.5.C) for A= 0, 


Y, (x) =G, (x) A, (7.6.16) 
where G,(x) is the solution of (7.5.C) for A = 0 satisfying the condi- 


tions G,(0) = 0 and G@,(0) = J, and A is a non-zero constant matrix. 
The matrix A satisfies the following relations: 


AP=4A; (I-P)A #0. (7.6.17) 
For, since Y;(z)P = Y,(z), it follows from the form of the trans- 


formations (7.4.6) and (7.5.3) that Y,(z) = Y,(z)P, and this implies 
that AP = A. Furthermore, 


lim W{Y#(z, —ta), Y,(x)} = YF(0, —i)¥3(0) = Y#(0, —ta) A. 
x—>0 : 
Now, suppose (I—P)A=0. Because Y3(0, —tax) = «2(I—P) 
(see (7.5.33)), we would have 
lim W{Y 3 (x, —ta), Y,(x)} = a%(I—P)A = 0. 
x—>0 


But then the transformation (7.5.14) applied to Y,(z) would 
be expressible as 


¥, (2) = Y,(x)+Y_(x, — ia) f VF (t,|— sa), (¢) dt, 
0 


which would mean that Y,(0) = 0. And this is not true. Therefore, 
(I-P)A # 0. 

Now Y,(x) = —32P+o0(2'—*)P as x — oo, and the transformation 
(7.4.6) preserves asymptotic behavior at infinity. Hence, repeating 
computations carried out in the proof of Lemma 7.5.4, we obtain 

Y,(z) = T(0)[—32P + o(a1—#)P] (% —> ©), 
On the other hand, Lemma 1.5.1 and formula (7.6.16) yield 
Y, (2) = Bf (0) A + o(ai—8) (a —> 0). 
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As a consequence, 
E3(0)A = —3T7(0)P. 


But since det Z3(0) ~ 0 when S(0) = S(0) = I (see the corollary 
to Theorem 5.6.2), we then have that 


A = —3[E%(0)]-27(0)P 
and hence by (7.6.17) 
(I— P)[E¥(0)]-17(0)P = 0. 
But 7(0) = T*(0) = T-1(0) * 0, and this last inequality yields 
PLE, (0)T(0)-*(I—P) # 0, 


from which follows (7.6.15), and the lemma is proved. 


§ 7. Behavior of the Scattering Matrix When A— 0. Summary of 
Results 


1. To conclude our investigation of the problem (7.1.0)—(0). 
carried out in the preceding sections, we shall now study the be- 
havior of its scattering matrix at 4 = 0. 

Lemma 7.7.1: The scattering matriz S(A) of the boundary-value 
problem (7.1.0)—(0) has a limit S(0) as A — 0, and this limit is either 
the identity matriz or the matrix 2P—I: 


S8(0) = lim S(a4) = +(I—P)+P. (7.7.1): 
A>0 
Proof: Keeping the notations of §§ 3—5 of this chapter, we con- 


sider the solution U,(2, A) (A > 0) of equation (7.3.A) having the 
asymptotic behavior 


U, (a, A) = e**I — e~**8( — A) + o(1) (a —> oo), 
From this and Theorem 1.4.1, it follows that 
U,(z, A) = E,(z, —a)—E,(x, 8(—A) (A> 0), (7.7.2) 


where 
E,(z, A) = e-™I+ f Ky(x, the de (ImA4 <0) (7.7.3) 
x 


is the special solution of equation (7.3.A). 
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By the use of (7.7.3) and the estimate for K,(z, ¢) corresponding 
to (1.3.3), it is easy to show that 


lim B, (x, 2) = B,(z, 0) = 1+ f K,(z, 1) dt, 
A>0 x 


uniformly in each segment 0 < 2, = x = z,. Furthermore, from its 
properties proved at the beginning of the preceding section, it 
follows that S(A) is continuous over the entire real axis. Therefore, 
if A, is any sequence of positive numbers tending to zero, upon 
taking A = A, in (7.7.2) and letting n — co, we obtain the matrix 


U,(z) = lim U,(z, An) = E,(x, 0) [I —S(0)], (7.7.4) 


defined for all x > 0. Moreover, the sequence U,(z, A,) converges 
to U(x) uniformly in each interval 0 < 2, =2 = g,. 

Let us now consider the solution U(z, A) of equation (7.1.0) (A > 0) 
obtained from U,(z, 4) by means of the transformation (7.3.17), 
assuming henceforth that we are in the most involved case a.. = 0, 
a4, ~ 0. By (7.5.35) and the remark of Theorem 7.5.1, in this case 


U(x, 2) = Uy(z, a)+¥(z) [YF@UY(, a) de+ 


0 


+ | @yp |~?n~*¥ (2) ¥T(0)U, (0, A) (7.7.5) 


(if do. ~ 0, or if dog = ay. = 0, then U,(0, A) = 0 and U(z, 4) has 
the correspondingly simpler form (7.3.19)). 

Since U(x, 4) = Uy(a, 4) T(A), where T(A) is a unitary matrix, 
(7.5.39) shows that U,(z,A) is uniformly bounded in the region 
0O=2z2< ow, 0<A~< oo. From this and (7.7.4), it follows that 


im fY#QU,(, ad = fYEQU, (0) at 
0 0 


N-—> oo 


uniformly in each interval 0 < 2, = z = z,. Because of the boun- 
dedness of U,(0, 4) for 0 < 4 < cw, we may assume the existence of 


Eire U, (0, An) = U, (0) 


without any loss of generality. 
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From (7.7.5), it follows that U(z,A,) converges to the matrix 
U(x) = wan U(x, An) = Uy(z)+ 
: (7.7.6) 
+Y¥(x) f YEU, () dt + | a, |-2m—¥ (x)¥F(0)V, (0) 
0 


uniformly in each finite intervalO < 2, = 2 = 2p. 
Using the equation 


U(x, An)—[V(x) + 62-*P]U(a, An) +ARU (a, An) = 0, 


we find that the sequence U’’(z, A,) is also uniformly convergent in 
each finite interval 0 < 71] = 2=~2,, and hence U’(x) exists for 
all positive values of z and 


U” (x) —[V(z)+62z—2P]U(x) = 0. 


Thus, the matrix U(z) determined by (7.7.6) is a solution of 
(7.1.0) for 2 = 0. Now from (7.7.6) in conjunction with (7.3.2), 
(7.3.6), and (7.7.4), we find that as 2 — co 


U(z) = I —S(0) + 0(1) +¥(z) jooust+ frsw [I —S(0) + 0(1)] a! = 
Pie 

= (2-3 P) [I — S(0)] + 0(1), (7.7.7) 
since for N sufficiently large and 2 — co 


Y(z) fy (t) dt = 


= [x eee |P | [—3¢I + o(t!—0)] dt = -4 P+o(1). 


Thus, U(z) is a solution of (7.1.0) for 2 = “0 bounded at infinity. 
But then, according to Theorem:: 7.2.1, 


lim PU(xz) =0. 
> 
This and (7.7.7) show that 


P(1-F?) [I —8(0)] = -+ P[I—8(0)] = 0 
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or 
. PS(0) =P. (7.7.8) 
Now consider the relations 
S(—A) = S*(A), S(—A)S(A) = I. 


Letting A approach zero, we obtain S(0) = S*(0) and [S(0)]? = 
and this in conjunction with (7.7.8) leads us to the result (7.7.1). 
Remark. If has S(a) # I, then the problem (7.1.0)—(0) has a vir- 


tual level, i.e., - cao -trivial bounded vector solution of the system 
(7.1.0) exists for A =0 which vanishes at z = 0. But it is not in 
L§)(0, co). However, if im S(A) = I, then the problem (7.1.0)—(0) 


will have no virtual level. 

We shall not prove these statements. We merely observe that 
they may be shown to hold by considering the non-singular 
boundary-value problem to which the problem (7.1.0)—(0) can be 
reduced by the transformations of §§ 3—5. 

2. We have completed our analysis of the problem (7.1.0)—(0), 
and in conclusion we present a final summary of the results obtained. 

By Theorems 7.3.1, 7.4.1, and 7.5.1, the boundary-value problem 
(7.1.0)—(0) has a continuous spectrum over the entire positive axis 
(A2 > 0) and, possibly, a finite number of non-positive eigenvalues 
Ai < 42 <...< 12 <0. A complete set of normalized matrix eigen- 
functions exists for the problem satisfying the Parseval equality 


f O(2)@*(x)dex = 3 U(®; A,)U*(D; Ap) + 
0 =1- 
ie 
+a | U(@; NU*(B; a) da, 
0 


U(®; A)=lim. fc @(x)U (a, 2) de. 
: 0 


As z— oo, these solutions have the asymptotic behavior 
U(a, A) = et*] —e—¥*§( — J) + 0(1) (A > 0), 
U(a, Ay) = e—#*[M;, + 0(1)] (Az < 9) 
and if A, = 0, 
U(a, 0) = 2 *{[M,+0(1)] (M, = mP, m > 0). 
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The unitary matrix S(A) is the scattering matrix, the non-negative 
Hermitian matrices M,, the normalization matrices, and the ag- 
gregate of quantities S(A), Az, M, (k = 1, 2,..., p) the scattering 
data of the problem (7.1.0)—(0). 

S(A) has the following two properties (see the beginning of § 6 
of Chapter VII and Lemma 7.7.1): 

1°. The matrix J—S(A) is the Fourier transform of a Hermitian 
matrix /',(é), such that 


1 


F,(t) = on [ u—stane di 


—oD 


is summable over the entire real axis, and for all positive values of 
t, F{(t) exists and 


fere|R|de<o0  (-e<6<2). 
iY) 


2°. S(O) = + (I—P)+P. 
The further properties of the scattering data are associated with 
the equations 


x(t) + f eeyree+e) d—& = 0, 0Ost<»a, (7.7.9) 
0 


0 
—y(t)+ fy)F.t+hdE=0, -xo<t<0, 


a(t)+ fxQF (t+dE=0, Ost<a, 
0 


where 


Ft) = 2 Mge"+ F,() 
R 


and the summation extends over all non-zero eigenvalues of the prob- 
lem in question. 

Let 7, %2, and ng be the respective number of linearly independent 
vector solutions of each of these equations, %(A) the Fourier trans- 
form of any non-trivial solution of (7.7.9), 7 the sum of the ranks 
of the normalization matrices, M,, M.,,..., M,, and K(z,y) the 
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matrix solution of 
F(at+y)+K(z, y)+ f Ka, )F(t+y) dt = 0 (0<2<y) 
zx 


(according to Theorem 3.4.1, a unique solution exists for any-x > 0). 
The following three cases are then possible (see the corollary to 
and the remark of Theorem 7.3.1, the corollary to Theorem 7.4.1, 
and Lemmas 7.4.4, 7.6.1, and 7.6.2): 
(a) all A, ~ 0, ny = 0, np = 0, ng. = 7, and 


prt f K(0, t) a| = »P, (7.7.10) 
0 


where y is a non-zero number; 
(b) Ap=90, Mz,=mP (m>0), m4 =1, nm =0, ny=r and 
lim 42z(4) (IP) = 0; 
h->oo 


(c) all A, # 0, ny = 1, mn, = 1, ng = ng4+7, lim A? Z(A)\(I—P) 4 0 
Apes 


and if §(0) = I, then z(0)(I—P) = 0. As to which of the three cases 
occurs depends on the behavior of Y(z) in the neighborhood of the 
origin, Y(z) being the non-trivial solution of (7.1.0) (A = 0) which 
vanishes at infinity: if Y(z) is unbounded when z-—> 0, then case 
(a) holds, if Y(0) = 0, then case (b) holds, and if Y(0) is bounded 
but Y(0) # 0, then the third case occurs. 

Furthermore, in case (c) there are two possibilities related to 
the behavior of the matrix eigenfunctions U(z, A,) at « = 0: if for 
at least one value of k= 1], 2, ..., p 


U’(0, Ap) €9, 
then n, = 0; however, if 
U’(0, A.) =0 (k=1, 2,..., p), 
then », = 1. We leave the proof of this fact to the reader. 


CHAPTER VIII 


Reconstruction of the Singular Boundary-Value 
Problem from Its Scattering Data 


§ 1. Case (a) 


1, In the preceding chapter it was shown that the scattering data 
of the problem (7.1.0)—(0) satisfies the conditions 1°, 2°, and one 
of the conditions (a), (b), or (c) (see Chapter VU, § 7, sub-section 2). 
It will now be shown that these conditions are not only necessary 
but also sufficient for a unitary matrix S(A), Hermitian matrices 
My, ,M,,..., M, and numbers 7? < jf <...< 142 = 0 to be the 
scattering data for some boundary-value problem (7.1.0)—(0). At the 
same time, an algorithm will be given for reconstructing the problem 
from its scattering data. It is clear that each of the three possible 
cases will have to be treated individually. 

Consider any unitary matrix §(A), negative numbers Af, and Her- 
mitian matrices M, (k = 1, 2,..., p) with the properties 1°, 2°, 
and (a). According to Chapter V, the quantities 


S(A), Az, My (k=1, 2,..., p) (8.1.1) 
are then the scattering data for some uniquely determined non- 
singular boundary-value problem with a Hermitian potential V,(z) 
satisfying the condition 

f a+) 7, (2) |dz<oo (—e<0<e). (8.1.2) 
0 


a The condition (8.1.2) for V(x) follows from the analogous one for F’(é), 
where 


F(t) = D2 Mem * lt 2 (IS( Ae aa 


(see the property 1°), and from the ‘aequality (5.4.4’) in the remark of 
Theorem 5.4.1 
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Let E(x, A) denote the special solution of 
Y” —V,(z)¥ + AY = 0, (8.1.3) 
so that (see Theorem 1.3.1 and § 1, Chapter II) 


Ey (x, A) = e**I + f Ky (x, the de (Im 4 = 0), 
x 
with K,(z, y) the solution of the equation 


F(a+y)+K,(a, y)+ { K,(z, t)F(tt+y) dt = 0, 


FQ) = 3 Mge-ity— | [I —S(a)]e*aa, 
k=1 2m 


and set H,(0) = £,(0,0). According to property (a), we have (see 
{7.7.10)) 


PE,(0) = Pi r+ ine (0, t) | = yP, (8.1.4) 
‘ 0 


where y is a non-zero number. 

Suppose further that G,(x) is the solution of (8.1.3) for 1 =0 
satisfying the conditions G,(0) = 0 and G,(0) = I, so that as z + 0 
{see Theorem 1.2.1) 


G,(z) = 2[I+o(2*)], Gy (xz) = I+o0(z*) (@<e). (8.1.5) 
According to Lemma 1.5.1, 
G, (x) = 2E#¥(0)+0(21-9), Gj (x) = E¥(0) + 0(x-9) (9 < 6) 
as 2-—»oo, and from this and (8.1.4), it follows that 
G, (a)P = yxP + 0o(z1—*)P (6 < e) (8.1.6) 


as % — co; moreover, this asymptotic relation may be differentiated. 
2. Define | 


Y,(z) = —37—14, (2)P, (8.1.7) 


¥(z) = Y,(z) es f Y*(t)Y, (t) a) (8.1.8) 


0 
and consider the transformation 


D(x, A) = (x, A)—A-*Y (z)W{Y F(z), D,(z, A)} (8.1.9) 
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(see (7.3.17)). According to Theorem 6.2.1, it takes any solution 
@,(z, A) of (8.1.3) into a solution of 


Y” —{V, (x) + 2[Y (a) YT (az) }Y +a2¥Y = 0. (8.1.10) 
Now, (8.1.5)—(8.1.7) show that for any 6 <« 
Y,(2) =[—87 al +o(249P, gy 
Yi (2) = (-3p 47 + o(x*)|P (8.1.11) 
Y, (x) = [—3a2I + 0(2'~9)|P, Yy(z) =[—3I2+o0(z-)|P (ex +=), 
and it is easily verified from (8.1.8) that 
Y (a) = [pa-*I + 0(2~2+0)]P, eeu 
Y’(x) = [—2ya-3I + o(x—3+0)|P (8.1.12) 
Y(x) = [x~*I + 0(x-2-6)]P, Y’(x) = [—2273I 4+ 0(a-3-8)]P_ (a@ + &),. 
Hence, 


AP (a\¥# (a) = 6e-*P+o(z-2+0) — (w + 0), 


(8.1.13) 
2[Y (x) ¥* (x) = 6x—-2P + 0o(x—2-6) (2 —> 00), 
Writing equation (8.1.10) in the form 
Y” —[V(x) + 6x2~-*P]¥ + 7°Y = 0, (7.1.0) 
in which 
V(x) = V, (x) +2[¥ (x)V F(z) —6a-2P, (8.1.14) 


we conclude that V(x) is Hermitian along with V,(x) and satisfies 
(7.1.1.) by virtue of (8.1.2) and (8.1.13). 

We now show that, the boundary condition Y(0, 4) = 0 is preser- 
ved under the transformation (8.1.9). If O{(a#, A) is a solution of 
(8.1.3) such that O(%(0, A) = 0, then by (8.1.11) we obviously have 


lim W{YF (x), PBO(xz, 2)}=0. 
x0 


Therefore, according to Lemma 6.3.1, the transformation (8.1.9) 
applied to ®!(x, A) is expressible as 


D(z, 4) = Gx, 2) +¥ (zx) f Y¥*(t)B(t, A) dt. (8.1.15) 
0 


Making use of (8.1.11), (8.1.12), and Theorem 1.2.1, we conclude 
from this that ®(0, 4) = 0. 
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It is also easy to see that the transformation (8.1.9) does not 
effect the asymptotic form of solutions at infinity (see Lemma 
(7.3.4)). 

‘Now formula (8.1.15) can be applied, in particular, to the solutions 
U(x, A) of equation (8.1.3) (A>0; A=A,, k= 1, 2,..., p), for 
which the following Parseval equality holds: 


Pp 
4 U,(D; Ap)UF(D; Ap) + 


eo { U1®; HUY; 2)d2 = [ GOA) az, (8.1.16) 


0 


U,(®; A) = lim. fon, (a, A) dx 
0 


and which behave at infinity like 
O(a, A) = eI — eM §( — A) + 0(1) (A > 0), 
Uy(a, Ay) = e#l*[ MM, + 0(1)] (4 = 1, 2,..., 9). 


There results 


(8.1.17) 


U(x, A) = U,(z, A)+¥(x) f PFU, (t, a) de 


0 


(A>0; A=A,, k=], 2,..., p). 


These matrices satisfy equation (8.1.10), the boundary condition 
U(0, A) = 0, and at infinity are asymptotically equal to the func- 
tions in (8.1.17). Applying Theorem 6.3.1, we further find that a Par- 
seval equality analagous to (8.1.16) holds for these matrices. 

This means that if the data given in (8.1.1) has the properties 
1°, 2°, and (a), then it comprises the scattering data for the problem 
(7.1.0)—(0) with a potential V(x) which can be determined from 
(8.1.14). 


§ 2. Case (b) 


I. Consider any given unitary. matrix S(A), negative numbers 
Ai, Ag, ..-, AZ_, and Hermitian matrices M,, M.,..., M, and let 
42 = 0. Suppose now that the conditions 1°, 2°, and (b) hold. 
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By the condition (b), the equation 


x(t) + f a(£)F(t+£) dE = 0, Osxt<~o, (8.2.1) 
in which : 


pl . 
F(t) = "5 Mge—tat | [I —S(a)Je*t da, 
k=1 270 


has a non-trivial vector solution z(t) which is unique to within a 
scalar factor; moreover, its Fourier transform 2(A) is such that 


lim aE (4) (I-P) = 0. (8.2.2) 


It follows from this that 2(4)P<0, otherwise 42%(4) would be the 
Fourier transform of some solution of (8.2.1).2 Therefore, there 


exists a negative quantity A2(Im A, < 0) distinct from all AZ such 
that 


Z(Ap)P #0. 
Letting 
M,=P, 
F(t) = F(t) + Mze—lt, 
we find that the equation 


a(t)+ fa(QF@+é)dé=0, Ost<o 
0 


has no non-trivial solution because of the corollary to Lemma 3.4.1. 
Now taking into consideration that the given data has the pro- 
perties 1° and (b) and that M, and M, are of the same rank, we 


2 According to the corollary to Lemma, 3.4.1, the vector z() is a solution 
of (8.2.1) if the following conditions hold: 


X(—A)S(A) = 2A) (imA=0), 2(Ag)Mp=O (k= 1,2,...,p—1). 


It is clear that both (A) and /72(A) satisfy these conditions, and also that 
both these functions are regular in the lower halfplane 

Finally, by the remark 2 of Theorem 3.5.1, x4) can be represented in 
the form (3.5. 6) from. which it follows that Ax A) may tend to zero no 
slower than A—* when A— oo. Thus, if _ » MA) = 0, then A*z(A) would 


be the Fourier transform of some solution “of (8.2.1). 
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conclude that S(A), Az, and M; (& = 0, 1,..., p—1) comprise the 
scattering data of a non-singular boundary-value problem. Moreover, 
the Hermitian potential V,(z) of this problem satisfies the condition 


fae | V(x) | da<eo (~e<0<e) (8.2.3) 
(3) 


(see § 1 of Chapter V and footnote 1 of this chapter). 
Let £,(z, A) be the special solution of 
Y¥” —V,(x)¥ +A2Y = 0 (8.2.4) 
and set H(A) = F,(0, 2). By the same reasoning used in the proof 
of Theorem 3.5.1, it can be shown that (7.4.27)) 


te 


(A) = Bae Bod 9 By (A) = sy eg By (2), 


FoR 


where ¢ is any constant vector, and Ng is the residue at the simple 
pole 4, of Hy1(A). This and (8.2.2) imply that N,(I—P) =0 or 
N oP = N,. Furthermore, F,(A,)P = E.(Ay) My = 0, i-e., P is a pro- 
jection onto the null space of the matrix H,(/4)). Hence, by (3.1.7), 
PN, = Ny and so 


Ny =PN,P=»P, (8.2.5) 


where ¥ is some non-zero number. 
2. Consider the matrix 


V(x, Ag) = By (%, Ap) My =H, (2, Ao)P (8.2.6) 
consisting of one non-zero column, a normalized vector eigenfunc- 


tion of the problem (8.2.4)—(0) corresponding to the eigenvalue 
42. Since by (3.1.8) 


Ey (0, Ag)P=2A,N 0 AoP, 
where 
Ag= f E(x, Ao) B, (a, Ao) dx 
0 
{P is a projection onto the null space of the matrix F,(A,)), it follows 
that 
¥5(0, Ap) = £4 (0, Ap) P= 219% P ApP = vP 


(see (8.2.5)). Here, » ~ 0 because A, is a positive definite matrix. 
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From this last result and (8.2.6), we conclude that 
V5 (&, Ao) = 7G, (x, Ap)P, 

in which G,(z, Ay) is the solution of (8.2.4) for A = A, satisfying the 
conditions G,(0, A,) = 0 and G,(0, 4,) = I. Therefore, for any @ < e, 
we have in virtue of (8.2.3) and Theorem 1.2.1 
Y, (x, Ao) = [vxI + o(a'+0)P, Yo (a, Ao) = [vE+0(2®)]P (2+0). (8.2.7) 

Now let G,(xz) be the solution of (8.2.4) for 4 = 0 satisfying the 
conditions G,(0) = 0 and @,(0) = I. By Lemma 1.5.1, this solution 
has the asymptotic behavior, 
G(x) = xEZ(0)+0(21—6), Gy (a) = HE(0)+o0(z-*) (rx#+—), (8.2.8) 
for any @ < «. 

Lemna 8.2.1: If det H,(0) = 0, then 

E, (0)=£, (0)P #0. 

Proof: If det #,(0) = 0, then by the corollary to Theorem 5.6.2, 

S(0) # I and by 2° 
S(0) = —(I—P)+P. (8.2.9) 

This implies that the rank of J—S(0) is one, and since the dimen- 
sion of the null space of the matrix F£,(0) is equal to the rank of 
I—S(0) (see (5.6.20)), it follows that £,(0) ~ 0. 

Now consider the relation 

E, (A) = E,(—A)S(A), 


which is a consequence of the factorization of the matrix S(A) (Cf. 
(2.3.3)). Letting A approach zero in this and taking into considera- 
tion (8.2.9), we obtain 


E, (0) = B,(0)[—(I—P) +P]. 
Thus, £,(0) ({—P) = 0, and the lemma is proved. 
Lemma 8.2.2: There exists a matrix A such that 
ER(0)A = —8P, AP = A. 
If det H,(0) # 0, then these relations determine A uniquely; however, 
if det H,(0) = 0, then there exists a one-parameter family of matrices: 


satisfying these relations. 
Proof: When det H,(0) # 0, we evidently can take 


A = —3[HE(0)P. 


230 THE BOUNDARY-VALUE PROBLEM WITH SINGULARITIES 


If det #,(0) = 0, then according to Lemma 8.2.1, 


B,(0) = (, é12 


). | ey |? + | egg [? 4 O 
0 eg5 


and it is easy to see that the matrix 


ie a—1 
. (3 + Bess )érs : if ers Ax 0, 
A i B 


: ce , if e, = 9, 
0 —3e3 


where # is an arbitrary parameter, satisfies the necessary require- 
ments. 


Let A be any matrix for which the conditions of Lemma 8.2.2 
hold, and set 
Y, (z)=G, (x) A. (8.2.10) 
‘Then for any 6 <«, we have by (8.2.8) 
¥,(z) = [—B82l +o(2!-*))P, 
¥3(z) = [—31 + 0(2-9)]P. 
3. We now define 


(2 + ©). (8.2.11) 


x -1 
Y (2, Ao) = Yo(x, Ag) |7-P+ [FSGaY. G20) a| (8.2.12) 
0 


and we consider the transformation 
®, (x, A) = ®, (az, A)+ 
+Y, (2, Ap) W{TF (2, Ao), Dy (x, A)} (A? —AZ)-?. 


According to Theorem 6.2.1, it takes any solution ®,(x, A) of (8.2.4) 
for A # A, into a solution ®,(z, A) of 


Y”—V,(2)¥+2Y = 0, (8.2.14) 


(8.2.13) 


where 
Vi (x) = Vy (x)—2[¥, (x, Ag)¥ F(x, Ap)’. (8.2.15) 


From (8.2.6) and (8.2.12), it easily follows that Y.(x, 49), Y4(x, Ag) 
and their derivatives decrease exponentially as x —- co. Thus (see 
(8.2.3), 


f are | V(x) | da<co (6<e). (8.2.16) 
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By making use of (8.2.7) and (8.2.12), we then find that for any 
6<ée 


— (97-1,-2 24 
ae Ao) = [8 5 I + 0(a—2*8)]P (2 > 0), (8.2.17) 
Y (x, Ao) = [—69~7a~8I + o(2—3*8)]P 
PY, (x, Ag)VF(z, Ag)! = —6a-*P + o(2-2+8) (x + 0) 
and therefore (see (8.2.3) and (8.2.15)), 
f -9|V,(2)-62-*P |dr<—  (@<e). (8.2.18) 
F 


Let U,(z, A) (A>0; A=”, &=0, 1,..., p—1) be a complete 
set of normalized matrix eigenfunctions of the problem (8.2.4)—(0) 
for which a Parseval equality analogous to (7.4.18) holds and which 
have the following asymptotic behavior at infinity: 


U,(2, A) = e®*I—e—¥*g( — A) + 0(1) (A => 0), 
U(x, Ap) = e~l*[M, + 0(1)] (tk = 0, 1, ...,p—1). 
Since U,(z, A) and Y,(z, A4,) are both O(z) as x +0. 
lim W{Y3(z, Ao), U,(x, A)} = 0 
x—>0 


(8.2.19) 


and by Lemma 6.3.1, the transformation (8.2.13) applied to U,(z, A) 
may be expressed as 


U, (2, 4) = Uz (a, A)—Yy (a, Ap) [YF (t, Ao) e (t, a) at 
0 


(Cf. (7.4.21)): 

By the use of this formula, the reasoning of § 4, Chapter VIL can 
be repeated literally to show that U,(z, A,) = 0%and that the mat- 
rices U,(z,A4) (A>0; A=A,, &k = 1, 2,..., p—1) are solutions of 
(8.2.14) vanishing at « = 0 and having the same asymptotic form 
at infinity as the U,(z, A); moreover, a Parseval equality such as 
(7.4.23) holds. Thus, the matrices U,(x, A) comprise a complete set 
of normalized eigenfunctions of the problem (8.2.14)—(0). 

4. We now let Y,(x) denote the solution of. (8.2.14) for 1=0 
which is the image of Y.(x) under the transformation (8.2.13). From 
{8.2.7) and (8.2.10), it follows that 


lim W{Y F(z, Ao), Y,(x)}=9, 


* According to (8.2.6), U,(”,4,) = Y,(2,A,). 
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so that by Lemma 6.3.1, 
x 
Y, (x) = ¥,(x)—Y¥, (x, do) [ YE(t, Ag)¥, (t) at. 
. 0 


By then applying (8.2.17), we find from this formula that 
Y,(%)=O(z)P, Y3(z)=O(1)P (2 + 0). (8.2.20) 
This formula in conjunction with (8.2.11) also shows that Y,(z) has 


the same asymptotic behavior at infinity as Y,(z), i.e., for any 
6 = €E 


Y,(x) = [—32I + o(z1—*)]P, 
Y3(z) = [—31£+ 0(x—9)JP 
But by (8.2.20), 


. (@ —» 29), (8.2.21) 


lim W{Yf(z), Y,(x)}=0. 
x—>0 


Therefore, if we define 


¥(z) = Y,(z) |#-a +m?)P — freer, (t) ae", (8.2.22) 


0 


in which mP = M, (see condition (b) on the given data), then by 
Theorem 6.2.1, the transformation 


D(x, 4) = D(x, 4)\—A-*F (az) WF (x), G(x, A)} (8.2.23) 


will take any solution D,(z, A) of equation (8.2.14) for A + 0 into a 
solution O(z, A) of 


Y” —{V, (2) +2[P(2)¥F(x)}¥ +2 = 0. (8.2.24) 


- It is easy to show by the use of (8.2.20) and (8.2.21), that (8.2.22) 
leads to the relations 


Y(x) =O(z)P, Y’(z)=O(1)P (z+ 0), 


Y(x) = [x~?I + 0(a-2-8)]P, ees (8.2.25) 
Y’(a) = [—2a73I + o(2—3—-6) JP 
for any 9 < «. As a consequence, 
Q[Y (x) VF (x)l =O(a)P (x —» 0) (8.2.26) 


and 
2[¥ (2) FF (x)l = 6x-*P + (2-2-8) (x2). (8.2.27) 
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If we write (8.2.24) in the form 
Y” —[V(x)+6z—2P]¥ +/2Y = 0, (7.1.0) 
where 
V(a) = Vy (a) + 2[F (a) F(2)) —62-*P, (8.2.28) 
then by (8.2.16), (8.2.18), (8.2.26), and (8.2.27), we find that the 


Hermitian matrix V(x) satisfies the condition (7.1.1). 
We next observe that 


lim W{F#(z), U(x, A}=O0 (A>O; A=Ay, b=, 2,...,p—-), 
x>0 


and therefore according to Lemma 6.3.1 the transformation (8.2.23) 
applied to U,(z, A) may be written in the form 


U(x, 4) = U,(x, A)+¥(z) f Y#(t)U,(t, a)dt. (8.2.29) 


An immediate consequence of this is that U(0, 4) = 0(A > 034 = A, 
k = 1, 2,..., p—1). Also, just as in the case of Lemma 7.3.4, it is. 
possible to show that the transformation (8.2.23) does not effect 
the asymptotic form of solutions (A ~ 0) at infinity, and therefore 
(Cf. (8.2.19)) 


U(x, A) = e* —e-*§(— 4) + 0(1) (A > 0), 
Ula, ay) =e P[M,to(1)] (k= 1, 2,..., p— 1). 


Finally, applying Theorem 6.3.1 in conjunction with the. formulas. 
(8.2.29), (8.2.22), and the Parseval equality for the matrices U,(z, A), 
we obtain the Parseval equality 


f O2)0%(2) de = 3 0; a4)U*; Aa) + 
0 =1 
= 
toy | UP NUM: 2 a2, 
0 


U(®: j4)=lim. f G@0(e, A) dx 
0 


(see the derivation of (7.4.24)), where A, = 0 and U(z, A,) = mY(z)- 
By (8.2.25), U(0,A,) = 0 and as x — oo 


U(2, Ap) = x~*[mP+0(1)] = 2—*[M, + 0(1)]. 
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These results clearly show that the given quantities S(A), Az, and 
M,, (k = 1, 2,..., p) satisfying the conditions 1°, 2°, and (b) com- 
prise the scattering data of the problem (7.1.0)—(0) with a potential 
V(a) determined: by (8.2.28). 


§ 3. Case (c) 


1. Consider any given unitary matrix S(A), negative numbers A? 
and non-negative Hermitian matrices M, (k = 1, 2, ..., p) with the 
properties 1°, 2°, and (c). 

Let 


Fu =a, | U—sagraa, 


Pp : 
F(t) = D Meet + F, (t). 
k= 
According to (c), m% = 1, so that the equation 
a(t) + f a(€)F(t+£) dé = 0, 0<t< (8.3.1) 
0 
has one independent solution with a Fourier transform %(A) satis- 
fying the conditions 
lim 42%(4) (I—P) = 0 (8.3.2) 
x—> co 
and 
z(0)I-P) #0, if S(0) =TZ. (8.3.3) 


From (8.3.2) and the uniqueness of the solution of (8.3.1), it fol- 
lows that 2(4) P © 0 (see footnote 2 of this chapter), and therefore 
for some pure imaginary value of A, (Im A, < 0) we shall have 


%(4))P<0. (8.3.4) 


We may also assume that J? ~ 4? (k = 1, 2,..., p). 
We now take some positive quantity a such that « < |A,| (& =0, 
l,.... p), and we form the matrix 


P(A) = I-2a(a + ta)—1Q, (8.3.5) 
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where @ is tentatively any Hermitian projection matrix of rank 
one. 


It can be verified directly that 
T(a)T(—A) = T(-A)T(A) = I (A ~ tia), 
T(—-A) = T*(A) (Im A = 0), 


and therefore for real values of A, 7(A) is a unitary matrix. The 
matrix 


S(a) = T(A)S(A)T (A) (— 0 <J <0) (8.3.6) 


is also clearly unitary. 
We now set 


and introduce the non-negative Hermitian matrices 
M, = T(—A,)M,U;, (k = 0, 1,..., p) (8.3.7) 
determined by the polar decomposition* 
T(—A,)M, = M,U* (U,UF=I1;. k=0, 1,..., 7). 


Mu , Clearly has the same rank as MM, for all values of k. 
LEMMA 8.3.1: The projection Q of rank one appearing in (8.3.5) 


may be so chosen that the aggregate of quantities S(a), Az, and M k 
(kK = 0, 1,..., p) possess the properties of the scattering data of the non- 
singular boundary-value problem. In this connection, the matrix 


epee a One 
F,(t) = on | 2-8 dA 
will satisfy the inequality 


f ate) P(e) |dt < © (—e <6 <e). (8.3.8) 
0 


Proof: Applying (8.3.5), (8.3.6), and the convolution theorem, we 


can express F(t) in terms of F,(f) by means of formulas corres- 
ponding to (7.6.3) and (7.6.4). A straightforward computation then 


shows that for any choice of Q, the matrix S(A) has the properties 
I, and II, whenever S(j) does. Moreover, both F,(é) and F;(é) sa- 


* See footnote 5 of Chapter VII on p. 206. 
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tisfy (8.3.8). The other properties in which we are interested are 
related to the integral equations 


u(t) + f u(é)Fe+&) dé = 0, Ost<~a, (8.3.9) 
0 


0 


—v(t)+ fog\Fy(t+édé=0, ~—o <t=0, (8.3.10) 


w(t) + f w(E)F, (t+ é) dé = 0, Ost<o, (8.3.11) 
0 
in which 
Pw ~ 
= 2 Mie + F(t). 
R=0 © 


It is necessary to choose @ in such a way that the first two equa- 

tions have no non-trivial solutions and such that the number of 

linearly independent solutions of the third is equal to the sum of 

the ranks of the matrices My, N,, ere M,. 
In the case (c), the equation 


0 
—y(t)+ fy()F.(t+6)dé=0, -o<t=0 (83.12) 


either has no non-trivial solution (nm, = 0) or has one such solution 
(nm, = 1). 

These two cases must be treated separately. 

(1) n. = 0. In this case, the number of linearly independent so- 
lutions of 


a(t) + f 2(&)F, (t+) dé = 0, Oxt<-= (8.3.13) 
0 


is equal, by assumption, to the sum of the ranks of the matrices 
My, My,..., My (ng = 7). It is also known (by the corollary to Lemma 
3.4.1) that the non-trivial solution x(t) of (8.3.1) is simultaneously 
a solution of (8.3.13), and its Fourier transform 7(A) is such that 
Z(A,)M, = 0 for k = 1, 2,..., p. Therefore, if z(t), 2@2),..., 2(t) 
are linearly independent solutions of (8.3.18) and 2@)(A), 2(A),..., 
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z(")(4) their Fourier transforms, then 


@(A) = 2 yj2%(A) 
and 


2 7729 (Ay) Me = 0 (k=1, 2,...). 
j= 


where y; are certain numbers which are not all zero. 
This implies that the homogeneous system 


Te FA)M,=0 (k=1,2,...,7) (8.3.14) 
j=1 


of r linear equations (since the sum of the ranks of Mj,..., M, is 
r) in the r unknowns ¢, ¢9,..., ¢,, has a non-trivial solution y,, »,..., 
vy, From the uniqueness of the solution of (8.3.1) easily follows 
the uniqueness of the solution of the system (8.3.14). This means 
that the rank of the system is r—l, i.e., one of the equations of 
the system is linearly dependent on the. others. Without any loss 
of generality, we may assume that this equation is the one associa- 
ted with M, and that M, is of rank one. This is obvious if all of 
the matrices UM, are of rank one; however, the stated assumption 
may always be satisfied. In fact, if any of the matrices M, are non- 
singular, then it is merely necessary to represent it in the form 
My, = «4,02 +«.02; where «, and a, are the eigenvalues of VM, 
and Q and Q? are mutually orthogonal projecting matrices of 
rank one, and to count the corresponding eigenvalues A? twice: once 
with the normalization matrix «Qj? and once with the normali- 
zation matrix «,Q/. 


Since by (8.3.4) 
r :, 
B(Ag)P= DY 7j2Z(Ag)P #0 
j=1 


and since the equation of the system (8.3.14) associated with the 
matrix IM, is linearly dependent on the others, the system 


Ll = 
> oj2(A,)M,=0 (k= 1, 2, o2e P- 1), 
jml 


> oj29(A_)P=0 
j=1 


has only the trivial solution. 
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But then it is easy to show that the aggregate of quantities S(A), 
Az? and M, (k = 0, 1,..., p—1) is the scattering data of some non- 
singular boundary-value problem. Therefore, S(A) can be factored 
into the form 


S(a) = E-*(—A)E(A) = E*(—A)[E*(a)-*, (8.3.15) 


where H(A) = E(0, A) and E(x, A) is the special solution of the mat- 
rix differential equation associated with this boundary-value prob- 
lem. Also, H#—1(A) is regular everywhere in the lower half-plane ex- 
cept at the points’ A), A,,..., Ap, where it has simple poles with 
the residues Np,.... N,-, (see §2, Chapter I); moreover, the sum 
of the ranks of Nj, y,.... Nz, is equal to 7. Finally, the matrix 
rer aair - not zero, and EH(—ta) is non-singular.5 Therefore, 
E-'(—ta)E(Ap)M, is ales a non-vanishing matrix, and a vector 
q= . a exists such that gH-1(—ix)E(4,)M, # 0. 

Let the matrix Q@ be a projection onto the dimetion of gq. 

Then it is obvious that the relation 


2QH-\ —ix) E (4,)M, = 0 


may be satisfied if and only if z is annihilated by Q, i.e., zQ = 0. 
The matrix Q will be used to construct the matrix 7(A) defined 
by (8.3.5). 
From (8.3.6) and (8.3.15), it follows that 


S(A) = T(A)E-( — A) E(a)T(4) = T(A)E*( — A) [B*(a)}-42(A). 
That is 


S(a) = B-—a)H(a) = B*(—A) (B*(A)-, 


where B(A) = E(A)T(A) is regular in the lower half-plane, and E-1() 
is regular in the lower half-plane except for the points Jp, Ay,..., 
Ap-1, and —ia% where it has simple poles. In the neighborhood of 
the real axis, E(a) and E-1(A) behave like H(A) and E-1(A), respec- 
tively. 


SIf H(Ap)My = 0, then the non-singular boundary-value problem in 
question would have rs as an eigenvalue with M, the corresponding nor- 
malization matrix, whereas in reality it is not an eigenvalue (even if Ag 
were an eigenvalue, the corresponding normalization matrix would be 


orthogonal to meh, oe det E(—ia«) then does not vanish since —ia # A, 
(k = 0,1,...,p—1) 
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Hence, the remark 2 of Theorem 3.5.1 implies that the equation 
(8.3.10) has only the trivial solution and that the number of linearly 
independent solutions of (8.3.11) is equal to the sum of the ranks 
of the residues of the matrix E-\4). But the residues \ Nayak 


Neng of B-1(4) at the corresponding poles A, Aj, ..., Ap; are related 


to the residues NV, of the matrix E-1(A) by the obvious formula 
MN, = T(—-A)Nn, (k = 0, 1,...,p—D). 
Moreover, by (8.3.5), its residue at the pole —7x is given by N= 


= —2i«QH-1(— ix) and therefore N is of rank one. 
Thus 


p—1 a ‘z pl 
2 rank V,+rank NV = 2 rank V,+1=r7+1, 
=0 =0 


and since 


p 2 p - 
> tank M, = D rank M,+rank M, = r+1, 
k=0 : k=1 


the number of linearly independent solutions of (8.3.11) is equal 
to the sum of the ranks of My, M,, ..., Mp. 

We must still show that if Q is chosen as above, then the equation 
(8.3.9) has only the trivial solution. 

According to the corollary to Lemma 3.4.1, any solution u(t) of 
(8.3.9) belonging to L%)(0, oc) is simultaneously a solution of (8.3.11) 
and its Fourier transform %(A) satisfies the conditions 


U(A,)M, = U(A,)T(—A,)M, = 0 (k = 0, 1,...,p). (8.3.16) 


Inasmuch as u(t) is a solution of (8.3.11), by the remark 2 of Theo- 
rem 3.5.1, we have 


Ha) = aaa U( Ap) Ny, H(A) - oo ii(—iae)NB(A) = 
k=1 
= S aig U(Ay)T( — Ay) Ny E(A)T (A) — 
k=1 
4.02 


Se U( — tae) QE-*( — te) H(A)T (A). 


But (8.3.16) implies that 
U(Ap)T(— Ax), = 9, (4 = 0, 1,..., p—1) 
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(see footnote 20 of Chapter II). Therefore 


2 
(a) = a5 i — ie)QE-'( — tee) E(AYT(A), (8.3.17) 
and 
%s fot on 
UA,)T(— Ap) Up = Ba 1 aa a (—t)E(A,)M, =.0, 


or 
i —tx)QE-1( —ix)E (Ap) My = 0. 


Because of our choice of Q, this last result shows that %(—%x)Q = 0, 
and hence, from (8.3.17) we conclude that %(A) = 0. This means 
that the equation (8.3.9) has only the trivial solution. 

Thus the lemma is proved for the case n,. = 0. 

(2) mz = 1. Let ¥(A) denote the Fourier transform of the non- 
trivial solution of equation (8.3.12), and let us show that (ix) ~ 0 
for all positive values of ~. Equation (8.3.12) is equivalent to 


y(—A)S(A) = —y(A) Se: A ie) 


This equation is obviously satisfied by both ¥(A) and the vector 
function 


yP(A) = (A? +02)—*y(A). 


Now if (ia) were zero forsome value of a > 0, then both 7A) 
and ¥(A) would be regular in the lower half-plane. As a consequence, 
they would be the respective Fourier transforms of certain solutions 
of (8.3.12). Since ¥(A) and 74) areclearly linearly independent, 
this would contradict the fact that this equation has a unique solu- 
tion (n. = 1). Hence, ¥(ix) 4 0 and there exists a projection Q of 
tank one such that 


Y (ta) Q #0. (8.3.18) 


We now take this matrix Q as the one defining 7(A) in (8.3.5). 

With this choice of Q, we can show that (8.3.10) has only the 
trivial solution. Suppose that %(A)is the Fourier transform of some 
solution of this equation. The vector function %(4) is regular in the 
upper half-plane and for real values of A, 


3(—A)8(a) = —3(A), 
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which by (8.3.6) can be expressed as 
B(—A)T(A)S(A) = —8(a)T(—A) Lees nS =): 

Now according to (8.3.5),0(A)T(—A) is also regular in the upper 
halfplane and from the last equation it then follows that ¥(4)7(—A) 
is the Fourier transform of a solution of (8.3.12). By virtue of the 
uniqueness of this solution, 

d(A)T(—A) = y¥(A), 
where y is some constant, and as a result (see (8.3.5)), 
O(a) = yy(A)T(A) = yy(A) LL —2a(« + 1a) *Q). 
This and (8.3.18) show that ify # 0, then 0(A) will have a pole at 
the point 4 = ia, which is impossible. Thus y = 0 and hence 0(A) = 0. 
In other words, (8.3.10) has only the trivial solution. 
But then in this event, S(A) is the scattering matrix of some non- 


singular boundary-value problem (see Theorem 5.6.1) and can 
therefore be represented in the form 


S(a) = E-(—A)E(4) = B*(—A)[B*(a)}-1, (8.8.19) 
where B(A) = EO, A) and E(a, A) is the special solution of the mat- 
rix differential equation associated with this boundary-value prob- 
lem. The matrix #-1(A4) is regular everywhere in the lower half- 
plane except at a finite number of points 7, ,, ..., ¥, on the imagi- 
nary axis where it has simple poles and corresponding residues of 
No, easy IV . 

From (8.3.6) and (8.3.19), we next have 
S(4) = T(—A)B*(—A) [B*(A)-2(—2) = 
= T(—A)E*(—A) [T(A)E*(A)}-, 
and from this and the existence of a non-trivial solution of (8.3.12) 
it can be shown that 


N, E(—iax)Q = 0 (k == 1, 2,...,l). (8.3.20) 

The proof is exactly the same as that of the equation (7.6.13). 
Let us now consider equation (8.3.11). The Fourier transform 
(A) of any solution of it is regular in the lower halfplane and is 


such that (—A)8(A) = (A) for real values of 4. By (8.3.19) and 
the remark of Theorem 3.5.1, we also have 


wa) = > 2" _ ay, N, Ba) (8.3.21) 
ha A? — noe = 
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From this and (8.3.20) it then follows that the vector function 
w(A)T(—A) is also regular in the lower halfplane, and moreover, 
satisfies the equation w(— A)T(A)S(A) = W(A)T(—A) (co < 4 < 00), 
In other words, it is the Fourier transform of some solution of (8.3.13). 
Conversely, if 2(A) is the Fourier transform of some solution of 
(8.3.13), then it satisfies the relation z(—)S(A) = BA) (0 <dA< 
< 00) : the relation 2(—A)T(— a)S(4) = 2(A)T(A). But since 
2(A) T(A) is regular together with 2(4) in the lower halfplane (see 
(8.3.5)), it must be the Fourier transform of some solution of (8.3.11). 

As a consequence, (8.3.11) and (8.3.13) have the same number 
of linearly independent solutions. Since the number of linearly inde- 
pendent solutions of (8.3.13) is, by assumption, one more than the 
sum of the ranks of M,, M,, .... M,, this shows that the number 
of linearly independent solutions of (8,3.11) is equal to 


> tank M,+1 = Z rank M,+1 = Z rank M, 


k=1 


Hence, the quantities S(A), Az, and M np (k= 0, 1, ..., p) have the 
property V. 

_ Finally, consider the equation (8.3. 9). Since any solution u(t) of 
this equation is simultaneously a solution of (8.3.11), its Fourier 
transform %(A) satisfies the relation (8.3.21). Hence, according to 
(8.3.20), u(A)Z'(—A) is regular in the lower halfplane. The corollary 
to Lemma 3.4.1 further yields 


U(—A)S(A) = H(A) (mA = 0); U(A,)M, = 0 (k=0, 1,...,p) 
and hence (see (8.3.6) and (8.3.7)) 
U(—A)P(A)S(A) = U(A)T (A) (Im A = 0); 
(Ay) T(—A,)M;, = 0 (k = 0, 1,..., 2). 


Taking into consideration the regularity of %(A)7'(—A) in the low- 
er halfplane, we conclude from these relations that %(4)T(—A) is 
the Fourier transform of a solution of (8.3.1) and moreover, such 
that 2%(A9)T(—A,)M, = 0, where M, = P. Hence, by virtue of the 
uniqueness of the solution of (8.3.1), we have %(A)T(—A) = BZ(A) 
and £2 (A,)P = 0. Since %(A,)P #0 by (8.3.4), this implies that 6 = 0. 
This means that %(4) = B%(A)T(A) = 0, ie., the equation (8.3.9) has 
only the trivial solution. 
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Hence, the lemma is proved for both n.» = 0 and nn, = 1. 
2. Thus, S(A), Az, and M;, (k = 0, 1, ..., p) comprise the scattering © 
data for a non-singular boundary-value problem. This problem is 

described by some equation 
Y” —V,(2)¥ +A°Y = 0, 0O<2< 0 (8.3.22) 


and the boundary condition Y(0, A) = 0, where according to (8.3.8), 
the Hermitian matrix V,(z) satisfies the inequality 


f at+0| Vy (2) | da < (—e<69<e). (8.3.23) 
0 


Let E,(z, A) be the special solution of (8.3.22) and set £,(0, A) = 
= E,(A). Then in exactly the same way as in §6 of Chapter VII 
(see formula (7.6.12)), we find that the following relation holds for 
the Fourier transform 7(A) of a solution of (8.3.1): 


2Ag  ~ 
RoE (Ag) T'(Ao) No Hy (A)T(—A) = 


= (42—13)—1aN, BE, (A)T(—A). (8.3.24) 


Here, N, is the residue of HZ1(A) at its pole 4), and ais any con- 
stant vector. From this last result and (8.3.2), we then find that 


N,(I—P) = 0. (8.3.25) 
Next, taking into account (8.3.5) and the regularity of %(A) in 


the lower halfplane, we conclude from (8.3.24) that NoH,(—ix)Q = 0, 
and since N,P = Nj, , 


: Z(a) = 


PE,(—ia«)Q = 0. 


Therefore, 
B, (—ix)QU*(— ia) = (I—P)E,(—ta)QES(— tx) (I—P) = 
= k*(I —P) 
and hence, 
Q = KBs — tx) (I—P) [Bs —ix)|* = #CC*, 
where 


C = Ez\(—%ta) (I—P). (8.3.26). 


It is easy to show that k? = c~1, where c is a positive constant. 
defined by the equation 


c(I—P) = C*C, (8.3.27) 
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and hence 
Q=c1CC%. (8.3.28) 
In fact, Q@ = Q? = k40C*CC* = k?cQ, from which it follows that 
ke =1 or B=}, 
Consider the matrix 
Y,(z, —tx) = E,(x, — tx)C, (8.3.29) 
which is a solution of (8.3.22) for A = — ia. From (8.3.26) and (8.3.29) 
we conclude on the basis of Theorems 1.2.1. and 1.4.1 that for any 
G<€e 
Y,(z, —tx) = e~*[C+0(x—8)], 
Y3(z, — tx) = —ae—™[C + o(2—9)] 
Y,(z, —tx) = I—P+o(2°), 


(x +00), (8.3.30) 


: (a — 0). (8.3.31) 
Y3(x, —ta) = o(a—1+8) 
Now consider the matrix 
V3 (2, Ap) = Hy (x, Ao)No, (8.3.32) 


whose non-zero column is an eigenfunction of the problem (8.3.22)— 
(0) corresponding to the eigenvalue 4%. According to (3.1.7), (3.1.8), 
and (8.3.25), 


where 
Ay= { E(x, Ao)E5(x, ay) dz, 
0 


and this shows that 
¥;(0, Ao) = £3 (0, Ap) No =P, 
in which vis a non-zero constant. This leads to the conclusion that 
Y4(x, Ao) = [val + 0(a1+8)]P, | 
¥4(2, Ao) = [oI +0(0%)]P 
(Cf. (8.2.7)). 
Suppose that G,(x) is the solution of (8.3.22) for A=0 satisfying 


the conditions G,(0)=0 and G3(0)=I. Then according to Lemma 
1.5.1, 


(x > 0) (8.3.33) 


G, (x) = xE¥(0) +o(21-9), 
G3 (a) = H3(0) + o(2-#) 


for any @<e. 


(x —> oo), (8.3.34) 
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Lemma 8.3.2: If det H,(0)=0, then 
E, (0)T (0) = #, (0)7(0)P 40. 


This lemma is proved in exactly the same way as Lemma 8.2.1. 
In this connection, it is necessary to make use of the relation 


B,(A) = E,(—a)S(A) (42 > 0), 
or (see (8.3.6)) 
Ey(A)T(—A) = E,(—A)T(a)S(A) (A? > 0), 
and to take into consideration that S(0)#JI when det _E,(0)=0 


(because in that case S(0) #1 ). 
Lemna 8.3.3.: There exists a matrix A such that 


‘H3(0)A = —37(0)P; AP= A; (I-P)A #0. 
If det H,(0)#0, then A is uniquely determined by these conditions; 
on the other hand, if det H,(0)=0, then there exists a one-parameter 


family of matrices A satisfying these conditions. 
Proof: Suppose that det #,(0)#0. Then the matrix 


= —3[3(0))-TO)P 
clearly satisfies the first two conditions of the lemma. Furthermore, 
(8.3.3), (8.3.24), and (8.3.25) imply that 
PE, (0)T(0) (I-P) # 0, 
and since 7(0)=7*(0)=T—1(0), it follows that 
(I-—P)A = —3(I1—P) [£3 (0)]-*Z(0)P = 0. 


That is, A also satisfies the third condition. 
Suppose now that det H#,(0)=0. Then by Lemma 8.3.2, 


E£,(0)7(0) = (; fel | €y2 | + | eo |? 4 9. 


0 eg 


Thus, all the requirements are satisfied by the matrix 


a s—1 
( (3 + Begs erg , if e, #0, 
A B 


y os , if e, = 0, 
0 — 3es3: 


where # is an arbitrary parameter. 
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Let A be a matrix for which the conditions of Lemma 8.3.3 hold 
and set 


Y, (2) =G, (x) A. (8.3.35) 
Then according to (8.3.34), 
Y, (x) = [—32T(0) + ofz?9))P, 
Y3(z) = [—37(0) + o(a—®)]P 
3. Now define 


(x — oo). (8.3.36) 


Y,(x, —ta) = 
= Y, (x, —%) | P+ fre, —ta)¥, (t, teat | (8.3.37) 


and consider the transformation 
®, (x, A) = ©, (2, A)— 
—¥,(x, —ta)W{Y3 (x, —ta), Dy (x, A)} (A? +02)-?. 
By Theorem 6.2.1, it carries any solution ®,(z, A) (A~ —%iax) of 
equation (8.3.22) into a solution ®,(z, A) of 
Y” —V,(z)¥ + AY = 0, (8.3.39) 


(8.3.38) 


where 
Vi(x) = V,(x)+2[¥, (2, —tx)¥ F(x, —tax)/’. (8.3.40) 
From (8.3.30), (8.3.31), and (8.3.37), we find that for @<e 
fe ee ee dees (+o) = (8.3.41) 
Yo(z, —ta) = 2a®c—te2*[(C + o(x—8)] 
and 
Y,(%, —ta) = Y,(0, —ix) + o(a’), 
Y3(z, —ta) = ofz—1+6) 


Moreover, 


(x —»0). (8.3.42) 


Y,(0, —tx) = (I~P)Y,(0, —ia) # 0. 
Applying (8.3.31) and (8.3.42), we obtain 
2[¥,(z, —ta)¥Z(x, —ta)! = o(a—1+8) (x — 9), 
which, by (8.3.23) and (8.3.40), shows that 
f 21-8 |V, (2) | da<o (9<e). 
0 
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In order to determine the behavior of V,(x) at infinity, it is neces- 
sary to sharpen (8.3.30). This is done by making use of Theorem 
1.4.1 and by then carrying out computations similar to those used 
at the beginning of § 5 of Chapter VI, where the transformation 
inverse to (8.3.38) was investigated. 

As a result, it is found that for any 9@<e 


f 240) 7, (2) |de<n 


and therefore V,(z) satisfies the inequality 
f a1+0|V, (a) |dz<o (—e<O<e). (8.3.43) 
0 


Let U,(z, A) (A>0; A=A,, k=0, 1, ..., p) denote a complete 
set of normalized matrix eigenfunctions of the problem (8.3.22)—(0), 
so that Parseval’s equality holds, and such that 


D,(z, A) = PT —e-M*8(—2)+0(1) (A=), Ga 
O(a, Ay) = eP[M, +01] (= 0, 1... p). 


Since Y,(z, —ia) decreases exponentially as 2—- co, Lemma 
6.3.1 can be used to express the transformation (8.3.38) as applied 
to U,(z, A) in the form 


U,(, A) = U,(x, 4)—Y.(x, —ta) frza, —ta)O,(t, A) dt 


(Cf. (7.5.24)). This result and Theorem 6.3.1 enable one to show, 
as in Chapter VU, that a Parseval equality also holds for the matrices 


U,(z, A) (A>0; A=A,, k=—0, 1, ..., p). Furthermore, as in the 
proof of Lemma 7.5.4, we find that 


U,(x, A) = e®T(—A)—e-®T(A)&(— 4) +.0(1) (A = 0), 
U, (x, Ay) = e~PeX[T(A,)M,+0(1)] (k= 0, 1,...,9). 


(1 + 20) 
(8.3.44) 

4. Now let Y.(z, A,) be the image of Y,(z2, Ay) under the transforma- 
tion (8.3.38). Define 


Y,(z, Ao) = Yo(x, Ao) [2-P+ [ VEG, AF. (t, do) ae” (8.3.45) 
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and consider the transformation 
®, (x, A) = ©, (x, A)+ 
+Y, (x, Ap)W{VF (x, Ap), Py (x, A)} (A —A3)-2. 
According to Theorem 6.2.1, it takes any solution ®,(2, 4) (AA,) 
of equation (8.3.39) into a solution ®,(2, A) of 
Y” —V,(#)¥ +/47Y = 0, (8.3.47) 


(8.3.46) 


where 
V,(z) = Vn(x)—2[Y, (a, Ay)¥3 a (2, Ap)]’- (8.3.48) 


It is easy to see that Y,(z, A,) and Y,(z, A,) and their derivatives 
decrease exponentially as 2—-0o simultaneously with the matrix 
Y,(z, A) of (8.3.32). As a consequence, 


f 2t+9|V, (2) |dz<oo (0<e), (8.4.49) 


since the analogous inequality holds for V,(z). 
Now by (8.3.31) and (8.3.33) 


lim W{¥3(2, — ta), ¥3(2, 4e)} = 0 


> 


so that by Lemma 6.3.1, the transformation (8.3.38) applied to 
Y,(z, Ay) can be eacprecsad as 


¥3 (2, Aq) = Y3(a, Ao) +¥(a, —ia) f VE(t, —ta)¥,(t, do) de 
0 


Upon also taking (8.3.42) into consideration, we find from this 
result that for @<e 


Y, (x, Ao) = [vel + 0(z1+)]P, 
V3 (2, Ap) = [vl + o(a°)]P 
This together with (8.3.45) shows that 
Y, (2, Ao) = [39~1a-2I + 0(a—2+6)]P (2 —» 0). (8.3.51) 
Moreover, this relation may be differentiated. 
Thus, 
2[Py (x, Ap) ¥3 (x, Ap)’ = —6a-2P + o(a—2*6) (2 — 0) 
which implies that (see (8.3.43) and (8.3.48)) 
f xt-2| V(x) —6a-2P | dx<eo (@<e). (8.3.52) 
0 


(a —» 0). (8.3.50) 
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The further investigation of the transformation (8.3.46) is a literal 
repetition of the portion of § 5 of Chapter VI beginning with the 
derivation of formula (7.5.30) and ending with that of formula. 
(7.5.32). In this connection, account must be taken of the fact 


that (8.3.32) implies that U,(2, A))=Y (2, 4)) B where B is some 
constant matrix; therefore both Y. 2(z, A)) and U (a, Ao) =F 2(2, Ay) B 
are annihilated by the transformation (8.3.46), i.e., O(a, Ay)=0 

In this way we can ascertain that the matrices Ux (z, A) (A>90; 
4=4,, k=l, 2, ..., p) obtained from U(x, 2) by means of the 
transformation (8.3.46) have the same asymptotic form at infinity 


as the latter matrices. Moreover, they satisfy Parseval’s equality 
and, as z—+0, can be represented in the form 


O(a, a) = (I—P)O4(0, a)x—Y, (2, —ia) - A(A)+0(x1+8) 
(0 <e). (8.3.53); 


where 


A(a) = free —ia)O,(t, a) dt = (A? +a2)-1¥$(0, —ta)U5(0, A) 


0 


and 


x 
Y,(x, —ta) = ¥,(a, —ta)—Yy (2, Ao) { PF(t, Ag)¥a(¢, — tex) dt 
0 
(8.3.54). 


is a solution of equation (8.3.47) for A= — ia. 
The proof of formula (8.3.53) is based on the following two proper- 


ties of the solutions U 3(%, A) of (8.3.22): 
(0, A)=0; Uy (w, A)=o(e*) (w+ >). 


But the solution Y,(z) of this equation for A—0 also obviously 
has these two properties (see (8.3.35)). Therefore an expression 
analogous to (8.3.53) for z—0 holds for the solution Y,(x) of (8.3.47) 
obtained from Y,(x) by the successive transformations (8.3.38). 
and (8.3.46), 1.e., 


Y, (x) = (I—P)¥; (0)a—¥(z, oe (9. <8), 


(8.3.55): 
A(0) = a*¥#(0, —ta)¥4(0 
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From (8.3.42), (8.3.50), (8.3.51), and (8.3.54), it follows that 
Y,(z, —tx) = Y,(0, —t)+0(zx*) (@< «) (8.3.56) 
as z—0, and that this relation may be differentiated. 
We next show that 
W{ViT (a, —t), Y, (x, —tx)} = 0. (8.3.57) 
Since Y,(z, —%a) satisfies equation (8.3.47) for A= — ta, the Wronskian 
of Yi(z, —ta) and Y,(x, —ta) is independent of x. But as 2-+0w, 
Y,(x, —tax)=O(e) by (8.3.41), whereas Y,(z, A)) and Y,(z, A)) 
are O(e—*I*), with a<|Ag|. 
Therefore, (8.3.54) yields Y,(z, —ia) =—Y,(z, —i)+O(e—I*) 
as x-»+0o, from which it follows that 
Wilt (2, — ta), Fe, —ta)} = lim Wi F(z, — ta), Y, (2, —ta)} => 
> co 
= lim W{YF (x, —ta), Y,(x, —t)}. 


X—> oo 


Now, by Lemma 6.2.2, the matrix Y,(z, —ix) defined by (8.3.37) 
is such that — 


W{Y3 (x, — ta), Y, (2, —%A)} S 0, 
and this leads to the required result (8.3.57). 
5. On the basis of (8.3.55), (8.3.56), and (8.3.57), 


lim W{Y*(z), Y,(a)} =a-?¥%’(0)[—Y¥,(0, —ta)¥*(0, —#x) (I—P) + 
x—>0 
+(I—P)¥,(0; —ia)¥3(0, —ta)]¥3(0) = 0, 


and since the Wronskian of Y i(z) and Y,(z) is independent of z, 
it follows that 


W{YF (x), Y,(x)}=0. 
Therefore, if 


se a 
Y(x) = Y,(z) | 2-4 mp (PFOr, (é) a] F (8.3.58) 
0 
where m? is a positive quantity to be determined below, then by 
Theorem 6.2.1, the transformation 
D(x, A) = D, (x, A)—A-*V (x) W{V*F (xz), D,(z, A)} (8.3.59) 


takes any solution ®,(z, 4) (A#0) of equation (8.3.47) into some 
solution O(z, A) of 


¥" —{V, (x) +2[¥ (a)¥#(a)!}¥ +42Y = 0. (8.3.60) 
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We then find from (8.3.55), (8.3.56), and (8.3.58) that as 2-0 
Y, (x) = ¥,(0)+0(2*), Y(z) = F(0)+o(2°) (6 <.®), 
and these relations may be differentiated. 
As a consequence, 
2[¥ (x) YF (x)! = o(a—1te) (x — 0) 


for any @<e, from which we conclude by means of (8.3.52) that 
the Hermitian matrix 


V(x) = V, (a) +2[¥ (x)¥¥(a)) —6a-2P (8.3.61) 
satisfies the condition 
f 21-9| V(a) | dz<co (6 <e). (8.3.62) 
0 


To determine the behavior of V(x) at infinity, it is necessary 
to know the asymptotic form of Y,(z) there. From (8.3.30), (8.3.36), 
(8.3.38), and (8.3.41) it follows that 


Y, (2) = Y,(z)—Y, (a, —ia)W{¥$(a, —ia), Y¥g(2)}a-? = 
= [I —2c—1CC* + o(a—*)] [—32T (0) + o(21—9)]P — (a —> co) 
— 2a-te—1[CC* + o(2—9)] [ —37(0) + o(a—)]P. 


But since [—2c-10C*=T(0)=T7-1(0) by (8.3.5) and (8.3.28), we 
obtain 


Y, (x) = [—3al + 0(x1—8)]|P (x + 0; 6 <.e). 


Now Y,(z) is the image of Y,(z) under the transformation (8.3.46) 
which does not effect the asymptotic form of the solutions at infinity. 
Therefore for any 9@<e 


Y, (x) = [—3aI + o(x1—9)]P (% —» co) (8.3.63) 
and by (8.3.58), 
Y(x) = [x—?I + 0(a—2-6)|P (a —> 00), 


Moreover, both of these relations may be differentiated. 
Hence, 


2[Y (x)¥T (x)! = 62-2P + o(2—2-8) (t+ =), 
from which we find, by (8.3.49) and (8.3.61), that 


f arto | V(x) | da<co (O<e). 
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This result together with (8.3.62) leads to the inequality 
f vite | V(2) | dx <0 (—e~< 6 <.e). 
0 
Thus, as a consequence of the transformation (8.3.59), we have 
obtained the equation (8.3.60) which can be expressed as 
Y” —[V(x)+6a-2P]¥ + 72¥ = 0, (7.1.0) 


where V(x) is given by (8.3.61) and satisfies the conditon (7.1.1). 
In order to show that the transformation (8.3.59) applied to 


O(a, A) can be written in integral form, it is necessary to compute 


lim W{Y#(z), U,(z, A}. 


x—>0 


To do this, we make use of (8.3.53), (8.3.55), (8.3.56), and (8.3.57) 
and we find that 


lim W{Y*(x), U,(2, A)}= 
x—>0 


= — A*(0)¥¥(0, —éx) (I—P)O4(0, ap+ 


+Y3'(0) (I—P)Y,(0, —t) A(A), 
or after the insertion of the values of A(0) and A(A); 
lim W{Y¥(2), O,(2, Y}= 
x—>0 
= YF'(0)[—a—9¥, (0, —da)¥3(0, —tx) (I—P)+ 
+(A2+02)-1 (I—P)¥, (0, —t)¥¥(0, '—ta)]U3(0, A). 

The formulas (8.3.31), (8.3.37), and (8.3.54) further yield 

Y,(0, —ia) = I—P, Y,(0, —ix) = (I—P)B, 
where B = || by, ||? is a positive definite Hermitian matrix. Thus 


lim W{Y*(x), U(x, a)}= 
x—>0 


= Y3‘(0)[—a-*(I—P) BUI —P) + 
+ (A? 4+a2)-1 (I —P) B(I —P)]U4(0, 4) = 
= —2a-*(4?+a2)-1,,¥¥ (0) (I—P)05(0, A). 
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From the properties of B it clearly follows that b,, is positive. Finally, 
according to (8.3.53) and (8.3.55), 

U,(0, A) = —(A®+a2)—3¥, (0, —iax)¥ (0, —tx)U5(0,'2) = 
= —(A?+a2)-1 (IP) B(I—P)053 (0, 4) = 


i (8.3.64) 
= —b,,(A?+a2)-1(I—P\U, (0, A), 
Y,(0) = —a-*¥, (0, —tax)PZ(0, —ta)¥3(0) = 
= —a—*(I—P)B(I—P)¥,(0) = (8.3.65) 


= —bya?(I—P)¥5 (0), 
and we finally obtain 


im W{Y*(z), U0, (2, A} = —A2bzPY#(0)U, (0, 2). (8.3.66) 
0 ‘ 


x<—> 
By means of these formulas and Lemma 6.3.1, the transformation 
(8.3.59) applied to (2, A) can be written in the form 


Ula, a) = U, (x, a)+¥(z) { YF()U,(¢, 2) de+ 
0 


: (3.3.67) 
+ bY (a)¥F(0)T, (0, 4). 


Hence, 
O(0, A) = [1 +6y3¥(0)¥¥(0)]0, (0, 4) = 
= [1+672Y, (0) (I—P —m-2P)¥*(0)]U, (0, A) 


(see. (8.3.58)). But from (8.3.64), (8.3.65), and the properties of 
Y,(z), it follows that 


(I—P)¥, (0)P = ¥, (0) = || yj(0) ||? # 0, (8.3.68) 
(I—P)U, (0, 4) = U,(0, a), 
and so 
O(0, a) = (1—bym-2| y,9(0) 2)T, (0, a) (y42(0) # 0). 
Therefore if we choose 
m= br | y42(0) |? (8.3.6) 
in formula (8.3.58), we shall have U(0, 4)=0. In other words, any 


matrix U(2, A) obtained from O(a, A) by the transformation (8.3.59) 
will satisfy not only the equation (8.3.60) but also the boundary 
condition Y(0, 4)=0. 
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By means of the representation (8.3.67) analogous to (7.5.35), 
the very same reasoning of sub-section 5, § 5 of Chapter VI can 
be used to show that Parseval’s equality holds for the matrices 
U(x, a) (A>0; A=A,, k=1, 2, ..., p). Since O(a, A) is the image 
of U(x, A) under the succesive transformations (8.3.46) and (8.3.59) 
which do not efféct asymptotic behavior at infinity, the matrices 
U(2, A) are asymptotically equal to the matrices appearing in (8.3.44). 

Now, in exactly the same way as in sub-section 6, § 5, of Chapter 
VU, we may go from U(z, 4) to new matrices U(x, A) (A>0; A=Ay,, 
k=1, 2,..., p) also satisfying equation (8.3.60), vanishing at 
x=0, yielding a corresponding Parseval equality, and having the 
following asymptotic form at infinity: 

U(x, 2) = eI —e-Mxg(—2)40(]) (A > 0), 
U(z, Ax) = e—lAxlx[ M7, + 0(1)] (& i 2, oki coy p). 


Thus, we have shown that the given quantities S(A), Az, and 
My, (k=1, 2, ..., p) consititute the scattering data for the boundary- 
value problem (7.1.0)—-(0) with a potential V(z) determined by 
(8.3.61). 

REMARK. Similarly, from U x(a, A), we may obtain matrices U,(z, A) 
(A>0; A=A,, k=1, 2, ..., p) which are solutions of (8.3.47), 
for which Parseval’s equality holds, and which have the following 
behavior at infinity: 


U, (a, A) = e®*I — ei G( — 4) + 0(1) (A > 0), 
U, (2, Ap) = e—#l*[M, + 0(1)] (h = 1,. 23065; p). 
Here, U(x, 4)=U,(z, a) T(A) (A>0) so that (8.3.66) yields 
lim W{P#(z), U(x, A} = — Ab ¥(0)U, (0, A). (8.3.70) 


§ 4. Algorithm for Determining the Potential Matrix. Examples 


J. In consequence of the foregoing analysis of the boundary-value 
problem (7.1.0)—(0), we have deduced the following fundamental 
result. 

In order for a unitary matrix S(4), numbers A?</Z <... < 42 = 0 
and non-negative Hermitian matrices M,, Mz, ..., M, to be the 
scattering data for some problem (7.1.0)—(0) with a Hermitian 
potential V(z) satisfying the condition (7.1.1), it is necessary and 
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sufficient that the aggregate 
S(A), Az, My (4 = 1, 2,..., p) (8.4.1) 
have the properties 1°, 2°, and one of the properties (a), (b), or 
(c). 
An analysis of the results of §§ 1—3 of this chapter also reveals 
an algorithm for computing the potential V(x) from the given scatter- 


ing data. Namely, in each of the three possible cases, there exists 
the formula (see (8.1.14), (8.2.28), and (8.3.61)) 


V(a) = V(x) + 2[¥ (x)¥¥(x)) —6a-2P. (8.4.2) 


Henee, it is merely necessary to show how the matrices V,(z), Y,(z), 
and Y (2) may be found from the quantities (8.4.1). 
The matrix V,(x) always satisfies the condition 


favre | V, (a) | da<co (@<e) 
and therefore, by Theorem 1.3.1 and its remark, the equation 
Y” —V,(a@)Y¥+/7¥ = 0 (8.4.3) 
has the special solution 
E, (a, A) = e~** I+ {x, (x, the—™ de, (8.4.4) 
and : 


Vi(z) = —2 £ Ky(a, x). (8.4.5) 


Furthermore, Parseval’s equality holds for the matrix functions 
U, (a, A) = #, (2, —A)—E, (a, A)S(—A) (A > 0), 

U, (x, Ay) =F, (a, Ay) My (A=1, 2,..., 9; AyD) 

(see (8.1.16), sub-section 3, § 2, and the remark at the end of § 3 


of.Chapter VII). Hence, according to § 3 of Chapter IV, it follows 
that K,(x, y) is a solution of 


(8.4.6) 


K, (x, y)+ P(at+y)+ { Ky(a, )F(t+y)dt = 0, (8.4.7) 


in which 


F(t) = ZX’ Melty | [1—S(A)]e# da, (8.4.8) 
R 4 
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the summation extending over all non-zero eigenvalues in (8.4.1). 
We recall that by Theorem 3.4.1 the equation (8.4.7) has a unique 
solution K,(z, y) for any positive value of z. 

Thus, after determining the matrix F(t) from the scattering data 
(8.4.1) by means of the formula (8.4.8), we find V;(z) by first solving 
(8.4.7) and by then making use of (8.4.5). 

As for the matrix Y,(x) = || y», ||?, it is a solution of (8.4.3) 
for A=0 and satisfies the following conditions (see (8.1.11), (8.2.20), 
(8.2.21), (8.3.63), and (8.3.69)): 


(1) ¥(z)P=Y;(z), 
(2) Y\(z) = —8aP+o(a2'~*) (a — 9), 
(3) Y,(0) = 0 and (I—P) Y\(0) = 0 in the case (a); 
Y,(0) = 0 in the case (b); 
PY,(0) = 0, (I—P) Y;(0) ~ O in the case (c). 
The results of §§ 1—3 indicate that Y;(x) is uniquely determined 
by these conditions if S(0)=J; on the other hand if S(0) ¥ J, 
then Y,(x) is uniquely determined only in the case (a) and in the 


other two cases, the expression for Y,(x) will contain an arbitrary 
parameter. We further note that if 


f 22|V, (a) |dz<o. 


then Y,(z) may be found from the formula 


© a e 0 « 
aoe | x \d, (8.4.9 
1 (2) & oe. | 1 (2; t) t 24) t ( i ) 


where a and f are determined by the conditions at z — 0. 
Knowing Y (x), we can then compute 


: 7 1 
Y(z) = Y, (2) |? (1+ m?)P — f YT (#)Y, (0) a] (8.4.10) 
0 
{see (8.1.8), (8.2.22), and (8.4.58)). In the case (a), m? has the value 0, 
in the case (b), we take its, value from the relation M, = mP, and 
in the case (c) 


m?= bz} | 442(0) |? (8.4.11) 
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(see (8.3.69)), where b,j is defined by the formula 
lim W{¥}(z), U, (x, a)} = —A*bgZYT(0)U, (0, 4) (8.4.12)) 
x>0 


(see (8.3.70)). 

By then substituting the matrices V,(z), Y,(x), and Y(z) thus 
obtained in the right-hand side of (8.4.2), we arrive at our desired 
potential V(z). In this connection, if S(0) = J, then both V(z) and 
Y,(x) will be uniquely determined by the scattering data. However, 
when S(0) # 0, V(x) is uniquely determined only in the case (a). 
In the other two cases there exists a one-parameter family of Her- 
mitian matrices V(x) satisfying the condition (7.1.1) and such that 
the boundary-value problems (7.1.0)—(0) corresponding to them 
have the same scattering data. 

2. In conclusion, we give several examples illustrative of all the 
possible cases. 

Ezample 1. Suppose that S(2) = I and that there is no point 
spectrum. 

Then 


F,(t) = F(t)=9 
and conditions 1°, 2°, and (a) are clearly satisfied. 
From (8.4.7), we find that K,(z, y) = 0 and therefore by (8.4.5) 
V, (x) =0. 


Now applying (8.4.9), and (8.4.10) and taking into consideration the 
conditions on Y,(z) at z= 0, we obtain 


Y,(z) = —32P, 
Y(z) = —3e¢P[I —P—323P}-1 = 2-2P 
and thus by (8.4.2) 
V(a) = V, (x) + 2[V (2)¥YF(z)V —62-2P = 0. 
Example 2. Let 
S(a) = set?) +P 
and suppose that there is no point spectrum (note that S(0) x J) 
Since [—S§(A) = —2i(A—4)-1(I—P), it is easy to verify that 
2e—" I — if + 
F,(t) =| e—'"(I—P), ae t>0 > 
0 », if t+<0 
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which, in turn, implies that 
F(t) = 2e—"I —P) (¢ > 0). 
A direct verification shows that the properties 1°, 2°, and (a) hold 


here just as in the preceding example. 
Solving the equation (8.4.7), we obtain 


K,(z, y) = —e7¥(cosh x)—1(I—P), 
so that 


Vi(z) = 25 Kya, 2) = —2(cosh x)—* (I—P). 


The formula (8.4.9) then yields 
risa (0 Oem arene 
0 —32+ 6 
and since, in the present case, Y,(0) = (I—P) Y}(0) = 0, it follows 
that « = 8 = 0. As a result, , 
Y,(z) = —32P. 
Finally, by (8.4.10), we have 
Y(rz) = —32P[I -—P—323P]-? = 2-*P. 
Substituting the expressions found above in (8.4.2), we alrive at 
V(z) = V,(x) = —2(cosh z)—? (I —P). 
Example 3. Let 


= oe (A+%)(A+24) 3. ae = 
S(A) = (I P)+ Ga) (A= ay (A— 2A) P; #2=0, M, = mP (m > 0). 
Then 
i I—S(A) = —6iA(A—1)-2 (A—2%)7 1B, 


12e-2t_ 6e—4)P, if t>0 
F,(o) = 4! es 
0 », ff ¢ <0, 
F(t) = (12e—2* —6e—4)P (t > 0), 
and it is not difficult to show that the conditions 1°, 2°, and (b) hold: 
the equation | 


x(t) + f oe) Fete) dé = 0, Ozxt<o~ 
0 
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has the vector solution 
x(t) ={0, e-t—e—2} 


which is unique to within a scalar factor. 
Solving (8.4.7) and then making use of (8.4.5), (8.4.9), (8.4.10) 
and the condition Y,(0) = 0, we find that . 


K, (x, y) = 3e—¥(cosh x —e—¥) (sinh x)—?P; 
V, (x) = 6(sinh 2)—?P; 
Y,(z)=9(2)P, 
where 
9 
2 


g(z) = —3a+ S (e122) (sinh z)-2; (8.4.18) 


Y(2) = g(a) )z-a 4-miyP— f gt) dt Aa = 
0 


x -1 
= —¢(z) | m+ fe) a| P: 
0 


One can easily show that the Hermitian matrix V(x) obtained 
from the above quantities by means of (8.4.2) satisfies the condition 
(7.1.1). . 

Example 4. Suppose that 


_ Ati = (A+4) (A4+28) 1. oe = 
(m > 0). 
In this case 
oe-t( 7 — —2t_ Rot . = 
F,(t) = ‘. (I —P) + (12e 6e—)P, z t>0 
0 » wf t<9, 


F(t) = 2e-"(I —P) + (12e—2*— 6e~!)P (t > 0) 


and as in the preceding example, it is possible to show that the 
given quantities have the properties 1°, 2°, and (b). We note, how- 
ever, that the distinction here is that S(0) # J. 

The equation (8.4.7) and the formulas (8.4.5), (8.4.9), and (8.4.10) 
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yield (Cf. Examples 2 and 3) 
K, (z, y) = —e~¥(cosh x)~1 (I —P)+3e—¥(cosh # — e—¥) (sinh x)—2P; 
Vi (2) = —2(cosh x)—? (I —P) + 6(sinh x)—2P; 
O «o tanh 
Y l (2) =( . *) ’ 

0 (zx) 
where a is an arbitrary constant, and the function @ is the same 
as the one in Example 3 and given by (8.4.13); 


: = ~1 
0 -—« tanhz | m+ f {| a |? tanh? ¢ + »(é)} a| 
Y(z) = : 
x -1 
0 — (2) | m+ f {| a |? tanh? ¢+¢%(t)} a| 
0 
It is clear that the arbitrary parameter «, on which both Y,(zx) 
and Y(x) depend, will enter into the expression for V(z). 
Example 5. Let S(A) be the same as in Example 4, and let 4? = —1 
and M, = I-—P. 
These quantities have the properties 1°, 2°, and (c), and moreover, 


nm, = 0. To satisfy ourselves that this is so, it suffices to observe 
that here F(t) is the same as in Example 4, that 


F(t) = 3e-“I —P) +(12e-*t— 6e—!)P (t > 0) 


and that the equation 
a(t) + f 2()F(t+&) dé = 0, Ost<o 
0 
has the vector solution | 


a(t) = {0, et*—e-24}. 


which is unique to within a scalar factor. 
Now solving (8.4.7), we obtain 


—1 
K, (2, y) = —sere40 (1 +e) (IP) + 
+ 3e—¥(cosh x — e—¥) (sinh z)—2P. 
By (8.4.5), (8.4.9), and the conditions on Y,(2) at z = 0, we find 
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from this that 
—2 
V;,(z) = —]2e—-= (2 +ye*) (I —P)+ 6(sinh x)—?P; 


0 ayp(z) 
4 = 
1 (2) ( 0 © a) ’ 


where « is an arbitrary constant distinct from zero, 


y(x) = (3 7") (3 + cae : 


and g(x) is given by (8.4.13). 
From (8.4.4), (8.4.6), (8.4.11) and (8.4.12), it then follows that 
mb | |?, 
and therefore by (8.4.10) 
1 ~ = 
0 —ay(s) lz Ja [P+ f {1a Ppt) +97(0)} a] 
Y(a) = . 
1 - -o 
0-92) E ja lt+ f {la Pye) +9*@)} a| 
0 
Substituting the results obtained in (8.4.2), we arrive at a one- 


parameter family of potentials V(x) depending on the parameter «. 
Example 6. Let 


(4+0.58)? (A2—0.75) 4A 40.54) 
Gil Te MRO ee 
| 24a $0.52) 380.75 


(A —0.52)? (A — 1.8%) (A—0.52) (A— 1.5%) 


1 
4 4 ys \2 1 y2\1 1 


In this case 


car og l af ee ab 

12e 2 ——(t-—4)’e 2 6e 2 4+(t—4)e ? 
2 t>0 

FQ = 4) _ 3, ait ay ct 
6e 2 4+(t-—4)e 2 se 2 —e 2 
i 0 , <0 
eS exis 
F(t) = F,()+Mje 2 +Mze 2 (t > 0). 
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Consequently, S(A) being a unitary matrix, as one can easily verify, 
satisfies the conditions 1° and 2°. 
It is further possible to show that the equation 


at)+ feé)F(t+8)d§=0; Ost<w 
0 
has two linearly independent vector solutions 


t t 
2zV(#) ee, — 2te a} 


t 3 3 t 
ee a -3} 
? 


z(t) 2} 25) +2e 2, ¢€ 2 —e 2 


and that the equation 
a(t) + f o(é)F(t+£) dé = 0, O<t<a 
0 
has the unique solution (to within a multiplicative factor) 


"t t 
a(t) = {ie 2, —2Qte 73 


Moreover, the Fourier transform of the latter solution is 


#(a) = 12 (az) 2 (1-3 y 


Since the equation 
0 
—y(t)+ f ¥(&)F,(¢—§) dé = 0, —xo<t<0 


has only the trivial solution, the above results show that the given 
quantities also have the property (c) (with n. = 0), and therefore 
constitute the scattering data for some boundary-value problem 
(7.1.0)—(0). The corresponding potential V(x) may be found by 
means of the formulas of sub-section 1. However, we shall not carry 
out the computations in view of their complexity. 

Example 7. Let 


(A +7) (A+2%) 


as 
Sa) = 754 U P+ ay gay 
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and suppose that there is no point spectrum. Then 
Qe—2t — Get : 

F.(t) = (12e 6e—)P, if t>0 

2eI—-P), if t<0, 

F(t) = (12e—2t-—6e—")P (¢ > 0) 


and it is not difficult to verify that the properties 1°, 2°, and (c), 
with nm, = 1, are here fulfilled. 
Making use of the appropriate formulas of sub-section 1, we obtain 


K, (2, y) = 3e—¥(cosh 2 —e—¥) (sinh x)—*P; 
V,(z) = 6(sinh xz)~?P; 


0 «a 
Y,(z) = ; 
- (: mn 


where & is any non-vanishing constant, and ¢(z) is given by (8.4.13); 
m=, 


¥ =i 
0 ~a[ lait f (let+gto}at| 
Y(z) = : 


x ~1 
0 —ote)| lait f {le P-+9to} a] 
0 


For the present example, S(0) ¥ J, and in accordance with this, 


we have a one-parameter family of potentials V(x) given by the 
formula (8.4.2). 


Example 8. Suppose that there is no point spectrum and that 
SA) = T(-A)E (—-A)EA)T( A), 


where 
i+ 7) 6(A +4) (A+ 22) 
 (A—1)4 (A —1)4 
E(a) = (6 < 0), 
6(A2 +4)! A2+4 1 7) 
(A—i)* (A—1t) (A—21%) | aa | 
T(A) = [+2i(A-1)—19, 
6 \?2 5 \ 6 
(sy ea) 
Q = 


6\2 /66\? 6\ 6 66\? 
(re) +(a) Orne (a) 


264 THE BOUNDARY-VALUE PROBLEM WITH SINGUELARITIS 


It is easily seen that S(A) is unitary and has the properties 1° and 
2°. Moreover, S(0) = J. It is possible to also show that if 6 is a suffi- 
ciently small positive quantity, then the condition (c), with n. = 1, 
will hold. 


APPENDIX I 


On the Characteristic Properties of the Scattering 
Data of the Boundary-Value Problem without 
Singularities 


The scattering data of the non-singular boundary-value problem 
is characterized by the five properties formulated at the beginning 
of Chapter V. The examples of § 7 of that Chapter show that these 
properties are independent. However, it is possible to replace them 
by another set of characteristic properties. This result will make- 
up the content of Theorem 2 which concludes this appendix. 


§ 1. Factorization of a Unitary Matrix 
Lemna 1. If for —oo < 4 < 09, S(A) ts a unitary matrix with the 
property I,, then for any a > 0, the matrix 


Atia 
A—ita 


Sq(A) = S(A) 


also has this property. 
If, in addition, S(A) has the property II, then so will S,(A). 
Proof: If —co < 4 < co, then S,(A) obviously is a unitary matrix 
together with S(/A). Now, since 


2a 


tata —8(a)] 


2a 
I-—8,(a) = po A ag 


and 
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we find by means of theorems on the convolution that I—S,(A) 
is the Fourier transform of 
F,(t)+2ae—*I—-2aD(t), if t>0 


Fs alt) = 
al) ie (¢) —2a@(t), if t<0O, 


where /’,(¢) is the matrix having J—S(A) as its Fourier transform and 


oo ; t 
Dt) = f Fy(t— sje“ dé = et f FP, (u)e™ du. me) 
0 


—_—eD 


It is apparent that F, ,(¢) is Hermitian along with F,(t). To com- 
plete the proof of the first part of the lemma, we must still show that 
the rows of Dé) belong to both Lewy —oo, co) and Lj,)(0, co), provided 
that the rows of #’,(¢) also have this property. The fact that the rows 
of @(t) belong to Ley(—°°, co) isanimmediate consequence of (1) 
and theorems on the convolution. Further, 


oo oo t 
f |G) | des f e-tae J | Ps(u) [et du= 
0 (1) —<co 


0 oo oo oo 
= f | F.(u)|emdu fe-etde+ ff | F.(u) edu f e-atdt = 
ie F : : 


0 eo 
a4 [Face lemaue [Fe] aul 
—o 0 


and hence by the properties of F(t), 


fi Bit) | dt<o, 


0 


Suppose now that S(A) has both the properties J, and JJ,. Then 
§,(A) also has the property II,, i.e., for all positive values of t, Fy 4(t) 
exists and 


ft] Fealt) | dt<en. 
0 


It clearly suffices to prove the statment for D(é). 
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From (1), we have for t>wu 


t | 
Ot) = —ae f F,(ule™dut F,(t) = 


tt 
= -—aetA—em |? (u)er |f — f Fy (ue in| +F,(t) = 
i 


: t 
= ae A +e P, (1) +e f FY (u)e™ du, 
1 


where 
1 
A= fF, (uje™ du. 
From this last result, it is evident that the inequality 
ft] @() |dt<~ 
0 
will have been verified if it is shown that it holds for the matrix 
t 
et fF, (ue du. 
1 
But since 
f t| F5( |dt<e, 
0 
we have 


) t t-) eo 
f tee f | Fy(u)|e™du= f | F,(u) [edu f tet dt= 
1 1 1 u 


em 1 1 
= [ |Fecore (Fue) Bia. 
1 


Similarly, 


1 t 
J teetde f | Fy (u) | e™ du<eo. 
0 1 
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CoroLLary: If S(A) is a unitary matrix possessing the properties 
I, and II,, then so does 


3) (2) 


S(4) = 8(A) f= 


for any positive integer m. 

Lemma 2: Let S(A) be a unitary matriz which (a) is continuous over 
the entire real axis, (b) approaches I as A > + oo, and (c) has the 
property I,. Let F (t) be the matrix having I—S(A) as its Fourier 
transform. 


If 
—a(t)+ f x(&)F,(—t—£) dé = 0, Ost<oa (3) 
0 


has q linearly independent solutions in L?,)(0, c0),) then for m = q, the 
matriz S(A) given by (2) possesses the properties I, and III,. 
If, in addition, S(A) has the property II,, then so will S(A). 
Proof: According to the corollary to Lemma 1, it is merely neces- 
sary to show that when m = gq, 8(A) has the property IJJ,. Let F(t) 
denote the matrix having J—S§(A) as its Fourier transform, and 
consider the equation 


—y(t)+ fy(F.(-t-f)de=0, Ost<. 
0 


We must prove that it has no non-trivial solution in L7,)(0, 0). 
Suppose that y(t) is a solution of this equation belonging to LZ,)(0, 00). 
Then according to Lemma 3.4.1, we have? 


9(A) + ¥(—A)8(—A) = 0, 
where 


Ta) = f ylte-Mat. 
: 0 


1 ¥rom the conditions imposed on S(A) it follows that F.(—#) satisfies 
all of the requirements of Lemma 3.3.3 and hence the operator 


Sf a()F.(—t—8&) dé 


0 


is completely continuousin L}, (0, ©). 
2 See footnote 17 of Chapter II. 
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Using (2), we find from this that the vector 
xa) = 90) (75) 


satisfies the equation 
(A) + z(—A)S(—A) = 0. 
It is also evident that (4) is regular along with ¥(A) in the lower 


halfplane and is square summable over the real axis. Since 7(A) has 
a zero of m-th order at A = —i, the vector functions 


H(A) = (42 +1) "2 (a) (4 = 0, 1,..., m) 


are also regular in the lower halfplane, are square summable on the 
real axis and clearly satisfy 

(a) +2(—A)S(—A) = 0 (4 = 0, 1,..., m). 
Therefore, the functions 


20(1) = [ #™aenan (k=0, 1,..., m) 


vanish for ¢t < 0, belong to Li,)(0, oo) and according to Lemma 3.4.1, 
satisfy equation (3). 

It merely remains to observe now that if %(4) # 0, then 2A), 
#4(4),..., £™(2) would be linearly independent and, hence, so 
would 2(é), 2@z),..., et). Therefore the equation (3) would 
have at least m+1 linearly independent solutions in L7,)(0, oo) and 
this would contradict the assumption of the lemma. Thus, %(4) = 0. 
This implies that 7(4) = 0 and so y(t) = 0, q.e.d. 

CoroLLary: If S(A) satisfies the same conditions as in Lemma 2, 
then it can be represented in the form 


S(a) = E-(—a)E(a) (isi) (4) 


A+% 


Here, m is a sufficiently large positive integer, and E(A) = E(0, A), 
where E(x, A) is the special solution of a certain equation of the form 
(2.1.3) with a Hermitian potential satisfying (2.1.2). 

In fact, under the stated conditions, 8(4) (of formula (2)) has 
the properties I,, IJ,, III,, for m a sufficiently large integer and 
according to Theorem 5.6.1, it is the scattering matrix for some 
non-singular boundary-value problem. 
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Therefore by (2.3.3), 
S(A) = £-1(—A)E(A), 


where £(A) has the above meaning. From this and (2) we obtain 
the relation (4). 


§ 2. Indices of S(A) 


We shall henceforth assume the unitary matrix S(j) (—co<j4<oo) 
to satisfy all of the assumptions of Lemma 2, and we shall look 
for those solutions of 


Ba) = 2(—A)S8(A), —-wo<«ad<o (5) 


which are regular in the lower halfplane and are of finite order at 
infinity. This last statement means that the ratio of %(A) to A)’, 
where » is some constant, tends to zero as [Aj|—-co, Im AsO. For 
short, such solutions will be called proper. 

Lemma 3. Every proper solution or (5) is of the form 


where E(A) has the same meaning as in formula (4), Ap=—tup, 
f,>O (k=1, 2,..., 2), are the poles of H-1(A), Ny is the residue of 
E-\\(A) at the pole A,, p(A) is a vector with components that are poly- 
nomials in 2, and 


c® = (A—t) 23) fra, - 
Proof: The relations (4) and (5) yield 
(A—ay-2™Z(A)E-1A) = (A+ 4)-?"2(—A)E-1( —A), ImA = 0. 
Hence, we see that Ag(A), with 
pis oe ImjA= 0 
(A+ 4)-?2"2(—A)E- 4 —A), ImdA > 0 
is an odd function on the real axis. From the properties of E—1(A) 
(see §§2 and 4 of Chapter 1) it then follows that Ag(A) is meromor- 


phic in the entire a with a finite number of simple poles at the 
points +A, (k= .» U). eer 


U 
Ap(d) = 4 ate eM + vO, 
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where JN, is the residue of H—1(A) at the pole A,, v(A) is an entire 
odd function, and 


ot = (A —4)-7™2(A) lhmae ° 
We further note that since E(j)—I as |A|—-oo (Im 1=0), y(A) is 
of finite order at infinity and hence so is y(A). But then 4—1y(4)= 


=p(A*), where p(A) is a vector whose components are polynomials, 
and consequently 


l 
= (kh) 2 
p(A) a BAR ec”) N, + p(d2), 


which is equivalent to (6). 

ReEeMARK. The formula (6) shows that when [Al +o0 (Im 40), each 
of the components 2,(A) of a proper solution 2(A) of (5) has the 
asymptotic behavior 


2,(A) ~ wjA2 - 


where a; is a constant and »; an integer. The exponent 2»; in this 

asymptotic relation is said to be the order of Z,(A) at infinity, and 

the largest order of the components of the vector Z(A) is said to be 

the order of the vector at infinity. It is evident that the order of 

any proper solution of equation (5) at infinity is an even integer. 
From (4), which is expressible as 


(A—s)?™B(A) = (A+ 6)?" B(—A)S(a), 


it follows that the rows of the matrix (A—7)?"H(A) are proper solu- 
tions of (5). These vectors, which will be denoted by 


eD(A), eP(A),..., eM(A), (7) 


are linearly independent, are regular in the lower halfplane and have 
exactly the same order 2m at infinity. The vectors of (7) also cannot 
be connected by any relation of the form 


> pilAe(a)=0, 
j=1 


where: p,;(A) are polynomials that are not all simultaneously identi- 
cally zero. This is a direct consequence of the asymptotic behavior 
of these vectors at infinity. 

We shall now essentially apply the reasoning used in the solution 
of the Hilbert problem by the method of Plemelj following the 
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presentation in Muskhelishvili’s book, Singular Integral Equations 
(1953, § 127, pp 393—404). 

From (6), one concludes that among the proper solutions of (5) 
there will exist those that have the smallest order of the possible 
orders at infinity. Let —2x, denote the smallest order, and let 
Z%(A) be a proper solution of (5) having this order at infinity. 

Next, let —2x,. be the smallest possible order at infinity of those 
proper solutions of (5) which cannot be obtained from 2(A) by 
multiplying by a polynomial, and let 2(A) be one of the proper 
solutions of (5) of the order —2x,. Evidently, x,=,. Continuing, 
let —2x, denote the smallest possible order at infinity of those 
solutions of (5) which cannot be represented in the form 


py(A)z™(A) + p(A)z(A), 


where 7,(A) and p,(A) are polynomials, and let 2®(A) be one of the 
proper solutions of order — 2x. 


This process may be continued until we obtain n solutions of (5), 
Za), F(A), .. -, Z™(A), (8) 
having the respective orders at infinity of —2x,, — 2x, ..., —2%p, 
with 
My Hy_pe... SHy- 


In fact, suppose that the solutions 2%(A), 2(A),..., 2(A) 
have been found in the indicated way and that s<n. Then there 
must exist vectors among those of (7) which can not be repre- 
sented as 


§ 2, 
2; P(AyZ(A), 
j=1 
where the p,(4) are polynomials. In the contrary case, we would have 
n we 
2 9(Aje(A) =0. 
j=1 
where the ¢;(A) are polynomials which are all not simultaneously zero 


and this is impossible. 


According to Lemma 3, each of the solutions in (8) is of the 
form 


ZOQ)=r9(2)BA) — (F=1, 2, --., n), (9) 
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where r”(A) is a vector whose components are rational functions 
of 4. Let us further set 


w(A) = 22*1Z(A) (j=1,2,..., ). (10) 

By the use of the properties of the functions in (8), which are 

immediate consequences of the way in which they were constructed, 

and by means of (6), (9), (10), and equation (5) itself, it is possible 
to prove the following assertions: 
Property 1°: The determinant 


A(a) = det || 2°(A) [ft 
where &?(A)={ZP(a), BPA), .... ZP(A)}, does not vanish for all 


finite values of 5 and Im <0. 
Property 2°: The determinant 


Ag(A) = det || 7(A) ||? 
where r?(A)={r(a), 12a), .--, P(A}, does not vanish for all 


values of A in the see Im A=0. 
Property 3°: The determinant 
Meo(2) = = det || w(A) |r, 
where the limit of w?(A) = {w9(a), wP(a), ..-, w?(A)} exists as 
Aco, Im 4=0, does not vanish. 

The proofs of these statements will be omitted since they essen- 
tially repeat the reasoning carried out in the above-mentioned book 
of Muskhelishvili. 

From Property 3° follows the almost evident 

CoroLuarRy: The order of 


Zi p,(A)z ZA 


at infinity, where the p,(A) are polynomials, is equal to the highest of 
the orders at infinity of the terms in the sum. 

Any n vector solutions of equation (5) will be called a canonical 
system of solutions of that equation if it has the Properties 1°, 2°, 
and 3°, and a matrix whose rows comprise a canonical system will 
be called a canonical matriz of equation (5).Now the vector functions 
in (8), in particular, comprise a canonical system of solutions of (5), 
and 


Z(A)= | 2A) | 


is @ canonical matrix of this equation. 
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The matrix Z(A) is regular in the lower halfplane and continuous 
there up to and including the real axis (see formula (6)). From the 
Properties 1° and 2° it follows that its inverse Z—1(A) is also regular 
in the lower halfplane and continuous up to and including the real 
axis, with the possible exception of the point A = 0 in the neigh- 
borhood of which it behaves like #—1(A). Since the rows of Z(A) are 
solutions of (5), 


ZA) = Z(—A)S(A), —-w<j<c - (11) 
‘and hence, for any real finite value of A#0 
S(A) = Z-1(—A)Z(A). 
By the use of this relation and the relation 
Z(A) = R(A)E(A), (12) 


where R(A) = ||r(A) ||? and which is equivalent to (9), it is now 
possible to prove the following lemma. 

Lemma 4: All of the proper solutions of equation (5) can be represent- 
ed in the form 


nr 


E(a)= _D pi(A?)Z(A), 


< . 


J=1 


where the p,(A) are polynomials and ZA) the canonical system of 
solutions (8). 

The proof of this lemma is carried out in exactly the same way 
as that of the analogous proposition in Muskhelishvili’s book, and 
we shall omit it. 

Remark. By virtue of this lemma and the corollary to Property 
3° formulated above, any proper solution 2(A) of (5) whose order at 
infinity does not exceed a given even number 2», is of the form 


(A) = > Porn (AFA), 
j=1 : 


‘where p,.,,,(A) is a polynomial of degree no higher than v + %;. 
By making use of this remark, we can compute the number of 
linearly independent proper solutions of equation (5) vanishing at 
infinity. 
T.et 


My ye oe. SKy” Om Xp eS .-- Spe (13) 
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Any proper solution of (5) vanishing at infinity (i-e., of order not 
exceeding 2vy = —2) is given by 


k 
z(a)= a Px, —1(A?)Z(A), 


where p,x,_,(4) is a polynomial of degree not exceeding x; — 1. 
Moreover, p,,;(A) = 0 if x; -1<0. This expression contains 

Nyy = Hy ty t «+. HH (14) 
arbitrary constants [the coefficients of the polynomials p,,_,(A)] and 
one can easily see that this is the number of linearly independent 
proper solutions of (5) vanishing at infinity. 

Let us now turn again to equation (11). Taking first the complex 
conjugate transpose and then the inverse of both its sides and finally 
multiplying by A, we arrive at 

A[Z*(A)]-2 = A[Z*( —A)]}-28(A) (Ima = 0, A # 0) 
(since S*(4) = S—1(A)), or 


AZ*(—A)}-1 = A[Z*(A)]-48( —A) (ImA = 0, A ¥ 0). 
This implies that the rows of the matrix 


Y(a) = a[Z*(—2)}2 (15) 
are solutions (and furthermore, proper ones) of the equation 
y(a) = —¥(—A)S(—A). (16) 


It immediately follows from (15) that for any finite non-zero value 
of A in the halfplane Im 4 = 6, 


det Y(A) 40. 
Now set: 


¥(a)=|| PA) [I 5 
then (15) yields 


AA, —4 a) 

A(—2) 
where 4;,(4) is the cofactor of the element 2{(A) in the determinant 
A(d) = det Z(A). But by virtue of (10), 


4A5(—A) 
A..( —4) 


9P(a) = 


TP) = 2, 
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ra A¥(A) is the cofactor of the element wd) i in the determinant 

A.(A). Hende, it follows that the solution ¥?(A)={72(A), FPA), -- 
¥(A)} of equation (16) is precisely of the order 2%; + 1 at infinity 
and that 


dot || A-xi+0G19(A) [ft = ——— 
A..( —A) 
does not vanish there. 
Thus the matrix Y(A) defined by (15) possesses the Properties 1° 
and 3° of a canonical matrix. Also holding is the following lemma. 
Lemma 5: All proper solutions of equation (16) can be represented 
as 


TA)= F BATA), 
j= 


where the p;(A) are polynomials and the (A) rows of the matria Y(A). 

By means of these results, it is possible to show as in the above 
that any proper solution of (16) vanishing at infinity can be repre- 
sented in the form (see (13)) 


nr 
GA= DF PjxjialA?)¥(A), 


j=Rt+1 


where ),,)-;(A) is anarbitrary polynomial of degree not exceeding 
|%;| — 1. The total number of arbitrary coefficients is therefore 


Noy = — ati — *n+2— see TAnys (17) 


and this is the number of linearly independent proper solutions of 
(16) vanishing at infinity. 
From (14) and (17), we thus have 
Neyo NG = yt Het --- +. 


The numbers %, %,...,%, are called the partial indices, and their 
sum the total index of the matrix S(A). 

According to Lemma 3.4.1, N(4) is the number of linearly inde- 
pendent solutions 2(t) of 


t)+ fA) F(t+8de=0, Ont=<a, (18) 
0 


belonging to L7,)(0, co), and N,_) the number of linearly independent 
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solutions y(¢) of 
—y(t)+ fyQ)F.(-t-dE=0, Ost<o, 
0 


belonging to Lj,)(0, cc), or what is the same, the number of linearly 
independent solutions ¥(t) of 


0 
—9)+ f HEF. (t+ 8) dé = 0, —o<t=0, (19) 
belonging to L7,,(—co, 0), where F,(t) is the matrix having I—S(A) 
as its Fourier transform. 
Thus we have proved 
THEOREM 1: Suppose that the unitary matrix S(A) satisfies all of 
the assumptions of Lemma 2 and F,(t) has I — S(A) as its Fourier 
transform. Then 


Niyy-NO = %, 


where N,,)%s the number of linearly independent solutions of (18) in 
Li,(0, 00), N(_) the number of linearly independent solutions of (19) 
in Li,)(—0c0, 0), and is the total index of S(A). 

Tf S(A) satisfies the conditions of Lemma 2, then from our earlier 
discussion . 


- A—i\em 
S@) = B-(—0.BA)(TF5) (4) 


where H(A) = E(0, A) and E(a, A) is the special solution of some non- 
singular equation of the form (2.1.3). The computation of the total 
index of the matrix S(A) requires the following lemma. 

Lemma 6: In the neighborhood of 1 = 0 with Im 4 = 0, 


det H(A) = A% {e+ o(1)}, c, ~ 0, 
where q is the rank of I — S(O). 
Proof: Let P, be a matrix projecting from the left on the null space 
of E(0). According to Lemmas 5.6.2 and 5.6.3, the matrix 
D(a) = [I—P + (tA) Po] EB (A) 
is continuous and non-singular in the neighborhood of 1 = 0. There- 
fore, 


det H(A) = det [I—P,+ (id)-1P,]-1 det D(a), 
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But the lim det D(A) = cy ¥ 0 and hence 


A—>0 


det H(A) = det[I—P,+#iP,]- (c,+0(1)) (A> 0). 


Let g be the rank of the matrix P,. Then in an appropriately 
chosen basis, P, will be in diagonal form with q of its elements 
equal to 1 and the remaining ones 0. Since the value of the deter- 
minant of a matrix remains unchanged under a unitary transfor- 
mation of basis, it follows that 


det (J —P,+tAP o] = (iA)?. 
Therefore when 1 — 0 
det H(A) = A%c,+0(1)), 
where ¢, = #%c, ~ 0. Furthermore, (5.6.20) yields 
q = rank P, = rank [I =a E-1(—A)H(A)] = rank [I — S(0)], 
and the proof of the lemma is complete. 


We now make use of equation (11) to compute the total index 
of S(A). According to (11), : 


log det Z(A) = log det Z( —A) + log det S(A). (20) 
Noting that | det S(A) |= 1 and setting 
n(A) = arg det S(A) = —7 log det S(A), 
we find that for any given R>e>0 
—e R 
f + f dog det S(A)) = é[n(R)—nle)+(—2)—n(—R)]. (21) 
-R e 


By means of the properties of the canonical matrix Z(A), it is 
possible to set up a similar integral for log det Z(A) using contour 
integration. Namely, if lp, and J, are semicircles in the lower half- 
plane with centers at the origin and with respective radii of R and 
e and if Jp is traversed clockwise and 7, counterclockwise, then 


—e R 
f + f d(log det 2(a)) = — f — f d(log det Z(A)). 
—R e lp & 


By the Property 3° of the canonical matrix Z(A), 
det Z(A) ~ pA—2* 
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when A — 00, Im 4 = 0, where y is a constant, and hence 
lim f d(log det Z(A)) = 2nix. 


R->e Ip 
Now by equation (12), 
det Z(A) = log det R(A) + log det E(A), 
and hence, by applying Lemma 6 and the fact that det R(0) + 0, 
we find that 


lim f d(log det Z(A)) = zig. 
&—>0 le 
Thus 
—e R 
lim \ f + f d(log det 20))} = —2nin—mnig. (22) 
es 


Similarly, by means of contour integration in the upper half- 
plane, it may be shown that 


—e R 
lim | f + f d(log det 2-1) = 2nixn+ nig. (23) 
R->co —R e 
s>0 
From equations (20)—(23), there then results 
1 

n+ 2) — 9 +0) + 1-0) — 9 — =) = ~ta (ety ): (24) 

Since S(A)S(—A) = I for all real values of A, 
(A) + 4(—A) = 2am, (25) 


where m is an integer. We may also assume 7(A) to be a continuous 
function since det S(A) is continuous and does not vanish. 

Therefore, if the relation (25) for 2 = co is combined with (24), 
and then the relation (25) for A = 0 is subtracted from the resulting 
expression, we obtain 


n10)—n( + 2) = 2 (seb > ), 
or 


1 1 
% =o [n0)— m+ ~)I->-@ (26) 
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§ 3. A New Characterization of the Scattering Data 


The above results lead to a modification of the set of characteristic 
properties of the scattering data of the non-singular boundary- 
value problem. 

According to Theorem 5.6.2, the scattering matrix S(j) of the 
non-singular problem is continuous over the entire real- axis and 
approaches I when 4 —» + oo. Thus, Theorem 1 of this appendix 
is applicable to it. From this theorem and the properties III, and 
V of the scattering data of the non-singular problem, it follows 
that the sum of the ranks of the normalization matrices M,, Mo, | 
..., M, of this problem is equal to the total index x of S(4) which | 
can be computed by means of: formula (26). 

Let there now be given Hermitian matrices M,, numbers A? < 0 
(4 = 1, 2, ..., p) and a unitary matrix S(A) continuous over the 
entire real axis, such that $(4) — I when 4 — +oo, and satisfying . 
I,, II,, and IV. Suppose further that the sum of the ranks of Mj, 
M,, ..., M, is equal to the total index x of S(A). Then, as we next 
show, the conditions JJZJ, and V will also hold. 

According to Theorem 1, the number of linearly independent 
solutions of equation (18) in L%,(0, .00), ic. N(4), is not less than 
x. However, this number cannot exceed x. In fact, if 


z(t), 2(t), nines z(t) 


were linearly independent solutions of (18) and 7 > x, then there 
would exist a non-trivial linear combination of these solutions 


1 
2(t)= D yj2(t), 
j=1 
such that 
Z(A,)M,=0 (Im A, <0; k=1, 2, oan P), 
where 


Z(a)= f a(thetde. 
0 
This is so because the rank of the following system of equations 
in the unknowns y; does not exceed x (i-e., the sum of the ranks 
of the matrices U;,): 


t ; 
D> 52? (Ap) MM, =9 (k=1, 2,..., p). 
j=1 
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But then according to the corollary to Lemma 3.4.1, the condition 
IV would be violated. ~ _ ; 

Thus N,,) =, and hence the condition V holds since x is the 
sum of the ranks of M » M,, ..., M,. Furthermore, by Theorem 1, 
the fact that V,,,) = » implies that N(-) = 9, ie., the condition 
ITI, holds. 

These’ results together with Theorem 5.6.2 yield the following 
particular theorem. 

THEOREM 2: A unitary: matria S(A), Hermitian matrices M,, and 
numbers AZ <0 (k= 1, 2, ..., p) comprise the scattering data for 
some boundary-value gesblen: (2.1. 1) with a Hermitian potential V(x) 
satisfying the inequality 

f «|V(a)|da<, 
0 
tf and only if the following conditions hold: 

(1) I—S(A) is the Fourier transform of a Hermitian matriz F,(t) 
summable over the entire real axis (—co < t < 00). 

(2) For all values of t> 0, F(t) exists and 


fale, (t) | dt-<oo, 
(3) The equation 
n(t)+ fo()FE+E)dE=0,  Oxt<e, 
in which 


F()= > Mge-Palt + F, (1) 
h=1 


has no non-trivial solution in Liny(0, oo), 
(4) The sum of the ranks of the matrices My, Mo, ..., M, ts given by 


1 1 
a, Lm) —7(+ oa) oa q; 


where in(A) = log det S(A) and q ts the rank of I—S(0). 
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Refinement of Certain Inequalities 


In the course of our investigation of the non-singular boundary- 
value problem, the following two inequalities were obtained (see 
(3.2.7) and (5.4.4’)): 


~ 2 
| F’(22) —— V(2)| = 0,4 | [rela (1) 


| V(«)—4F’(22) | = OC, {J ire | at (2) 


Here C, and C, are constants, V(x) is the potential of the problem 
in question, and F(x) is a matrix which is expressed in terms of the 
scattering data for this problem by means of the formulas 


F(e) = 3 MRe-le+ F, (2), 
h=1 


2 (3) 
P, (a) = = | [I —S(A)]e* aA. 


The above inequalities show that V(x) and 4F”’(2x) behave 
essentially alike in the neighborhood of zero and infinity. 

We recall that (1) and (2) are derived from the fundamental 
equation 


Fle+y)+K(e, y)+ f Kl, )Flt+y) a = 0, (4) 


284 APPENDIX II 
the first on the assumption that 
f z| V(x) |dr<e, 
0 
and the second ‘provided that 


f a | F’(a2)|da<ao, 
0 
It is of natural interest to seek a refinement of the inequalities 
(1) and (2), in other words, to obtain asymptotic relations between 
V(x) and F’(2z) containing the next terms in the asymptotic ex- 
pansions. We shall now give without proof several of such formulas. 
By means of a first iteration of the fundamental equation (4), 
it can be shown that 


= 


P22) —> Vie)+ 4 | | V(é) a 


“ ss 
<0) J [vo ae f e|@ | at, 
| V(x) —4F" (2a) —4F (22) | =< 


> - (8) 
<0. f [Pen |al ft] F(a) | de, 

x x 
which clearly sharpen (1) and (2) for large values of x only. 

To obtain more precise formulas for z in the neighborhood of 
zero, it is necessary to impose a more stringent a priori condition 
on the one of the two matrices V(x) and F’(2x) whose behavior 
is considered to be known. 

Thus, it may be shown that if 


fe V(a) | da<oo G << 1) , (7) 
0 
then 


P22) = = re)-74 | vt) ae +A4O(e-2+8) (20), (8) 
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where 


A= f { fm%e) [K(s, 2t+s)—K(0, 2t)] aah F(2t) dt (9) 
0 0 


and K(a, y) is the solution of equation (4). 
On the other hand, assuming that F(x) satisfies the condition 


[a1r@ | da:<co (F < <1) Z (10) 
‘ 
one can obtain for V(x) the asymptotic representation 
V(x) = 4F’ (2x) +4[F (22) — F(40)]? — 
—44 + O(e-2+38) (2 > 0), (11) 
where A is given by (9) and 


F(40) = 3 MR+> lim [F, (2) + F;(—a)] 


{the limit exists whenever the condition (10) holds). 
The representation (11) can also be expressed as 


V(z) = 4F"(2z)+[F, (2) — F,(—22)P— 
—4A + O(x-2+38) (2 —» 0). 
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